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In this note we discuss an extension of a familiar theorem concerning the matrix elements of vector 
and tensor operators between states of definite angular momentum to the case of other groups than the 
full rotation group and to the case of operators of other symmetries. It is found that there is an extension 
to this theorem but in some cases there are nontrivial complications. In addition, a method is given for 
reducing a reducible representation of a group which gives explicitly the matrix elements in the appropriate 


similarity transformation. 





I. INTRODUCTION 


FAMILIAR theorem, useful in quantum me- 

chanics, concerns itself with matrix elements of 
scalar, tensor, and vector operators between eigenstates 
of some angular momentum operator.'~* For the case 
of a vector operator this theorem runs as follows. Let A 
be a vector‘ operator which transforms under the group 
of all rotations in the same way that the angular mo- 
mentum in question (J) transforms. Let uy, denote 
eigenstates of the operators J? and J,. That is, 


Jy, m=WSI (TI+1) Us, m; 


The theorem states that any matrix element 


J Us.m=hmtuys,m. (1) 


(uy, m A “J, er) 


is proportional to the‘corresponding matrix element of 
the operator J, the constant of proportionality being 
independent of m and m’, that is, 


(uy, m | A i | uy, a mes R(uy, m | J; | uy, m’) 
for all 7, mand m’. (2) 


Here 1=1, 2, 3, runs over the three components of the 
vector and & is the proportionality constant. This 


* Supported by the Office of Naval Research. 

1 E. Feenberg and G. E. Pake, Notes on the Quantum Theory of 
Angular Momentum (Addison Wesley Press, Cambridge, 1953). 

2 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1951). 

3K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1953); 
B. Bleaney and K. W. H. Stevens, Repts. Progr. in Phys. 16, 
108 (1953). 

‘Vectors and matrices will be denoted by boldfaced letters. 


constant is independent of 7, m, and m’ but depends on 
J and the vector A. (A similar theorem holds for 
matrix elements between states corresponding to two 
different J values.) Put in other terms, (2) states that 
the 2/+1 by 2/+1 matrix (#,, m|Ai| s,m’) is just pro- 
portional to a known matrix (ay, m|Ji| s,m’) where the 
constant of proportionality is the same for all 7. From 
this we can conclude that if we have two vectors A and 
B both of which transform as J and set up the 2/+1 by 
2J’+1 matrices of these vectors between the states 
tym (m=J---—J) and usm (m’=J'---—J'), then 
these two matrices would be proportional to one 
another. The proportionality constant would depend on 
A, B, J, and J’ but would be the same for all components 
of the vector. A similar theorem holds for matrix ele- 
ments of operators which transform as tensors or scalars. 

In this note, we shall generalize this theorem to 
other groups beside the full rotation group. The 
theorems mentioned in the last paragraph can be proved 
by commutation rules but the extension of the theorem 
to the case of other groups is carried out most simply by 
ordinary group theoretical procedures.*:* In the process 
of showing the generalization of this theorem, we shall, 
of course prove the theorems of the last paragraphs as 
a special case. It will turn out to be the case that the 
theorem for the general case is somewhat more com- 
plicated than that for the full rotation group and the 
simple form of the theorem for this special case will be 


5E. Wigner, Gruppentheorie und ihre Anwendung (Friedrich 
Vieweg und Sohn, Braunschweig, 1931). 

6A. Speiser, Die Theorie der Gruppen (Verlag Julius Springer, 
Berlin, 1937). 
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seen to be a consequence of a simple property of this 
group. This theorem in its generalized form should 
prove useful in studies that require matrix elements of 
operators with respect to functions which transform 
irreducibility with respect to the space or point groups 
of solids. As an example, the behavior of an energy 
band near a point of degeneracy in an energy band can 
be described in terms of matrix elements of the gradient 
operator. One way of determining which matrix ele- 
ments are related by symmetry is by means of this 
theorem. 


II. MATRIX ELEMENTS 


We shall be concerned in this section with a group G 
(of order g) of operators’ corresponding to real orthog- 
onal coordinate transformations. The general unitary 
operator in this group we will denote by R. Let Greek 
indices a, 8, and 7 denote irreducible representations of 
G of dimensions ., mg, and ny. Va; (t=1, -+-ma) and 
ug,; (j=1, ---mg) will denote functions® forming bases 
for the representations a and 8. 


Rog. j= } se T'a(R) miPa, my) 


m=l 


ng 
Rus j= L Ta(R) ass, a: 
on 
Here I'a(R) mi and I'g(R),; are matrix elements in the 
irreducible representations a and £8, respectively. We 
can assume, without harm, that these two representa- 
tions are unitary. 

What we are interested in is finding matrix elements 
of operators with certain transformation properties 
between states v2,; and ug ;. Let us assume that P,7 
is some operator® which transforms according to the 
irreducible representation y of the group S. 


By 
R“P,7R=)>. T(R)peP x7. (4) 


p=l 


The direct extensions of the theorem mentioned in 
the introduction to the general case would then state 
that the m_ by mg matrix (vq, ;| P.7| ug, ;) would be pro- 
portional to some known matrix, O;, the constant of 
proportionality being independent of &. This extension 
is not, in general, true but we shall be able to see under 
what circumstances it is true and find an alternative to 
it when it is not true. 

Consider the matrix element (0, ;| P.7| ug, ;). Because 


7 We have assumed here that the group is finite. The ordinary 
methods of group integration can be used to extend these results 
to the full rotation group. 

5 For the full rotation group, a and 8 would be what corresponds 
to the J value and i and j what corresponds to the m value. 

® P,” is the generalization to any group of the vectors, tensors, 
etc., discussed in the introduction for the full rotation group. 
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of the unitary nature of the operators R, we have 
(va, «| Px | tp, 5) 

= (Roa, :| RP7| ug, ;) = (Roa, i| PR,7R™| Rug, ;) 

= L Ta(R)mi*l's(R)nsl'4(R) pe (Va, m| Pp?| 48, n). 


™,n,D 


(5) 


By summing (5) over all R and dividing by g, we obtain 


(Ya, «| Pe7| up, 5) 


1 
=— > (R) z. Ta(R)mi*I'a(R) nj 
é a XTy(R) pk (ta, m| Pp”| %p,n)- (6) 


We notice that in this summation the product I'4(R) mi* 
XI's(R)nj occurs. These products again are matrix 
elements in a representation of the group S. These are 
nothing more than matrix elements in the direct product 
representation I’ (R)=I.(R)*XV(R). 


I’ (R) (mn) (ij) =T'a(R) mi* Tp (R) nj- (7) 


Here the pairs (mn) and (ij), which we can take in 
dictionary order, are the row and column indices in the 
representation. The dimension of the representation is 
Nang. A basis for this representation can be taken to be 
the products 2q, ;*ug, ;: 


Roa, its, go ie T'a(R)mi*I's(R) njva, mtg, n 
we (8) 
es pe T’(R) (mn) (43)%a, m*UB, n- 


(mn) 


This representation will, in general, be reducible. Let us 
bring it to its reduced form, I'(R), through the use of a 
unitary transformation U: 


Ur’ (R)Ut=Pr(R), 
Here I'(R) has the form 


T,(R)* 0 0 0) 
0 r,(R)* 0 0 
| 0 0 oe 


| 
\ 


Utr(R)U=r'(R). (9) 


r(R)= (10) 


The irreducible representations appearing occur as 
diagonal blocks in (10) and we have chosen F(R) in 
such a form that the irreducible representation I',(R)* 
(corresponding to the complex conjugate of the way 
the operator, P,7, transforms) occurs in the first blocks 
in the upper left-hand corner. Let us assume that in the 
reduced form of I’(R) the irreducible representation 
I,(R)* occurs c, times” 


r.(R)*X P3(R)= F(R) =c,¥,(R)* 
+ (other irreducible representations). (11) 
© The cy’s can be found easily from the character tables for the 
group (reference 6, p. 168). 
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Equation (9), when written out in matrix form, would 
then read 


Nang 


= Uy (mn) *l'(R) Uo, (4j) = I’ (R) (mn) (17) 


=T'a(R)mi*l'p(R) nj (12) 


[It is more convenient to use the indices r and s, that 
run from 1 through mang, for F(R) rather than the 
pairs (mn) that we use for I’’(R).] In this notation 
for T(R),., with r and s between one and c,n,, wé see 
from (10) that the only nonvanishing matrix elements 
are ones taken from the irreducible representation 
r,(R)*. In particular, 


T'(R) re = T'y(R)+s*, 
I'(R)e=T,(R)r—ny, 2—ny*, 


r,s=1---ny 


(13) 


r,s=ny+1---2n, 
P(R) r= TP y(R)r—cyny, #—cyny*, 7, $= (Cy— 1) ny + + Cytty. 
Let us now substitute (12) into (6). We obtain 


1 
(Ve, i P,7 tus, ;)=— > (R) 3 } > Ui Gi” 


g mn,pr.s 


XI(R),«l cig y(R) pe (Va, m| rot Us, a): (14) 
We see that unless both r and s are less than or equal 
to Cyn, we get zero using the orthogonality relations for 
matrix elements in irreducible representations.® Using 
(13) and the orthogonality relations for matrix elements 
in an irreducible representation, we obtain, by carrying 
out the summation over R 


(va, i| Pe | tg, ») 


1 g 
tak nv. zs z U,, (mn) *LOr, pds, e-tor, pt+n Os, k+ny 


g ny mn,p T,@ 
+ +++ br pt (cy —1)nybs,k + (cy—1)ny ] 


x (va, m| P,7| up, a (15) 


or, finally 


(Va, i| Px7| ug, j) 


1 
= —LUi, (ij) L U,, (mn)* (Va, m| P| tp, n) 


ny P,m.n 


+ Uk+ny,(i3) > U p+ny,(mn)* (D0, m| P,?| Ug, sa 


p.m.n 


+ Uk+(cy- 1)ny, (tj) be Up+(cy—1)ny,(nm)* 


p.mn 


X (va, m| P| g,n)]. (16) 


If we define ag41 (g=0, ---, ¢y—1) as 
1 


a... — } Up+tany, (mn)* (Vaym| Pp7| tp, n), 
Ny P.m.n 


(17) 


ELEMENTS OF SYMMETRIC 


OPERATORS 


then (16) reads 


(Va, i{ Px | ug, 3) =aiU g, (43) +a2U k+ny, (i9) 


+++ fGeyVk+ley—-1)ny(4j). (18) 
It is clear from its definition that a, is independent of 
i, j, and k. Thus in (18) we have the desired extension 
of the theorem discussed in the introduction. We see 
that the general case is more complex than the simple 
case of the group of all rotations. To show this more 
explicitly, let us define O,,, (k=1---n,; g=1-- +c) 


[Ox ¢ Jig= Ue+(a-1)ny, is. (19) 


Equation (18) then becomes 


matrix [ (ve, «| Px7| ug, 5) | 


=010;, 1 +4204, 2° ++ +acyOk,cy, (20) 
where we have indicated explicitly with the word 
matrix before the square bracket that we mean the 
matrix of the operator P;.7 between the v’s and the w’s. 
The matrices O have as their matrix elements! those 
taken from the unitary matrix U;,,(:;, which is the 
matrix which reduces I'.(R)* X M(R). These O’s depend 
only on the symmetry properties of the operators and 
states involved and not on the form of the particular 
operator P outside of these symmetry properties. 
What then is the general situation and how does (20) 
apply to the case of the full rotation group? Consider 
the case c,=1. (If c,=0 all matrix elements vanish.) 
This is the case where the complex conjugate of the 
irreducible representation by which the operator 
transforms is contained only once in the direct product 
of the representations according to which the w’s and 
the v’s transform. This is the case for the group of all 
rotations’ for the direct product of a representation cor- 
responding to a given J with one corresponding to J’ 
contains every representation from J+J’ to |J—J’ 
once and only once. In this case (c,=1), we see that 
the matrix of any operator with the transformation 
properties of P,” (k=1---n,) between states such as 
Vq,; and ug; is proportional to a known matrix Oy... 
Thus the matrices of all such operators, for a given k, 
are proportional to one another, the proportionality 
constant being independent of k. This then, in general, 
is exactly similar to the case we discussed in the intro- 
duction (including vector, scalar, and tensor operators). 
The case for c,#0,1 is different. In this case, the 
matrix P;7 is not proportional to a single known matrix 
but is equal instead to a sum of known matrices. There 
are c, known matrices in this sum and the coefficients 
depend on the particular operator in question [ Eq. 
(17) ]. For two operators with exactly the same trans- 
formation properties, we can no longer say that the 


"The matrices O44 (g=1, ---cy) are linearly independent 
because of the linear independence of the rows of U, 
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matrices of both between the v’s and the w’s are propor- 
tional to one another. 

We see from this discussion, in order to determine all 
the matrices (vq, :| Px7| ug, ;) (t=1-+-ma; J=1---mg) for 
all k, our work is greatly simplified. Thus, if c,=1, all 
we need do is determine one nonvanishing matrix ele- 
ment for some value of 7, 7, and k. From this, through 
(18) we determine the constant a; and then determine 
all other matrix elements for all 7, 7, and k by use of 
the known matrix (18). For the case c,>1, we must 
find any c, matrix elements. From them we can deter- 
mine ¢, constants a, (¢=1---c,) by solving any c, 
equations” (18), and then determine the remaining 
matrix elements by the use of (18) from the known 
matrices U. 

Throughout the above discussion we have assumed 
that U is a known matrix. It is a matrix which reduces 
a reducible representation. It is convenient to find an 
explicit expression for the matrix elements in such a 
matrix. In the next section we shall show how to find, 
explicitly, the matrix which reduces a reducible repre- 
sentation. 


III. UNITARY TRANSFORMATION 


In order to find an explicit form for the matrix U of 
the last section all we need do is find, in general, the 
matrix which reduces a reducible representation. Let us 
consider the general problem and then apply the results 
to our special case. Consider a representation I’(R) 
which is reducible and contains the 6 irreducible repre- 
sentation c; times.” 


’(R)=Ds oV3(R). (21) 


This means that by a unitary transformation U, r’’(R) 


can be put in a form like (10) where we have the irre-. 


ducible blocks occurring down the main diagonal in 
some order which we can prescribe. (We shall assume 
that the first thing that occurs down the main diagonal 
is the irreducible representation I',(R)* c, times.) Let 
us call this reduced form I'(R). 


Ur’(R)Ut=Fr(R), Utr(R)U=r'(R). — (22) 
Consider the sum 
X(R)I’(R) iV y(R) 2- (23) 
Using the second of Eqs. (22) we obtain 
DL (R) DX Umi TR) mnU nil y(R) a (24) 


mn 


By using the orthogonality relations between matrix 
elements in an irreducible representation and remember- 
ing the reduced form of I’(R) [see Eq. (10) ], we find, 


2 Tn order to get cy equations which can be solved care must 
be taken that the determinant of the coefficients of the a’s does 
not vanish. These coefficients are matrix elements from U and 
the linear independence of the rows of U guarantees the nonvan- 
ishing of a determinant of the coefficients of the a’s. 
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as we did in Sec. II, 
DL (R)T’(R) Py (R) ar 
=L(R) Le UnitT(R)mnU nil y(R) at 
=g/ny) > Uni*Lm On, +dm, k-+nyOn, Ltny+: +: 


Sm,k + (cy —1)nyOn,1+(cy—1)ny]U nj (25) 


= (g/ny) [Un * Uj +U k4ny, PU L4ny, i +° °° 
+ Uk + (cy —1)ny, U4 (cy -1)ny,3 J. 
Equation (25) gives U in terms of the known quantities 
D (RT (R) Ty (R) er 


Let us see how. Consider first the case!* c,=1. We see 
that 


(ny/g) D(R)T’(R) iV y(R) r= OF Uy. (26) 


Thus in order to determine U;; (for / up to n,), to 
within an arbitrary constant, all we need do is find any 
i, j, k, and / such that the left-hand side of (26) is not 
equal to zero. Holding 7 and & fixed and letting / run 
from 1 to n, and k run over the entire range from 1 up 
to the dimension of the reducible representation, gives 
us the first 2, rows of U. (Normalizing any row to 
unity will give us the unknown constant.) 

Now consider the case c,=2. (The cases c,>2 are 
discussed in a similar way but it is easier to visualize 
this case.) We first notice that in this case the unitary 
transformation U is not unique. Any unitary trans- 
formation which has the form 

a 

bos] bool 

for the first 2”, rows and columns; zeros elsewhere and 
ones down the remainder of the main diagonal will not 
affect F(R). [In Eq. (27) Lis the n, by 7, unit matrix. ] 
This means that in the matrix U the row U;; can be 
replaced by the row b,,Ui;+0,.Ui+n,,j and the row 
Ui+ny,j can be replaced by b2,U1;+622U 1+ny, i without 
changing the reduced form of F’(R). 

Now consider (25) for this case. We see that Eq. (25) 
gives us a linear combination of the /th and the (/++-n,)th 
row (c,=2) for a given value of & and 7. From the 
above considerations of the lack of uniqueness of U, we 
see that one linear combination of these rows of U is 
as good as another provided only that the two linear 
combinations we finally choose form two orthogonal 
vectors. (U and the matrix of the b’s are unitary.) This 
gives us the desired method of finding U. We first find 
the values of k and i such that the left-hand side of (25) 
is not zero. We then let /=1, ---n, and 7 run from 1 
up to the dimension of I’’(R). This gives us the first n, 


(27) 


13 Speiser, in reference 6, p. 178, shows a method of going from 
an irreducible representation to an equivalent one which is a 
special case of cy=1. 
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rows of U. We then find another value of & and i such 
that the left-hand side of (25) does not vanish and for 
which, for some arbitrary value of J, as 7 runs over all 
its values, we get a row not proportional to the /th 
(l=1---n,) row of U determined above. We then 
orthogonalize this row to the row U;; (I=1---n,). We 
now choose this to be the row Ui+ny,;. These same 
coefficients which orthogonalize the two rows deter- 
mined above orthogonalize all the rows U,; (l=n, 
+1---2n,) to the corresponding rows U;; (l=1---n,). 
In this way we have determined the first 2”, rows of U. 

The general case where c, is arbitrary is handled 
similarly. We find c, values of i and & such that 
> (R)T’(R),T,(R)er gives us (for fixed 1) c, rows (7 is 
the index which runs over the row) which are linearly 
independent.'* We then, for any /, orthonormalize 
these c, rows. We make the same linear combinations 
for all / values (J=1, ---, m,). In this way we get the 
first c,n, rows of U. 

We might also note here that if we do not demand 
that the transformation that takes us from I°’(R) to 
I'(R) be unitary but instead use any similarity trans- 
formation which will do the job, our work is simplified. 
In this case Eq. (22) would read 


Sr’(R)S“=P(R), S“r(R)S=P'(R). 


Here S is any nonsingular matrix which reduces I’ (R) 
to the prescribed form. Equation (25) would now read 


> (RYT (R) iT y(R) r= (¢/n) CS) eiSy# 


+(S“)x +(cy—1)ny, iS1+ (cy —1)ny, i]. (28) 


Let us now imagine that we hold / fixed. The left-hand 
side of Eq. (28) represents a vector (in a space of the 
dimension of the reducible representation). The index 7 
runs over the components of this vector. Let us now 
choose c, values of & and i such that we get cy, such 
vectors which are linearly independent. Equation (28) 
then expresses these c, vectors in terms of the c, 
vectors S);, Si+ny, i, «+ -Si+(cy-1)ny,; (j runs over the 
components of the vectors). Since these c, vectors on 
the right side of Eq. (28) represent rows of a non- 
singular matrix, S, they are also linearly independent. 
Thus we see that Eq. (28) can be looked upon as 
expressing c, linearly independent vectors (left-hand 
side of Eq. (28) in terms of another c, linearly inde- 
pendent vectors [right-hand side of Eq. (28) ] through 


4 The existence of cy linearly independent rows can be seen by 
holding & and / fixed in (23) and considering the matrix defined 
by the indices i and 7. If we now perform on this matrix the 
transformation which reduces I’(R)| (namely U) which has the 
k+qny, l+-qny (q=0---cy—1) matrix elements equal to (g/ny) 
and all others zero. This means it has a cy by cy minor differen‘ 
from zero and its rank is therefore cy. If this is the case the matrix 
(23) has rank cy and has cy linearly independent rows. 
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(what must be) a nonsingular matrix of dimension cy. 
(The matrix elements of this matrix are some of the 
matrix elements of S~'.) We know, however, from the 
lack of uniqueness of S that and c, linear combinations 
of the rows S1;, Sitny,i, ++*Si+(cy—1)ny,; through the 
use of a nonsingular c, by c, matrix gives an equally 
valid set of c, rows in a nonsingular matrix which will 
reduce the representation I’’(R). This means that since 
the right-hand side of Eq. (28) is just such a linear com- 
bination we can choose our similarity transformation 
from the left-hand side of Eq. (28) by choosing c, 
pairs k, 7 that give c, linearly independent vectors 
> (R)T’(R) iT ,(R)xr for fixed ] (7 runs over the com- 
ponents of this vector). 

Let us now summarize this simple method of reducing 
a reducible representation. We wish to find a matrix S$ 
which, when used in a similarity transformation, sends 
I’ (R) to its reduced form P(R). In this reduced form 
the irreducible representation I',(R)* occurs first along 
diagonal c, times. The first c,2, rows in S can be chosen 
in the following way: Hold / fixed in (28). Find c, 
values of k and i such that we form c, linearly inde- 
pendent vectors!‘ on the left-hand side of Eq. (28). 
[j runs over the components of the vector; as many 
components as the dimension of I’’(R).] These vectors 
are then chosen to be the /th the /+-n,, the /+(c,—1)n, 
rows of S. Now, letting / run from 1 to n,, holding i 
and k fixed, gives us the entire first c,n, rows of §. The 
remainder of § is found in a completely analogous 
manner. 

For our special case discussed in part II, we notice 
that Eq. (18) gives the matrix elements of an operator 
in terms of U, ¢;;), the matrix which reduces T'a(R)s 
X P3(R). If we allow the reduction of this matrix repre- 
sentation to take place through a similarity trans- 
formation §, Eq. (18) would read 


(Pail Px.” | 43;) = OS k, (ij) F awWSktny, (i)+- °° . 
(29) 
+acySk +- (ey — 1)ny, (17) 


where we can (from the last paragraphs) take Sy, ;;, 
+++ Sp4(cy—1)ny, (ij) (fixed k) to be any cy choices of m, 
n, and / such that (30) 


ps Ta(R) mi*l'3(R) nil’ y(R)e. 1 (30) 


forms c, linearly independent vectors in an maMg- 
dimensional space. (Here the pair (ij) runs over the 
components of the vector.) 
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Brownian Motion of a Mirror in Superfluid Helium* 
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This paper treats the Brownian motion of a mirror suspended in a phonon or photon gas. It is shown 
that the properties of the medium, such as the statistics and the temperature dependence of the excitation 
concentration, influence the mean square Fourier amplitudes of the motion of the mirror. 





I 


N the present theory of superfluid helium we picture 
the superfluid as a continuum in which small 
particle-like excitations, photons and rotons, move 
around. The existence of these excitations is usually 
inferred through the analysis of thermodynamical and 
hydrodynamical measurements. Would it be possible to 
invent a more direct experiment in which the existence 
of small distinct particle-like excitations could be 
exhibited directly? 

In the nineteenth century the same question was 
posed to demonstrate the existence of atoms. There the 
first, so to say, visual demonstration was given through 
the experiments on Brownian motion. Why not try the 
same here? 


II 


If we suspend a small mirror in a gas it will undergo 
torsional oscillations due to the impact of the gas 
molecules. By the theory of Brownian motion the 
mean-square angular displacement is independent of the 
gas and its pressure and only depends on the tem- 
perature. On the other hand, the details of the motion 
depend on the medium. If we Fourier-analyze the 
angular motion of the mirror, the mean square of the 
Fourier components depends on the density or pressure.! 
This is quite natural if we observe the behavior of a 
very dilute gas. The mirror will perform torsional oscil- 
lations with its proper frequency, and this motion will 
be disturbed only seldom by a chance collision with a 
gas molecule. Thus, essentiaily all Fourier components 
will be zero except the few in the neighborhood of the 
one corresponding to the proper frequency of the 
mirror. In a dense gas, however, practically all modes 
will be excited by the constant bombardment of the 
mirror. If we take the surrounding gas to be a collection 
of phonons (and rotons) in superfluid He and describe 
the Brownian motion of a mirror in superfluid He, we 
could test for the existence and behavior of phonons 
and rotons. Unfortunately there are formidable diffi- 
culties involved in the actual experiment, since the 
effects are so small. If we take a quartz fiber of a few 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1G. Uhlenbeck and S. A. Goudsmit, Phys. Rev. 34, 145 (1928). 
[See also R. H. Fowler, Statistical Mechanics (Cambridge Univer 
sity Press, New York, 1936), pp. 775-783. ] 
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centimeters in length and one or two microns in diam- 
eter and perform the experiment at 2°K, the root-mean- 
square angular deflection will be of the order of 10~ 
radian or about 20 seconds of arc. If, suppose, about 
ten modes are excited, this will give roughly 2 seconds 
per mode on the average. This is not easy to detect, 
especially not in view of the external disturbances. 
Moreover, there is the following additional difficulty. 
For a quartz fiber of the above size and a mirror of 1 or 
2 square-millimeter area, the free period is about one 
hour. Since we have to take long time averages, in 
length many times the period, the duration of the 
experiment will be very large. For this reason we cannot 
decrease greatly the restoring force in the fiber which 
would otherwise be useful, since it increases the root- 
mean-square angular displacement. 


Ill 
The motion of the mirror is described by the equation 
I¢+ro+Do=T (0), (1) 


where ¢ is the angular displacement of the mirror from 
its equilibrium position, J its moment of inertia, r the 
resistance, D the force constant of the filament upon 
which it is suspended, and I is the fluctuating torque. 

If (I), is the fluctuation in the couple (since (I),4,=0) 
produced by particles arriving during time A/, then the 
condition of equipartition gives the following relation?: 


4 D(b(t)*) = 4 ((T?) At/r) = LRT. (2) 


Hence, if we calculate from a detailed model of the 
medium (I), and r, we must be-able to verify relation 
(2). 

If we expand I'(¢) and ¢(¢) in a Fourier series for the 
long time interval 0 to 7, (4) = 04 (Ax cosuxl+ B,sinw;), 
Op= 2rk/r, o= De ox(L), we find? 


1 Afv+B?2 
(bi) wv pee ead eee 
27? (2 —w,2)?+ (r/D)'a? 


where A,2+B,2= (4/r)(I?),At and Q=(D/I)! is the 
eigenfrequency of the suspended mirror. 


Our interest is to find (#7), if the surrounding gas is 
phonon gas. We omit the discussion of the roton gas, 





(3) 


*R. H. Fowler, reference 1, p. 781. 
’R. H. Fowler, reference 1, p. 782. 














BROWNIAN MOTION OF 
since at sufficiently low temperatures the contribution 
due to this gas is negligible. 

For this we have to evaluate (I*),, and r. [In principle 
it would be sufficient to calculate (I) or r, since by 
(2) one is a function of the other. As a check, however, 
it is useful to evaluate both independently. ] 

Let Ao be a small element of area on one side of the 
mirror at a distance x from the axis of suspension. If G 
is the momentum transferred to it in time At the 
impulse received will be xG, and the fluctuation in the 
impulse will be x°((G—G)*)«. Summing over both sides 
of the mirror we shall obtain the fluctuation in the total 
impulse; upon division by (A‘)? we obtain the fluctua- 
tion of the total torque. Thus our problem is reduced to 
evaluating ((G—G)?)w. 

Take Ao to have a normal along the 1 axis. Let i 
denote a region in phase space which has the following 
properties: the particle is in the spatial region 2; 
= AcAtp,/m for an ordinary gas or AcAlcp,/|p| for a 
phonon gas (collision cylinder) and its momentum is 
such that pid pi<pitdpi; poXpo<prtdpe; ps<ps 
< pstdp;. The extension of this region is w;=0,dpidpo 
Xdp;/h®. Let n; phase points be in w;; then the total 
momentum transferred to Ao in time At is G=).; 
X 2p1(1)n,, if we assume specular reflection. If n; and n, 
are statistically independent of each other (as is the 
case), the fluctuation is given by 


( (G—G)*),=4 v4 pi(t)((mi—3)*) me. 


What is ((”;—#,)")y in terms of V,, the number of 
particles in unit volume with vector momentum p? By 
definition n;=S,N,, where the summation S, is per- 
formed over all p’s in region 7. Hence 


((ni— Ni)” )w=S pS p((N p— N,) (Ny ane Ny))m 
=S((Np— N,)*)» as S,[N p+ (N,)*] (4) 
=w,N,+w:(N,). 


The first equality follows from the definition of n,, the 
second from the fact that V, and N,, are uncorrelated, 
and the third from the well-known expressions for the 
fluctuation in the occupation numbers in Bose-Einstein 
statistics; the last equality foilows from the fact that 
the number of phase points in w, is proportional to w,. 
(Since the V,’s are uncorrelated, we see that the n,’s 
are also uncorrelated, as we asserted above.) For a 
phonon gas 


re 4AcAtc r* . FLakiee 
((G—G)*)_= f apf ap. f dp3?-— 
h® 0 —o2 —2O |p| 


1 1 
aati faaigl 
efclp|_] (e8clpi— 1)? 


= (4AcAtc/hW*)K; B=(kT)". (5) 








The impulse transferred to element Ao at a distance x 
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from the axis of suspension is then (4Atc/h*)K2*Ao; 
summing over all elements we obtain (4Atc/h*) Kx’2e, if 
x is the radius of gyration and 2¢ the total surface area, 
or o the area of one side; dividing this by (At)’, we 
finally obtain (I?)4 = (8cK/Ath*)xoc. What is left is the 
evaluation of K. 

If we transform to polar coordinates, the polar axis 
being the 1 axis, and expand the factor (1—e~8¢!7!)— 
in a binomial series, we can perform the indicated 
integrations, and sum over the resulting series. We 
obtain K = (122°/90) (kT /c)® or 


(TL?) y= (1605/15) (RT /W*t) (RT /c) 40. 


In terms of the pressure P (of the excitations) we get 
(T?) = 12P(RkT/c)x°o/At. If we observe that the mean 
forward momentum p~ 3kT/c, we get (I?) w~4pPKro/At. 
In terms of P and # it has the same form as for a Boltz- 
mann gas. 

The quantity r can be computed as follows. The 
element Ao of the mirror with a normal along the 1 axis 
should move to the right with the velocity u. The 
number of collisions from the left with momentum fy, 
p2, pais 
Ao Atl (p1/ | p| )c—u ](e*!?!—1)—'d pid pod p s/h ; 

(pr/|p| )e>u. 


Each impact transfers 2[:—(|p|/c)u] momentum. 
The total transfer is 


a a 


(2AcAt/h*) dpi f dps f dp;(| p| /c) 
(u/e)| pl oo —e 


XL (p1/|p|)o—u P(ef!7!—1)-. (6) 


If Ac is located at a distance x from the axis of rotation 
the total impulse transferred to Ac is x times the above 
expression. Now let us expand the integrand in terms 
of “, retain only the term linear in u, and put u=x¢; 
the coefficient of ¢ will give the friction of the element 
Ac. Summing over all Ac, we get the friction of the 
whole mirror. This way we get r= (82°/15/°) (RT /c)‘k’o, 
where « is the radius of gyration of the mirror and ¢ is 
the surface area of one side of the mirror. 

In terms of the pressure, r~6(P/c)x°s or 2p(P/RT) xo. 
In terms of j and P, it has the same form as for a 
Boltzmann gas. 

We easily verify that }((I'),At/r) =3kT, as required. 


IV 
Let us analyze the details of the motion. 
2(T*) At 1 


(x) a 


all ae 
TP (wx?) (r/DPot? 





The maximum value will be reached for an w,~. For 
this value of k, we get 


(¢*)w (resonance) =(R?) y= (2/7) ((T?)At/Or*). (8) 
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Since (I*),,At=2rkT, we further get 
(Or?) = 4kT /Orz ; (9) 


thus the behavior of (gr) as a function of the tem- 
perature will be determined by &7/rr. At 1°K this ratio 
is about 0.06 (with 7~10* sec) and it will increase very 
sharply as the temperature decreases, since r~T*. At 
first sight it may be surprising that this ratio tends to 
infinity as T—0. This is due to the fact that r cannot 
be kept constant as 7-0, for the following reason. 
The long time interval 7 for which we performed the 
Fourier analysis must be much larger than 1/Q, the period 
of the free oscillations. For Eq. (1) to have a meaning, 
1/Q in turn must be much larger than r,onision, the average 
time elapsed between two consecutive phonon-mirror 
collisions. Consequently 7>>Tcotision. If T—0, Tcottision 
—« ; hence we cannot keep 7 (and 1/{) fixed in the 
limiting process T—0. (In practice this is not a very 
serious point, since at 1°K reontision On 1 cm? is about 10-% 
sec for a phonon gas, and is still 10 seconds at 10~* °K.) If 
we keep the ratio 7/7¢onision= N fixed in the limiting pro- 
cess, (or) tends to a finite value. The quantity r can be 
written as r=32(RT/c*)x?/Teontision, OF 177 = 32(RT/c?)7/ 
T collision, and consequently k7'/rr is independent of T. As 
7— the Fourier sum tends to an integral, and conse- 
quently we are better off if we deal not with (¢7) but 
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with (¢?(w))sdw. In other words, we write 


eeS Gin f (6 (.)) rede, 
where . 
(6 (w) deo = ((T*)wAt/w I?) /[ (0? — w2)*+ (1/T)an?]. 


Now the expression is independent of r. As T—-0 we 
will have a singularity in the integrand, but the integral 
is still converging, and converges to the correct value 
kT/D. Introducing x=w/Q, we can finally write it in 
dimensionless form as 


($°) nu (w) da = (2p(g?) wdx/w)/[ (1 —2*)?+p?x*], 


where (¢”)y=kT/D and p=(r/Q1)=free period/relax- 
ation time. We see now how the spectrum of the fluc- 
tuations behaves. At x=0 it starts out with the value 
20(¢*)a/m, rises to a high and narrow peak at x=1 
with a height 2(¢*),,/pr and width p, and drops to zero 
very fast for «>1. Thus we see immediately that the 
integral over all frequencies will be indeed indepen- 
dent of p, being approximately 


[(¢?(w) av maxe = (2(6?)av/ pm) p= (2/1) (*)w. 


A precise evaluation of the integral gives just (¢*), as 
it should. This is easy to verify for large p. Then 


(2p/m)( 6") mw f [(1—2*)?+-p*x? 'dax~ (2p/m)($*) nw J [1+p%x? }'dx= (2p/m)($*)w(4/2p) = ($")w. 
0 0 


It is interesting to discuss the fraction (@”)(«)dx 
= (2p/m)/[ (1—2°)?+-p?x*], which gives the fraction of 
the average potential energy concentrated in the 
frequency band dx. The temperature dependence is 
determined by the temperature dependence of p. In 
all cases p—0 as T—>0 and most of the energy is con- 
centrated in a narrow frequency range around 1. For 
an ideal gas obeying Maxwell-Boltzmann statistics p 
is proportional to 7, while for a phonon gas p is propor- 
tional to 7*. Thus, for a phonon gas the narrowness 
and height of the peak will become more pronounced 
as we lower the temperature. 

One may inquire to what extent this difference in 
behavior is due to the Einstein-Bose statistics or to the 
fact that the number of phonons varies with the tem- 
perature in the medium. The answer is simple. Let us 
imagine that we immerse our mirror in an ideal gas 
whose concentration is the same at each temperature as 
that of the phonon gas at the same temperature. Then 
p is proportional to p(P/kT) or to T'T*=T7", since for 
a phonon gas the density of phonons is proportional to 
T*. The peak will be proportional to T7/77/?=T—*” and 
it will again tend to infinity as T—0. As we see, it is 
the temperature dependence of the excitation density 


which causes the strong increase in the sharpness of 
the peak. Of course, the above considerations can be 
applied without any alteration to the Brownian motion 
of a mirror in a radiation field. This problem (and the 
Brownian motion of an electron) was first treated by 
different methods by Lorentz and by Fokker who have 
obtained an incorrect result.‘ Pauli’s work® has shown 
how this can be remedied. Our method is different from 
theirs. 


Vv 


The experiment would then be as follows. We register 
the Brownian oscillations of a mirror in superfluid 
helium, and Fourier-analyze the resulting curve. We 
compute the mean square of each Fourier component, 
and plot it as a function of the frequency. We repeat 
this for several temperatures. The comparison of these 
curves at different temperatures with the theoretical 
ones would be the test. 

I wish to express my thanks to Professor J. E. Mayer 
for many interesting discussions. 


‘HA. Lorentz, Ber. Solvay—Kongress in Brussels, 1911; A. D. 
Fokker, Arch. néerl. sci. IIIa, 4, 379 (1918). 
5 W. Pauli, Z. Physik 18, 272 (1923). 
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The dependence of the bremsstrahlung differential cross section 
on photon energy and angle for 50-kev electrons (89~0.4) incident 
on a 10-yg/cm? gold target and a 17-ug/cm? aluminum target has 
been determined from measurements made with a scintillation 
spectrometer at angles ranging from 10 to 140 degrees. The 
experimental results are compared with the Sommerfeld-Kirk- 
patrick-Wiedmann cross sections multiplied by the relativistic 
correction factor (1—fp» cos@)~*. For high photon energies (45 kev), 
the experimental results show good agreement with the theory 
at the peak intensity angles, approximately 50 and 60 degrees 
for gold and aluminum, respectively, but at the extreme angles 
there are differences of about 50% with the theory. For low 


photon energies (10 kev), discrepancies with the theory also 
increase at the extreme angles, with maximum differences of 
about 30% for aluminum and 40% for gold. Good agreement is 
obtained between theory and experiment over the whole angular 
range for 45-kev photons emitted from the aluminum target, 
when rough estimates of retardation and screening effects are also 
included in the theory. The experimental values for the Heitler 
parameter, ¢raa/@, are 5.5+0.6 and 6.7+0.7 for aluminum and 
gold respectively, compared to the theoretical value (including 
the above relativistic correction factor) of approximately 6.9 for 
both aluminum and gold. 





I, INTRODUCTION 


HE Sommerfeld theory' is used as the starting 
point for low-energy bremsstrahlung calculations. 
Sommerfeld derived the bremsstrahlung differential 
cross-section formula for the single process in which a 
photon is emitted in a given direction with a fixed 
recoil angle for the electron. In Sommerfeld’s calcu- 
lations, nonrelativistic Coulomb wave functions are 
used, and screening and retardation effects are neg- 
lected. The Sommerfeld dipole matrix element has been 
evaluated by Kirkpatrick and Wiedmann,’? and they 
have calculated the bremsstrahlung cross section inte- 
grated over the direction of the emerging electron for 
particular energies of the photon and of the initial 
electron. Other nonrelativistic calculations’ that are 
available are more restrictive, or are not as convenient 
to use as the Kirkpatrick-Wiedmann results. As yet, 
no exact cross-section calculations have been made 
which completely account for screening and retardation 
effects‘ in the nonrelativistic region. 
Very few experimental determinations of the brems- 
strahlung cross section are available which provide a 
satisfactory test of the nonrelativistic Sommerfeld 


*A summary of this work was reported at the American 
Physical Society 1957 Summer Meeting [J. W. Motz and R. C. 
Placious, Bull. Am. Phys. Soc. Ser. IT, 2, 310 (1957) ]. 

t Work supported by the U. S. Atomic Energy Commission. 

1A. Sommerfeld, Wellenmechanik (Frederick Ungar, New York, 
1950), Chap. 7. 

2 P. Kirkpatrick and L. Wiedmann, Phys. Rev. 67, 321 (1945). 

3 Nonrelativistic Born approximation calculations have been 
made by F. Sauter, Ann. Physik 18, 486 (1933). The calculations 
of G. Elwert, Ann. Physik 34, 178 (1939) are valid for ZeA7 (v2 
—v)«1. Other calculations of the differential cross-section 
formula for dipole radiation have been made by S. D. Drell and 
K. Huang, Phys. Rev. 99, 686 (1955) and Thaler, Goldstein, 
McHale, and Biedenharn, Phys. Rev. 102, 1567 (1956). Total 
bremsstrahlung cross-section calculations are given by J. M. 
Bérger, Phys. Rev. 105, 35 (1957) and K. Kummerer, Z. Physik 
147, 373 (1957). 

4Calculations that include estimates of retardation effects 
have been made by M. Scheer and E. Zeitler, Z. Physik 140, 642 
(1955), but their results give only relative values for the cross 
section, and require a reliable evaluation of the bremsstrahlung 
polarization. 


theory. In the nonrelativistic energy region there are 
difficult experimental problems: for example, very thin 
targets (about 0.1 ug/cm*) are required which do not 
readily withstand the large electron currents needed to 
produce adequate photon intensities. Because of such 
difficulties, low-energy thin-target bremsstrahlung meas- 
urements have been confined to the energy region, 
0.2<60<0.5, where for an initial electron velocity 2, 
Bo is equal to w/c. Since these values of Bo are not 
negligible compared to unity, the Sommerfeld theory 
requires a relativistic correction before a comparison 
can be made with the experimental results.’ Also the 
theory should be applied only for a limited energy 
region where it has been established that retardation 
and screening effects can be neglected. 

In the early attempts® to measure the absolute 
bremsstrahlung cross section in the low-energy region, 
Ross filters were used to isolate one energy interval out 
of the continuous spectrum, and an air ionization 
chamber was used to determine the x-ray intensity. 
The results obtained by Smick and Kirkpatrick® and 
Clark and Kelly® for a given electron energy (15 and 
32 kev, respectively), target (500 angstroms nickel and 
360 angstroms aluminum, respectively), and photon 
emission angle (88 and 60 degrees, respectively), 
disagreed by a factor of at least two with the results 
derived from the Kirkpatrick-Wiedmann calculations. 
The only other cross-section measurements reported in 
this energy region were made by Amrehn,’ who meas- 
ured photon spectra with a proportional counter for a 
90-degree photon emission angle and for 25- and 34-kev 
electrons incident on thin targets of carbon, aluminum, 
nickel, silver, and gold. Amrehn found that the ratio 
of the experimental to the Kirkpatrick-Wiedmann? 


5 Relativistic bremsstrahlung calculations break down in this 
range of values for Bo. See H. Bethe and W. Heitler, Proc. Roy. 
Soc. (London) 146, 83 (1934); F. Sauter, Ann. Physik 20, 404 
(1934) ; H. Bethe and L. Maximon, Phys. Rev. 93, 768 (1954). 

6 FE. Smick and P. Kirkpatrick, Phys. Rev. 60, 162 (1941); 
J. C. Clark and H. Kelly, Phys. Rev. 59, 220 (1941). 

7H. Amrehn, Z. Physik 144, 529 (1956). 
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cross sections increases with atomic number from a 
value of approximately one for aluminum to 1.2 for 
gold. Other measurements in this energy region in- 
volving relative values of photon intensities have been 
made by Kulenkampff and others,’ who find general 
agreement between the experimental results and the 
Sommerfeld predictions except for some differences in 
detail with regard to the spectral shape and angular 
distribution of the bremsstrahlung. 

It is apparent from the few available results above 
that more measurements are needed in order to establish 
the degree of reliability of the Sommerfeld theory in 
the energy region where 8o<0.5. The present work was 
undertaken to determine the dependence of the 
bremsstrahlung differential cross section on photon 
energy, k, and emission angle, 6, for 50-kev electrons 
(89~0.4). Target materials with a low and high atomic 
number, Z, were used, and were thin enough so that the 
effects of electron multiple scattering could be neg- 
lected. The measurements were made with a scintil- 
lation spectrometer which measured photons with 
energies as low as approximately 7 kev. Although this 
type of spectrometer has a much poorer resolution 
than a proportional counter in the low-energy region, 
it has the advantage that its detection efficiency is 
higher by a few orders of magnitude and is more 
accurately known than that of the proportional counter. 
The cross sections are derived from measurements of 


the photon intensities at emission angles ranging from 
10 to 140 degrees. From these data, we also obtain 
values for the cross section integrated over the photon 
emission angle and energy. 


Il. EXPERIMENTAL METHOD 
A. Equipment and Procedure 


The experimental arrangement for this work is shown 
in Fig. 1. The 50-kev electron beam is produced by a 
constant potential accelerator with a cascade-type 
generator. The beam diameter at the target position is 
approximately } inch, and the target currents used for 
these measurements ranged from approximately 0.1 
to 1 microampere. The bremsstrahlung emitted from 
the target at a given angle 6 with respect to the incident 
electron direction, is detected by a scintillation spec- 
trometer after passing through a 20-mil beryllium 
window in the target chamber and a 1-mil aluminum 
foil covering the NaI(TI) crystal. 

The scintillation spectrometer consists of a }-inch 
diameter, }-inch long NaI(TI) crystal and a Du Mont 
6292 photomultiplier tube. The crystal is mounted in 
a lead-lined copper container which has a 4¢-inch 
diameter, 3';-inch thick entrance aperture. The spec- 


*K. Bohm, Ann. Physik 33, 315 (1938); R. Honerjager, Ann. 
Physik 38, 33 (1940) ; H. Amrehn and H. Kulenkampff, Z. Physik 
140, 452 (1955); R. Kerscher and H. Kulenkampff, Z. Physik 
140, 632 (1955); H. Doffin and H. Kulenkampff, Z. Physik 148, 
496 (1957). 


Rk. £. PEACIOVUS 


50 kev 
ELECTRON 
BEAM 


TARGET CHAMBER \ 


TO H-R CURRENT 
INTEGRATOR # 


ANTI- SCATTER 
BAFFLE 


20 MIL Be 
WwiInDOWwW -— 


{MIL AL 
COVER OVER 
CRYSTAL 


o™~ 3/16" DIA. 3/32” THICK 
COPPER APERTURE 
NaI(TL) 1/2” DIA 
1/4" LONG 
DUMONT 6292 
FOLLOWER 


Fic. 1. Experimenta] arrangement for 50-kev bremsstrahlung 
measurements. The target materials were aluminum and gold 
with thicknesses of approximately 17 ug/cm? and 10 yug/cm?, 
respectively. The values of @ were 10, 20, 30, 40, 50, 60, 70, 90, 
110, and 140 degrees. The distance A is 11.5 inches for the angular 
region from 20 to 140 degrees and 12.6 inches for the @ value of 
10 degrees. 


trometer can detect photons with energies as low as 
7 kev before the noise pulses of the photomultiplier 
tube become predominant. The pulse-height distribu- 
tion is measured with a 12-channel differential pulse- 
height analyzer. The pulse-height response of this 
spectrometer to monoenergetic photons was measured 
with a source of Cd! (22 kev: Ag Ka, 87 kev).® For 
the 22-kev photons, the energy resolution of the 
spectrometer that was found from the full width at half- 
maximum of the response curve is approximately 37%. 

Electrons incident on the target are collected by the 
target chamber which is electrically insulated from the 
grounded section of the accelerator. The target currents 
and the total charge collected in a given time interval 
are measured with a Higinbotham-Rankowitz current 
integrator” with approximately 2% accuracy. 

The distance A in Fig. 1 between the target and the 
detector slit is 11.5 inches, except for the measurements 
made at 10 degrees where it was found desirable to use 
a distance of 12.6 inches and an aperture diameter of 
#s inch in order to minimize the effects of electron 
scattering in the chamber. With this geometry the 
detector slit has an angular resolution of about 1 degree. 

Other relevant experimental details including a 


® Nuclear Data, National Bureau of Standards Circular No. 
499 (U.S. Government Printing Office, Washington, D. C., 1950). 

10 W. A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 
688 (1951). 
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description of the target chamber and the electronics 
are given elsewhere." 

The photon emission angles 6 that were selected for 
the measurements were equal to 10, 20, 30, 40, 50, 60, 
70, 90, 110, and 140 degrees. For each angle, measure- 
ments were made of the integrated charge incident on 
a given target and of the corresponding bremsstrahlung 
spectrum. 


B. Targets 


The target materials selected for these measurements 
were gold and aluminum. The important features of 
the targets that must be taken into account in the 
determination of the cross sections are their thickness, 
uniformity, and purity. 

The criterion for the selection of a thin target is that 
the electron scattering and energy loss in the target is 
small enough to be neglected. As an estimate for the 
proper thickness to use for 50-kev electrons, we may 
expect that a target is thin enough if the obliquity of 
the electrons in passing through the foil is as small as 
2%, that is if 


1 — (cosa) ay = (a?) y/2=0.02, (1) 
where (a”)y is the mean square angle of the electrons 
emerging from the target. From the results of multiple 
scattering theory, it has been shown” that (a”)s 
~0.6ZA/T»(To+1), where A is the average energy loss 
of the electrons that pass through the target, and 79 is 
the initial electron kinetic energy in Mev. Therefore, 
the target thicknesses that satisfy the above require- 
ments are approximately 54 ug/cm? (~ 2000 angstroms) 
for aluminum and 16 ug/cm? (~85 angstroms) for gold. 

To prepare such thin targets, aluminum and gold 
were evaporated onto thin films of collodion mounted 
on 2-inch diameter aluminum target holders. The 
average thickness of each film (collodion, aluminum, 
and gold) was determined from weight measurements 
made with microbalances having sensitivities of approx- 
imately 0.2 4g and 5yg. The results are as follows: 
(1) the thickness of the collodion backing for each 
target was approximately 5 wg/cm?, (2) the thickness 
of the aluminum films were 17.3-+0.8 ug/cm? and 38.2 
+1.4yug/cm?, (3) the thickness of the gold films were 
9.9+0.5 wg/cm? and 22.1+1.0 ug/cm*. With these thin 
targets, electron scattering effects were negligible as 
demonstrated by the fact that the final cross-section 
values for a given target material were independent of 
the target thickness within experimental error. 

A correction for the radiation from the collodion 
backing (as well as from other background) was made 
by subtracting the intensity measured with only a 
collodion target in the electron beam from the intensity 


1 J. W. Motz, Phys. Rev. 100, 1560 (1955). 

122C. H. Blanchard, Electron Physics, National Bureau of 
Standards Circular No. 527 (U. S. Government Printing Office, 
Washington, D. C., 1954), p. 9. 
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measured with the collodion plus the aluminum (or 
gold) target. Because of the low effective Z of the 
collodion compared to that of the evaporated films, 
the relative radiation intensity from the collodion was 
found to be small even though its relative thickness is 
not negligible. 

In order not to cause any excessive target heating 
and deterioration during the measurements, it was 
necessary to keep the target currents as small as 
possible. Because we used a high-efficiency detector and 
a favorable geometry with a relatively large solid angle 
(see Sec. A), we were able to obtain adequate counting 
rates with target currents less than 1 microampere. 
With these small target currents there was no evidence 
of any target deterioration, as shown by the consistency 
of the data for repeated sets of measurements. 

Variations in the thickness of a given target for 
j-inch segments (focal-spot diameter) over the total 
area were expected to be small because of the large 
source-target distance used in the evaporation. The 
uniformity in the thickness of each target was checked 
in the following manner. The 2-inch diameter film was 
weighed and then the 3-inch diameter portion con- 
centric with the focal spot was removed with a steel 
punch and weighed. The average thicknesses for the 
two areas agreed within 10%. The final thickness that 
was used for each film represents the average value for 
the two areas, and the error limits include the system- 
atic errors in addition to the statistical weighing errors. 

The purity of the aluminum and gold wires that were 
evaporated was better than 99.7%, with iron and silicon 
as the chief impurities. At the evaporating temperature 
for aluminum, the vapor pressure for these impurities 
is negligible. It is estimated that the error introduced 
in the photon flux density by any impurities in the 
evaporated films including oxide coatings is less than 
2%. 


C. Photon Flux Determination 


In order to evaluate the bremsstrahlung differential 


“cross section, it is necessary to determine the photon 


flux P(k,@), defined as the number of photons emitted 
from the target in the solid angle 2 per unit energy’ 
interval at energy & and angle @ for a given total 
electron charge incident on the target. The manner in 
which P(k,#) is calculated from the measured pulse- 
height distribution N(h) has been described in detail 
elsewhere." For the data obtained in the present 
measurements it was found that the correction curve 
shown in Fig. 2 is needed to convert N(h) to P(k,6). 
This curve includes corrections for the following effects : 

(a) The pulse-height response of the spectrometer to 
monoenergetic photons in the energy range below 50 
kev. This response curve was measured with the 22- 
kev photons from Cd! (see Sec. A). 

(b) The spectrometer photon detection efficiency 
below 50 kev. This efficiency was calculated from the 
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Fic. 2. Correction curve for converting a measured pulse-height 
spectrum N(h) to a corresponding photon spectrum P(k,@) where 
k is the photon energy and @ is the emission angle. The curve 
includes corrections for the pulse-height response of the spec- 
trometer to monoenergetic photons, the photon detection efficiency 
of the spectrometer, and the photon absorption in the 20-mil 
beryllium window of the target chamber and in the 1-mil alumi- 
num window over the Nal crystal (see Fig. 1). 


total absorption coefficients given by Grodstein® and 
includes corrections for the escape of the iodine K 
x-rays. 

(c) The photon absorption® in the 20-mil beryllium 
window of the target chamber and in the 1-mil alumi- 
num window covering the Nal crystal (see Fig. 1). 

To correct for the background radiation, the meas- 
urements at each angle were repeated with only the 
collodion film in the target position. This total back- 
ground was found to be less than 10% of the radiation 
over most of the energy spectrum from any of the 
aluminum or gold targets used. The fact that this 
background showed only about a 10% variation over 
the whole angular range indicates that electron scat- 
tering effects in the target chamber are small. Scattered 
electrons were prevented from striking the beryllium 
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Fic. 3. 50-kev bremsstrahlung differential cross sections for 
aluminum at photon energies & and emission angles 6. The experi- 
mental values are shown by the closed circles which do not 
include the systematic-error limits. The solid curves represent 
the Sommerfeld cross sections calculated by Kirkpatrick and 
Wiedmann? and the dot-dashed curves are the same cross sections 
multiplied by the relativistic correction factor (1—fp» cos6)~?. 
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window of the target chamber with the aid of a sweep 
magnet (Fig. 1). No K x-rays were detected from the 
aluminum lining of the target chamber or from the 
edges of the copper slits shown in Fig. 1. 


III. EXPERIMENTAL RESULTS AND ERRORS 


The experimental values for the bremsstrahlung 
differential cross section do are given in Figs. 3 and 4. 
Figure 3 shows the results with the aluminum target 
for photon emission angles @ of 20, 40, 60, 90, and 110 
degrees, and Fig. 4 shows the results with the gold 
target for angles of 10, 30, 50, 90, and 110 degrees. The 
experimental results obtained for other angles (10, 30, 
50, 70, and 140 degrees for aluminum and 20, 40, 60, 
70, and 140 degrees for gold) are not included in Figs. 
3 and 4 for the sake of clarity (see Figs. 8, 9, and 10). 
The solid and dot-dashed lines in these figures represent 
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Fic. 4. 50-kev bremsstrahlung differential cross sections for 
gold at photon energies & and emission angles 0. The experimental 
values are shown by the open circles which do not include the 
systematic-error limits. The solid curves represent the Sommerfeld 
cross sections calculated by Kirkpatrick and Wiedmann? and the 
dashed curves are the same cross sections multiplied by the 
relativistic correction factor (1—8ocos#)~*. The approximate 
energy range covered by the L x-rays from gold is shown on the 
energy scale for the 90-degree 6 value. 


the theoretical estimates of the cross section: the solid 
lines show the Kirkpatrick-Wiedmann’ cross sections, 
and the dot-dashed lines represent these cross sections 
multiplied by the relativistic correction factor 
(1—Bo cosé)~*. (See Sec. IV for the justification of this 
factor.) 

In Fig. 4, the sharp rise in the cross section at the 
low photon energies is caused by the gold L radiation - 
which covers an energy range from approximately 9.6 
to 13.4 kev.'® In order to estimate the contribution of 
this LZ radiation to the cross section, the data obtained 
for the 90-degree emission angle @ (Fig. 4), which 
appears to be fairly flat above 20 kev, was extrapolated 
back to 10 kev on the assumption that the spectral 
shape was smooth and well-behaved in the region below 
20 kev; the difference between the extrapolated point 
and the peak measured at 10 kev was used as the 


15S. Fine and C. F. Hendee, Nucleonics 13, No. 3, 36 (1955). 
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[-radiation correction at the other angles since the L 
radiation is expected to be emitted isotropically. 

The differential cross sections shown above were 
integrated graphically over the photon emission angle, 
and the results are shown in Fig. 5. As in Figs. 3 and 4, 
the dot-dashed and solid curves are the theoretical 
cross sections with and without the relativistic correc- 
tion factor. The integrated value shown for gold at 10 
kev is corrected for the contribution of the gold L 
x-rays in the manner described above. 

A final graphical integration over photon energy of 
the results in Fig. 5 was made to obtain the total 
integrated cross section ¢raa, which is defined!® as the 
quantity (1/E) fo”*-*k(do/dk)dk, where Ep is the total 
energy of the incident electron, yu is the electron rest 
energy, and & is the photon energy. The quantity 
¢raa/@ is plotted in Fig. 6 as a function of the initial 
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Fic. 5. 50-kev bremsstrahlung cross sections integrated over 
the photon emission angle 6 for photon energies k. The experi- 
mental values are shown by the open and closed circles, which 
give the statistical- and systematic-error limits. The solid curves 
represent the Sommerfeld-Kirkpatrick-Wiedmann cross sections,? 
and the dot-dashed curves include the relativistic correction 
factor (1—£8» cos@)~*. 


electron energy Eo, with ¢ equal to 5.8X10-*8Z? cm’. 
The energy range is extended up to higher energies in 
order to tie in the present measurements with previous 
results" obtained at 0.5 and 1.0 Mev. The solid curve 
in Fig. 6 gives the cross sections predicted by Born- 
approximation theory.’ (The dashed curve indicates 
the screening effect for Z equal to 82.) The experimental 
values are given by the open (gold target) and closed 
(aluminum target) circles. The arrows give the approxi- 
mate correction factor Z/(Z+1) that would indicate 
the contribution of electron-electron bremsstrahlung. 
For an initial electron kinetic energy of 50 kev, the 
experimental values for draa/¢ are 5.50.6 and 6.70.7 
for aluminum and gold, respectively. The theoretica] 
value for @raa/@ obtained from the Kirkpatrick- 
Wiedmann calculations’ for both aluminum and gold is 


16W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, New York, 1954), third edition, p. 242. 
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Fic: 6. Cross section for the energy lost by radiation. ¢raq is 
defined in reference 16, Eq. (28), Eo and uw are the total and rest 
energy, respectively, of the incident electron, and ¢ is 5.8X 10-*8Z? 
cm*. The experimental points for the 0.5- and 1.0-Mev electron 
energies were obtained from reference 11, and a rough correction 
for electron-electron bremsstrahlung is given by the factor 
Z/(Z+-1). The solid curve gives the cross sections obtained from 
relativistic Born-approximation calculations,!® and the dashed 
curve indicates the screening effect for Z equal to 82. The 50-kev 
values of ¢raa/@ obtained from the Sommerfeld-Kirkpatrick- 
Wiedmann calculations? for both aluminum and gold are approxi- 
mately 5.8, and increase to approximately 6.9 with the relativistic 
correction factor (1—f» cos@)~?. 


approximately 5.8, and with the relativistic correction 
factor (1—» cos6)~*, it increases to approximately 6.9. 

The accuracy of the experimental values for the cross 
section was estimated on the basis of the following 
important errors: 


(1) Target thickness (Sec. IIB): +5%. 

(2) Photon flux P(k,@) (Sec. IIC): Uncertainties due 
to statistical errors, spectrometer corrections, window 
width, instability of the differential analyzer, and 
geometry errors are estimated to be +12% for the 
energy region above 45 kev and below 15 kev, and 
+5% over the rest of the energy spectrum. 

(3) Target integrated charge (Sec. ITA): 42%. 


From a review of the above errors, the accuracy of 
the experimental points in Figs. 3 and 4 is estimated 
to be approximately 10% except for the energy region 
above 45 kev and below 15 kev where it is approxi- 
mately 15%. In Fig. 5, the error limits of the experi- 
mental points were found from the above estimates 
and include the uncertainty in the Z x-ray correction 
for gold at 10 kev. Also in Fig. 6, the error limits show 
an accuracy of approximately 10% for the total 
integrated cross section ¢raa. 


IV. DISCUSSION OF RESULTS 
A. Limitations of the Sommerfeld Theory 


The Sommerfeld theory contains certain restrictions 
which must be emphasized in any comparison between 
theory and experiment. Specifically, we note that 
Sommerfeld derives a nonrelativistic matrix element 
in which (1) the wave functions are solutions of the 
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Schrédinger equation for a pure Coulomb field, and 
(2) retardation terms in the interaction Hamiltonian 
are neglected. Therefore, the Sommerfeld formula is 
valid only if 8o, Zr/ao, and r/X are small compared to 
unity, where a is the Bohr radius of the hydrogen 
atom, is the photon wavelength, and r is the distance 
from the nucleus which is a parameter"? in the brems- 
strahlung cross-section formula. The question of 
whether the above conditions are satisfied in‘ the 
present measurements will now be considered. 


B. Relativistic Correction 


The present measurements have been made for a 
value of 8» equal to approximately 0.4, which certainly 
is not negligible compared to unity. Therefore the 
Sommerfeld-Kirkpatrick-Wiedmann cross sections? com- 
puted for this electron energy require a relativistic 
correction. 

A simple estimate of the relativistic effect on the 
Sommerfeld cross sections? can be made by referring 
to the Born-approximation bremsstrahlung calcula- 
tions.'* A comparison of the relativistic [reference 16, 
Eq. (13)] and the nonrelativistic [reference 16, Eq. 
(17) ] cross sections, dor and dowr, respectively, gives 
the result that for the limiting cases where k-0 and 
k—(Eo—p), 


dor (1—Bo cos6)~*donr. (2) 


This relativistic correction factor is derived with free- 
particle wave functions. Therefore the corrected cross 
sections must be considered only as rough estimates of 
the exact cross sections that would be obtained with 
relativistic Coulomb wave functions. Also, it should 
be noted that this factor does not correct for the 
retardation effects which have been neglected in the 
Sommerfeld-Kirkpatrick-Wiedmann calculations.” 


C. Retardation and Screening Effects 


Retardation effects are contained in the 7/A terms 
that arise in the expansion of the interaction Hamil- 
tonian of the electron with the radiation field. The 
parameter r is difficult to evaluate accurately, and it 
covers a wide range of values for a given photon energy 
and angle. We can make an order of magnitude estimate 
of the importance of retardation for the conditions in 
our measurements by letting r equal!’ hc/g, where g is 
the momentum transferred to the nucleus. For a given 
photon energy and angle, r was evaluated for the most 
probable value of g given by the Born-approximation 
differential cross section [reference 16, Eq. (13) ]. The 
resulting r values, #, are contained in the retardation 
term, #/A, which is plotted in Fig. 7 as a function of 6 
for the extreme photon energies near zero and 50 kev. 
(The #/A values for k-0 can be expected to become 
negligible when screening effects are included in the 


17The meaning of r as an impact parameter in the classical 
sense is discussed in reference 16, p. 248. 
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theory.) We emphasize again that Fig. 7 gives only a 
rough estimate of the retardation terms and can easily 
be in error by more than a factor of two. However, the 
order of magnitude of these estimates indicates that 
retardation effects cannot be neglected for 50-kev 
bremsstrahlung. 

A rough correction'* for retardation effects can be 
made for the case where high-energy photons (k~50 
kev) are emitted from a low-Z target. The nonrelativ- 
istic matrix element including retardation is expressed® 
as 


(3) 


Ma [vem grad aWodr, 


where Wo and yw, are the initial and final wave functions 
and the remaining terms are defined by Schiff." The 
nonretarded matrix element, M,, is obtained by neg- 
lecting retardation terms, so that in the above expres- 
sion e~***F is replaced by unity. With a low-Z target 
the distortion produced in the wave functions by the 
Coulomb field is small, and for photon energies in the 
region of 50 kev the angular distribution of the recoil 
electrons is nearly isotropic. Therefore we can represent 
Yo by a free-particle wave function e'?"* and Wr by a 
spherically symmetric wave function e'?t/r where po 
and p are the initial and final electron momenta, 
respectively. With these simple types of wave functions, 
the matrix elements can be readily evaluated to give 
the retardation correction factor 


|M|?/| M,|?=[pot/ (po? +k)? ](1 —Bo cos0)~, 


where po and & are given in units of mc and mc’, respec- 
tively. A comparison of this’result with Eq. (2) illus- 
trates that the relativistic and retardation correction 
factors are approximately equal. 

The K-shell Bohr radii ao9/Z for gold and aluminum 
are approximately 0.7X10- cm and 4.0X10-" cm, 
respectively. These values are of the same order of 


(4) 
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Fic. 7. Dependence of the retardation expansion parameter 
r/X on photon energy & and angle 6. The most probable distance 
from the nucleus ? which contributes to the bremsstrahlung cross 
section is estimated from Born-approximation calculations,!® and 
is the wavelength of the emitted photon. 


'8 This retardation correction factor was calculated by Mr. 
John Avery. 

%L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), first edition, p. 243. 
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magnitude (10~" cm) as the f values that are calculated 
from Fig. 7 for 50-kev photons. For lower photon 
energies especially below 30 kev, the # values increase 
up to about 10-* cm. This comparison shows that 
screening effects may be important over the whole 
range of photon energies for both aluminum and gold. 


D. Comparison with Theory 


In the preceding Secs. B and C, we found that the 
nonrelativistic Sommerfeld theory is not strictly valid 
for the energy region covered by the present measure- 
ments, and corrections must be made for relativistic, 
retardation, and screening effects. In the absence of 
more exact calculations, rough corrections have been 
introduced for the relativistic and retardation effects 
but not for screening. These corrections are expected 
to be more valid for low-Z targets. In addition the 
retardation correction factor applies only for high- 
energy photons in the region of the 50-kev limit. 

In Figs. 3 to 5, the experimental results are compared 
with the Sommerfeld-Kirkpatrick-Wiedmann cross sec- 
tions? multiplied only by the relativistic correction factor 
(dot-dashed curve). Figures 3 and 4 indicate that the 
closest agreement over the whole spectrum between 
experiment and theory for both the aluminum and 
gold targets is obtained at a photon emission angle of 
approximately 50 degrees. As @ approaches the extreme 
values of zero and 180 degrees, there is an increasing 
departure of the experimental points from the theo- 
retical curves. For the integrated cross sections shown 
in Fig. 5, the experimental values for gold show good 
agreement with the theory, while the values for alumi- 
num are smaller than the theoretical (dot-dashed) 
curve and coincidentally show good agreement with 
the solid curve that does not include the relativistic 
correction factor. 

A more detailed comparison of the results is obtained 
by studying the upper and lower energy regions. 
Figure 8 shows the angular dependence of the brems- 
strahlung cross section for 45-kev photons from alumi- 
num and gold. The theoretical curves shown by the 
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Fic. 8. Angular dependence of the bremsstrahlung cross section 
for 45-kev photons. The experimental] values for aluminum and 
gold are given by the open circles and the dashed curve is an 
approximate fit for the experimental results over the whole 
angular range. The Sommerfeld-Kirkpatrick-Wiedmann cross 
sections? including the relativistic correction factor (1—f» cos6)~* 
are given by the solid curve. 
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Fic. 9. Angular dependence of 
the bremsstrahlung cross section 
for 45-kev photons emitted from 
an aluminum target. The experi- 
mental values are given by the 
open circles. The solid line is 
predicted by the Sommerfeld 
theory? after rough corrections 
have been made for relativistic, 
retardation, and screening effects. 
The dot-dashed curve is predicted 
by Sommerfeld® from classical 
theory, and the dashed curve is 
predicted from the relativistic 
calculations of Scherzer." 
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solid lines include only the relativistic correction factor 
and the dashed curves represent an approximate fit for 
the experimental results. For gold, the experimental 
points show good agreement with the theoretical curve 
especially at the 50-degree peak intensity angle; for 
angles larger and smaller than the peak angle, there is 
a narrowing in the experimental angular distribution 
curve which is suggestive of the radiation pattern from 
a target with a lower effective Z than gold. On the 
other hand, the experimental curve for aluminum is 
tipped more forward than the theoretical curve. The 
maximum difference between the experimental and 
theoretical results is about 25% for gold and 50% for 
aluminum. 

The above comparison shows that for 45-kev photons, 
the relativistic correction factor brings the Sommerfeld- 
Kirkpatrick-Wiedmann cross sections’ and the experi- 
mental results in closer agreement for the high-Z than 
for the low-Z target. Since this correction is not ex- 
pected to be accurate for high Z, it may roughly 
represent the combined correction factor that would be 
obtained if both the retardation and relativistic effects 
for high Z were accurately evaluated. 

To resolve the low-Z discrepancies shown in Fig. 8 
for aluminum, we now will include the effect of retard- 
ation. After corrections have been made for both 
relativistic and retardation effects from the results of 
Secs. B and C, the angular dependence of the brems- 
strahlung cross section, do, for 45-kev photons can be— 
written as 


da =A (Zets/Za1)*[ pot/ (po? +")? [1 —Bo cos@ F4dos, (5) 


where dog is the Sommerfeld-Kirkpatrick-Wiedmann 
cross section,’ Za, is the atomic number for aluminum, 
Zett is the effective atomic number for aluminum if 
screening is important, and A is a normalizing factor 
that probably arises because the distortion of the wave 
functions produced by the Coulomb field from the 
aluminum nucleus is not negligible. From the estimates 
of the screening parameters given in Sec. C, we shall 
select 11 as a reasonable value for Z.4;. Then for a 
value of A equal to 0.9, the cross sections calculated 
from Eq. (5) are shown in Fig. 9 by the solid line, 
which shows remarkably good agreement with the 
experimental] results. Other relativistic predictions of 
the angular distribution for photons near the high- 
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Fic. 10. Angular dependence of the bremsstrahlung cross section 
for 10-kev photons. The experimental values for aluminum and 
gold are given by the open circles and the dashed curve is an 
approximate fit for the experimental results over the whole 
angular range. The Sommerfeld-Kirkpatrick-Wiedmann cross 
sections including the relativistic correction factor (1—8» cosé)~? 
are given by the solid curve. 


energy limit have been made by Sommerfeld® and 
Scherzer.” Sommerfeld derived the following expression 
from classical theory : 


Bo =~ 
do~sito(1-— cos) ‘ (6) 


Scherzer’s relativistic calculations which are valid for 
Z&K137Bo, give the result that 


2(1—,)! 
(1—B cos#)! 
Pi ae Se 
2(1—Bo cos@)* 


do~ sino 


(7) 





The results given by Eqs. (6) and (7) are normalized 
so that the peak values coincide with that given by 
Eq. (5), and are plotted in Fig. 9 where the dot-dashed 
curve gives the Sommerfeld values and the dashed 


% A. Sommerfeld, Ann. Physik 11, 257 (1931). 
210. Scherzer, Ann. Physik 13, 137 (1932). 
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curves give the Scherzer values. The Scherzer curve 
shows much better agreement with the experimental 
results than the Sommerfeld curve, although the 
Scherzer values appear to be too low at the small angles. 

Figure 10 gives the angular distribution for 10-kev 
photons from the aluminum and gold targets. The 
theoretical curves shown by the solid lines include only 
the relativistic correction factor and the dashed curves 
represent an approximate fit for the experimental 
results. For the smaller angles, the theoretical curves 
overestimate the experimental cross sections. Such a 
difference is not surprising in view of the fact that this 
is the energy and angular region where screening effects 
become most important. In the case of the gold target, 
the experimental values at the larger angles are greater 
than the theoretical values; this discrepancy may be 
due to the inadequacy of the relativistic correction 
factor for high Z. For these low-energy photons, the 
experimental results show a maximum difference with 
the theoretical curve of approximately 30% for alumi- 
num and 40% for gold. 

In Fig. 6, the experimental values for ¢raa/@ are 
6.7+0.7 and 5.50.6 for gold and aluminum respec- 
tively. The difference in these values for low and high 
Z is consistent with the differences obtained in previous 
measurements! for higher electron energies of 500 and 
1000 kev. The value for aluminum in the present 
measurement fortuitously shows good agreement with 
the Born-approximation estimate. In comparison, the 
¢raa/ value obtained from the Kirkpatrick-Wiedmann 
calculations® for both aluminum and gold is approxi- 
mately 5.8, and increases to approximately 6.9 with 
the relativistic correction factor (1—£» cos@)~. 
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Superconductivity has been observed for two structures of lanthanum. A close-packed hexagonal structure 
was found to have a transition temperature near 5.0°K and the face-centered cubic structure had a transition 
temperature of 5.95°K. The initial slope of the H.-T curve for the face-centered cubic structure was 550 
oe/deg. The transition temperature decreased with decreasing lanthanum content for the La-Y and La-Lu 


alloys studied. 


I. INTRODUCTION 


HERE has been considerable disagreement con- 
cerning the superconductivity of lanthanum.’-* 
Ziegler, Young, and Floyd’ made a study of the crystal 
structure and the superconductivity of lanthanum and 
concluded that two structures of lanthanum are super- 
conducting with different transition temperatures. 
They suggested that the face-centered cubic structure 
has a transition temperature of 5.4°K, whereas the 
hexagonal close-packed structure should have a tran- 
sition temperature somewhat above 3.9°K. 

It has been suggested that the transition temperature 
should be a function of the atomic volume, the atomic 
mass, and the number of valence electrons per atom.*® 
For the alloys of lanthanum with yttrium and lutetium 
studied in this work, the number of valence electrons 
per atom is constant. This should make it possible to 
study the effects of the atomic volume and the atomic 
mass on the transition temperature. 


Il. EXPERIMENTAL TECHNIQUE 
1. Temperature Control and Measurement 


The apparatus used in the range 1.2°K to 6°K is 
illustrated in Fig. 1. The experimental chamber was 
made of thick-walled copper tubing and was essentially 
isothermal. It was thermally connected to the bath by 
means of a stainless steel tube. The heater wound on 
this tube was used to raise the temperature of the 
copper chamber above the temperature of the bath. 
Helium exchange gas, at a pressure of approximately 
50 microns, maintained the sample and the copper 
sample holder at the temperature of the chamber walls. 
Temperatures from 4.2°K to 1.2°K were obtained by 
pumping on the liquid helium. The vapor pressure of 


* Contribution No. 543 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 
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the bath was measured and temperatures were based 
on the 1955 (Naval Research Laboratory) international 
scale.!° 

Temperatures from 4.2°K to 6°K were obtained by 
use of the heater. A heater power of approximately 
6.5 mw maintained the sample at a temperature two 
degrees above the bath temperature. Temperatures 
above 4.2°K were measured by means of a gas ther- 
mometer of the type described by Woodcock." It is 
believed that temperatures near 6°K were determined 
with a precision of 0.05 deg. The apparatus was tested 
by measuring the H,.-T curves for tin and lead; the 
results were in agreement with the data of Daunt and 
Mendelssohn.” 
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Fic. 1. Apparatus for temperature control. 


10 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 

4A. H. Woodcock, Can. J. Research 16A, 133 (1938). 

2 J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A160, 127 (1937). 
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2. Detection of Transition 


The method employed for measuring the zero-field 
transitions was similar to that used by Webber, 
Reynolds, and McGuire.” This is an ac method in 
which the sample is part of the core of a mutual in- 
ductance with 250 turns in the primary and 450 turns 
in the secondary. The samples were cylinders ;%¢ in. in 
diameter and 2 in. long. The 100 cps primary current 
produced a maximum field at the center of the primary 
of 0.1 oe. The secondary voltage, which was bucked 
out when the sample was in the normal state, was 
amplified and read on an oscilloscope. 

For some of the samples the transition was observed 
by means of the electrical resistivity as well as by the 
ac method. In each case superconductivity, as deter- 
mined by the ac method, is first evidenced as the 
electrical resistivity reaches zero. 

The critical field values were determined when 
possible by a dc method similar to that used by Keeley 
and Mendelssohn." The coil, which was used as the 
secondary coil for the ac work, was used as a pickup 
coil and was connected to a ballistic galvanometer. A 
solenoid, capable of producing fields up to 1000 oe, 
was used to produce a longitudinal magnetic field. The 
magnetic field was varied abruptly in steps and the 
corresponding galvanometer deflections were recorded. 
The accumulated galvanometer deflections were plotted 
as a function of the field. 


3. Samples Studied 


The chemical similarity of yttrium and elements of 
the lanthanide series has made the separation of these 
elements a difficult problem. Using an ion-exchange 
method, Spedding and Powell!® have obtained pure 
rare earths. The development of techniques for pre- 
paring the pure metals has been accomplished by 
Spedding and Daane.'* The alloys were prepared by 
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Fic. 2. Secondary voltage vs temperature for La-I and La-IA. 


18 Webber, Reynolds, and McGuire, Phys. Rev. 76, 293 (1949). 

4 'T. C. Keeley and K. Mendelssohn, Proc. Roy. Soc. (London) 
A154, 378 (1936). 

18 F. H. Spedding and J. E. Powell, J. Metals 6, 1131 (1954). 

‘© F. H. Spedding and A. H. Daane, J. Metals 6, 504 (1954). 
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melting together the proper amounts of each com- 
ponent in tantalum crucibles. The samples were then 
turned down to the proper size. 

The crystal structure of small needles cut from the 
bulk metal was determined by powder diffraction 
techniques. These needles were given the same heat 
treatment as the samples, and were assumed to have 
the same structure as the samples. It was also assumed 
that there was no structure transformation below room 
temperature. This seems to be a reasonable assumption 
for pure lanthanum.*~’ It seems plausible to make the 
same assumption for the alloys examined. 


Ill. RESULTS 
1. Lanthanum 


A pure lanthanum sample (La-I) was polycrystalline 
and exhibited both the face-centered cubic structure 
and a close-packed hexagonal structure with a stacking 
sequence ABAC ... instead of the usual ABAB... 
The secondary voitage as a function of temperature 
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Fic. 3. Secondary voltage vs temperature for La-II and La-ITA. 


for this sample is shown in Fig. 2. We note that there 
are two broad transitions: one near 5.0°K and another 
near 5.8°K. 

Barson, Legvold, and Spedding!’ noted a phase 
transition in lanthanum near 300°C. Above this tem- 
perature the stable crystal structure is face-centered 
cubic.’ To obtain the face-centered cubic structure for 
this work the sample was annealed at 400°C for 44 days 
and quenched. The sample is now designated as La-IA. 
The secondary voltage as a function of temperature 
for La-IA is also shown in Fig. 2. The one transition 
observed was sharp and occurred at 5.95°K. X-ray 
studies showed that this sample had the face-centered 
cubic structure. 

A second sample of pure lanthanum (La-IT) had the 
same structures as La-I. The secondary voltage as a 
function of temperature for this sample is shown in 
Fig. 3. This curve is similar to the corresponding curve 
for La-I. This sample was then annealed at 200°C for 


17 Barson, Legvold, and Spedding, Phys. Rev. 105, 418 (1957). 
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five days. It is now designated as La-IIA. The secondary 
voltage as a function of temperature for the sample in 
this state is also shown in Fig. 3. The annealing caused 
an enhancement of the transition near 5.0°K, but both 
structures remained. Attempts to get the pure hex- 
agonal form were not successful. It may be concluded 
that face-centered cubic lanthanum has a transition 
temperature of 5.95°K, and that the close-packed 
hexagonal lanthanum, with the c axis double its normal 
value, has a transition temperature near 5.0°K. 


2. Lanthanum-Yttrium 


A sample containing 60% lanthanum and 40% 
yttrium by atoms had the lanthanum hexagonal struc- 
ture and a transition temperature of 1.7°K. A sample 
containing 75% lanthanum and 25% yttrium had this 
same structure. The secondary voltage as a function of 
temperature for this sample is shown in Fig. 4. This 
curve is representative of the curves for the alloys 
studied in this work and is the only one reproduced 
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Fic. 4. Secondary voltage vs temperature for the alloy 
containing 75% lanthanum and 25% yttrium. 


here. Its transition temperature, as determined in this 
manner, is 2.5°K. A sample containing 85% lanthanum 
and 15% yttrium was also hexagonal and had a tran- 
sition temperature of 3.2°K. A sample containing 95% 
lanthanum and 5% yttrium exhibited both the hex- 
agonal structure and the face-centered cubic structure. 
The secondary voltage as a function of temperature 
for this sample as cast, showed only one transition and 
this was at 5.4°K. The sample was annealed at 360°C 
for 16 days in an attempt to obtain the hexagonal form. 
It then appeared to have more of the hexagonal struc- 
ture. The secondary voltage as a function of tempera- 
ture for the sample after this heat treatment again 
showed only one transition, but it was now at 4.4°K. 
This transition was assumed to be associated with the 
hexagonal structure. 

Figure 5 is a summary of the data for the lanthanum- 
yttrium alloys. The transition points fall on two 
separate curves. The curve lying on the lower tempera- 
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Fic, 5. Transition temperatures vs composition for the 
lanthanum-yttrium alloys. 


ture side is for the hexagonal structure and the other 
curve is for the cubic structure. For these alloys the 
transition temperature decreases with decreasing lan- 
thanum content. It is not possible to predict from these 
data whether or not yttrium should be a supercon- 
ductor, since yttrium has the ordinary hexagonal 
close-packed structure and there may be another curve 
for this structure. We note, however, that Goodman!* 
found yttrium to be nonsuperconducting down to 
0.10°K. 
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vanometer deflections vs the applied longitudinal magnetic field 
for the La-IA sample. 


18 B. B. Goodman, Nature 167, 111 (1951). 
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Fic. 7. Isotherms (5.17°K and 5.32°K) of accumulated gal- 
vanometer deflections vs the applied longitudinal magnetic field 
for the La-IA sample. 


3. Lanthanum-Lutetium 


A sample containing 80% lanthanum and 20% 
lutetium by atoms had the lanthanum hexagonal struc- 
ture. The secondary voltage as a function of tempera- 
ture for this sample indicated a transition temperature 
of 3.4°K. A sample containing 55% lanthanum and 
45% lutetium also had the lanthanum hexagonal 
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structure and had a transition temperature of 2.2°K. 
For these alloys the transition temperature decreases 
with decreasing lanthanum content. 


4. Critical Field Curve for f.c.c. Lanthanum 


The sharpness of the transition of La-IA suggested 
that it might be possible to do critical field measure- 
ments on this sample. The accumulated galvanometer 
deflections as a function of the applied magnetic field 
for various isotherms are shown in Figs. 6-8. Pene- 
tration of the magnetic field commences at a rather 
well-defined value, but it is necessary to apply very 
strong;fields before the sample is entirely in the normal 
state. The present authors, along with others,!*-#! 
believe that the penetration fields are much nearer 
equilibrium fields than are the completion fields. A 
plot of the penetration fields vs T” is shown in Fig. 9. 
The transition temperature, as determined by extra- 
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Fic. 9. Penetration fields vs the square of the temperature 
for the La-IA sample. 


polation of the H.-T? curve (Fig. 9) to zero field, is 
5.84°K. This is not in good agreement with the 5.95°K 
found by the ac method. From a plot of H, vs T the 
initial slope, —dH,./dT|r=7., was found to be 550 
oe/deg. A value of 1600 oe was found for Ho. The 
difference in heat capacities of the normal and super- 
conducting states, calculated by use of Rutger’s 
formula, is approximately 0.075 cal/mole deg. The only 
published specific heat data for lanthanum is the work 
of Parkinson, Simon, and Spedding’ who reported 
AC=0.0139 cal/mole deg with a transition tempera- 
ture of 4.37°K. 


IV. DISCUSSION 


Crystal structure is very important in supercon- 
ductivity. For pure lanthanum and one of the lan- 
thanum-yttrium alloys the cubic form has a super- 

19. C. Jackson and H. Preston-Thomas, Phil. Mag. 41, 1284 
(1950). 


” W. F. Love, Phys. Rev. 92, 238 (1953). 
2 A. Wexler and S. Corak, Phys. Rev. 85, 85 (1952). 





SUPERCONDUCTIVITY OF 


conducting transition temperature nearly one degree 
higher than that for the hexagonal form. For these 
samples the mean volume per ion seems to be very 
nearly the same for either structure. There seems to 
be a general rule that the superconducting transition 
temperatures are higher for cubic structures than for 
hexagonal structures.?? There is presently no good 
explanation for the role of structure in supercon- 
ductivity. 

There is a definite decrease in transition temperature 
with decreasing lanthanum content for the lanthanum- 
yttrium and lanthanum-lutetium alloys. For the alloys 
studied here no valence effects would be expected. The 
mass dependence of the isotope effect certainly is not 
the principal factor involved because, while lutetium 
is heavier than lanthanum, yttrium is lighter. Mat- 


2 B. T. Matthias and J. K. Hulm, Phys. Rev. 87, 799 (1952). 
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thias* has suggested that the transition temperature 
should vary with the mean volume per ion to some 
power between 4 and 10. The mean volume per ion to 
approximately the eighth power would fit the lan- 
thanum-lutetium system. The lanthanum-yttrium 
system, however, would require a power of approxi- 
mately 24. It does not seem probable that we could fit 
all of the data to some universal expression of this type 
involving only the volume and mass. It is quite clear 
that crystal structure effects prevent any predictions 
on the possible superconductivity of pure yttrium and 
lutetium since these have the ABAB . . . stacking. 
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The paramagnetic resonance spectrum of divalent nickel in cubic MgO was investigated. The spectrum 
is isotropic with one line at g=2.227+0.002. Eight optical absorption lines at 8600, 13 400, 14 800, 21 550, 
24 500, 25 950, 28 300, and 34 500 cm™ were detected. These absorption lines are interpreted as transitions 
between the singlet ground state and all possible Stark levels of the F, P, D, and G levels. Agreement is 
obtained to within 300 cm™ by using crystalline fieid theory, with parameters Dg=860 cm™, Ep=13 000 
cm™, Ep=10900 cm™, Eg=19600cm™, and A (the spin-orbit coupling constant) = —245cm™. The 
significance of the reduced values of the energy levels and the spin-orbit coupling constant is discussed. 


I, INTRODUCTION 


IVALENT nickel has eight 3d electrons and in the 
free gaseous ion has a ground state */',. The seven- 
fold orbital degeneracy is removed in part by a cubic 
field, and this results in Stark splittings as in trivalent 
chromium. For a crystalline field of octahedral symmetry 
this results in a low-lying orbital singlet and two higher 
orbital triplet states. The orbital singlet is threefold 
degenerate in the spin quantum number. This de- 
generacy is not removed under the combined action of a 
cubic field and spin-orbit interaction. 
The paramagnetic resonance spectra of Ni** have 
been studied intensively in a number of crystals, 
particularly in fluosilicate':? and in Tutton salts.* The 
crystalline electric field symmetry is trigonal and tetra- 
gonal, respectively. In a trigonal or tetragonal field the 


* Supported in part by the U. S. Atomic Energy Commission. 

1 Holden, Kittel, and Yager, Phys. Rev. 75, 1443 (1949). 

2 R. P. Penrose and K. W. H. Stevens, Proc. Phys. Soc. (London) 
63, 29 (1949). 

3 J. H. E. Griffith and J. Owen, Proc. Roy. Soc. (London) A213, 
459 (1952). 


spin triplet is split into a singlet and doublet with 
splittings of the order of 0.1-0.5 cm™. In the Tutton 
salts Griffith and Owen? report that the triplet is split 
into three singlets because of additional rhombic 
symmetry components and that the splittings are as 
large as 4cm™. 

There has also been some research on the optical 
absorption spectra of Ni** ions in solutions*~* and some 
preliminary work on single crystals.’? These authors 
report usually three transitions which can be identified 
as the optical transitions between the Stark levels and 
a transition between the ground state and the excited 
3P state. In additign several weak transitions were 
observed’ in the region from 17 500-20 500 cm™. The 
identification of these weak lines was not conclusive. 

We wish to report here data on the paramagnetic 
resonance spectrum as well as the optical spectra of 


4 Th. Dreisch and W. Trommer, Z. physik Chem. B37, 40 (1937). 

5D. S. McClure, Office of Naval Research Technical Report 
No. 3, ONR N-6-Ori-211-III, 1955 (unpublished). 

°C. K. Jorgensen, Acta Chem. Scand. 9, 1362 (1955). 

7G. Gielessen, Ann. Physik 22, 537 (1935). 
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TABLE I. Optical energy levels of divalent nickel (see Shenstone*). 











Configuration Designation F Energy level in cm™ 

3d® Sd 4 0 

3 1360.7 

2 2269.6 

1p 2 14. 031.6 

af 2 16 661.6 

1 16 977.8 

0 17 230.7 

1G 4 23 108.7 

3d74s 3F 4 61 339.2 

3 62 606.0 

2 63 472.6 








* See reference 9. 


Ni** in the cubic octahedral field of MgO. It has been 
the author’s contention that unless one understands 
these spectra in very simple crystalline symmetries, 
one cannot hope to understand them in more complex 
situations. It is shown in this paper that nearly all 
absorption lines which are possible between the ground 
state and any of the Stark levels of the 3d* configuration 
have been observed. Moreover, all these lines can be 
uniquely assigned and can be calculated from simple 
phenomenological crystalline field theory to within a 
few hundred cm". This is probably the first time that 
the optical spectrum of a complete configuration has 
been observed in the solid state. It is possible that this 
will be the beginning of a new line of spectroscopy in 
the solid state, which will give some information re- 
garding the amount of covalent bonding to be found 
in so-called ionic crystals. 

A preliminary report of this work is appearing in a 
survey paper entitled, “The paramagnetic resonance and 
optical spectra of some ions in cubic crystalline fields’’.* 
We present here additional and more complete results 
as well as a detailed discussion of their significance. 


II. THEORY 


The configuration of eight 3d electrons permits the 
following states: *F, *P, \D, 'G, 4S, of which by Hund’s 
rules *F is the lowest. The next configuration, of the 
type 3d’ 4s, is approximately 60 000 cm higher. Table 
I lists the energy levels, as determined by Shenstone,’ 
which are relevant for the subsequent discussion. 

In a crystalline field of cubic symmetry the sevenfold 
orbital degeneracy of the ground state is partially 
removed. A simple diagonalization of the matrices 
shows that there are three Stark levels of which one 
is a nondegenerate level (I'2) and two are triply de- 
generate orbital levels (I's and I's). The separation of 
these levels from the singlet is 10 Dg and 18 Dg, re- 
spectively. Dg is a unit which measures the crystalline 
field strength and is essentially a function of the 
geometry of the crystal.’ This unit is of the order of 
1500-2200 cm“ for trivalent ions and 700-1200 cm“ for 

® W. Low, Ann. N. Y. Acad. Sci. (to be published). 


9A. G. Shenstone, J. Opt. Soc. Am. 44, 749 (1954). 
 R. Schlapp and G. Penney, Phys. Rev. 42, 666 (1932). 
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divalent ions. If the cubic symmetry is such that the 
paramagnetic ion is surrounded by 4, 8, or 4n, n=1, 2, 

- diamagnetic ions then the orbital triplet (I'4) is 
lowest. If the cubic symmetry is octahedral as in MgO, 
i.e., if the ion is surrounded by six diamagnetic neighbors, 
then the lowest Stark level is the orbital singlet. In this 
case the Ni** acts effectively like a *S state and one 
speaks of a quenched orbital magnetic moment or 
“spin only” magnetism. It should be noted, however, 
that it is fallacious to speak of ‘‘spin only”’ magnetism 
in general for the iron group. What may give rise to a 
nearly completely quenched orbital magnetic moment 
in one kind of cubic symmetry may give both orbital 
and spin contributions to the magnetic moment in 
another kind of symmetry. Thus, for example, one can 
anticipate considerable deviations of the g factor from 
2 for V?+, Cr+, Ni?*, and Cu?* in cubic crystals of ZnS 
and CaF»,. Some of the results of iron group elements 
in these crystals will be presented in a separate paper. 

The excited D and G levels are split up as well into 
various Stark levels in a cubic field, and the same 
symmetry considerations as mentioned in the previous 
paragraph prevail here too. The *P and 'S levels are, 
however, not split in a cubic field, though their energy 
relative to the ground state is changed. An easy way 
of determining the number, but not the order, of these 
levels has been shown by Bethe" using a group- 
theoretical method. Following Bethe’s notation, I’; 
and I; are one-dimensional representations of the cubic 
group, I’; a two-dimensional, I’, and I’; three-dimen- 
sional irreducible representations. The irreducible repre- 
sentations of the various atomic states are given in 
Table II. The primed representations have odd parity. 
It is obvious that the energy levels in a crystalline field 
cannot be properly designated by their atomic states 
S, P, D, etc. The wave functions are now linear com- 
binations of the original atomic wave functions as long 
as we regard the crystalline field as arising from static 
charges or dipoles. It is, therefore, better to designate 
the crystalline field levels by their irreducible repre- 
sentations I';(), where the parentheses denote the 
atomic state which would exist if the crystalline field 
strength were zero (Dg=0). It is important to observe 
that states which have the same representations can 
interact with one another. It is found, therefore, that the 


TABLE II. The irreducible representations of various atomic states 
; and the direct product Di XT, 
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"A. H. Bethe, Ann. Physik 3, 133 (1929). 
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I’, representation of the *P and °F level, the I's and I's 
of both the 'D and 'G states, and the I’; of the 1S and 'G 
states interact and repel each other. The matrix 
elements have been evaluated by Orgel.!*? Utilizing 
these matrix elements we calculate the energy levels, 
neglecting spin-orbit coupling, as 


(QF) 12Dq 

rs@F) 2Dgq 

T,CGF) 3(Ep—6Dq)+12Dq—O 
MCP) 3(Ep—6Dq)+12Dq+0O 
3D) $(Egt+Ept+4Dq)+12Dq—P 
P3(G) 3(Eg+Ep+4Dq)+12Dq+ P, (1) 
Ps(D) 3(Eet+Ep—6Dq)+12Dq—Q 
Ps(G) }(Egt+Ep—6Dq)+12D9g+0 
Vy(G) (Ee@+2Dq) 

P,0G) 4(Eet+Est+4Dq)+12Dq—R 
P,CS) $(Ee+Est+4Dq)+12Dq+R 


where 
O=[3(Ep—6Dq)?+ (4Dq)?+6DgEp }}, 
P=({}(Eot+Ep+4Dq)?—[(24/7)Dq+Ep] 
XL(4/7)Dq+ Ec J+[(40V3/7)Dq }*}}, 
O= (4 (E¢+ Ep—6Dq)*—[(—16/7)Dq+ Ep ] 
X[(—26/7)Dq+ Ee ]+[(20v3/7) Dg }*}3, 
R= {4 (Eat £Est+4Dq)*?— (4Dq+ Ea) (Es) 
+[(4y/6)Dq}}3, 


and Ep, Ep, Eg, Es are the energy levels of the P, D, G, 
and S§ state in the crystal, when we reduce the crystal- 
line field strength to zero (Dg=0). These levels are 
measured from the *F state and are approximately 
those of the free ion. In our discussion we shall treat 
them as parameters to be determined from the optical 
spectra. 

The effect of spin-orbit coupling is to split these 
levels further. This splitting is small compared to the 
Stark splitting caused by the crystalline field, and is 
usually not observed in the optical spectrum of the 
crystal. However, it causes admixtures of various 
orbital levels. This new manifold of spin-orbit wave 
functions permits additional levels to interact. This can 
be seen most easily by taking the representation of the 
direct product D, XT;, and these are given in Table II. 
It is seen that after the decomposition many states have 
the same irreducible representation and can now interact 
via the spin-orbit coupling. The ground state, however, 
remains triply degenerate in the spin. Its representation 
is now the same as that of the levels of the next higher 
triplet states I's. This causes an admixture of the 
excited state to the ground state and a deviation of the 
g factor from that of the free-spin value (g.= 2.0023). 





12'L. E. Orgel, J. Chem. Phys. 23, 1004 (1955). 
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The deviation of the g factor can easily be calculated 
on the basis of the crystalline field theory. The wave 
functions of the I’; and I's states are linear combinations 
of the single-electron d wave functions. They are 
given by 


1 
l's)=—(|2+)+|2—)), 
|T'2) a | 


1 
IPs)=—(|2+)—|2—)). 
arr 


A magnetic field and spin-orbit coupling will now 
cause a perturbation of 


H=AL,S,+6H.(L:+2S,), (3) 


where A is the spin-orbit coupling parameter in the 
crystal, which may differ from that of the free ion (A°). 
This assumes that we restrict ourselves only to the 
configuration of the ground state. The diagonal terms 
(T'2|3C|I'2) give the free-spin value 2.0023. The off- 
diagonal terms to second order give an additional 
contribution 


| (I'2|5C| I's) |? 
10Dq 





= —8)8H,/10Dq. (4) 


For cubic symmetry the g factor is given by g= 2.0023 
—8\/10Dgq, where Dg is the separation between the I’. 
and the center of gravity of the I’; level. As the triple 
spin degeneracy is not removed, the levels diverge 
linearly with the external magnetic field. We therefore 
expect that the two absorption transitions M,= 1-0 
and M,=0-——1 will coincide. 

One may possibly wonder whether the Jahn-Teller 
effect will not cause a distortion of the local symmetry 
and remove the spin degeneracy. This theorem states 
for any molecular complex (except for linear molecules) 
whose electronic state is orbital degenerate, the nuclear 
configuration would be unstable." The complex 
would distort itself so as to remove the orbital de- 
generacy and thus lower its energy. Spin degeneracy 
can be expected to produce a similar effect. As the spin 
can only act on the nuclear configuration through the 
interaction of the spin on the orbit which, in turn, will 
act on the nuclear motion, the effect is expected to be 
small. In later papers on the spectra of Co?+ and Fe?+ 
in cubic fields'® we shall discuss the experimental 
evidence for the Jahn-Teller effect in detail. It suffices 
to say here that we have not found any splitting of the 
spin degeneracy in the case of nickel (larger than 18 
gauss and possibly less). 

In our discussion we have so far assumed that the 
crystal field theory holds true rigorously. This is 

13H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) Al6l 
220 (1937). 

4H. A. Jahn, Proc. Roy. Soc. (London) A164, 117 (1938). 


16 W. Low, Phys. Rev. 109, 256 (1958), following paper; and 
to be published. 
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equivalent to an assumption that we are permitted 
to use atomic d wave functions and that these are un- 
distorted. Van Vleck’® has already proposed that the 
crystalline field theory can only be used with precau- 
tions, and that a more complete theory would have to 
take into account the effect of overlap of the atomic 
wave functions on the surrounding neighbors. After 
presentation of the experimental results it will be seen 
that one has to allow for some covalent bonding. An 
extension of the above discussion for a small amount 
of covalent bonding will be presented in Sec. 4. 


III. EXPERIMENTAL RESULTS AND METHODS 


The crystals of MgO:Ni were prepared in several 
different ways. NiO was diffused into single crystals of 
MgO at high temperature. These clear single crystals 
were solidly packed with NiO powder and heated 
gradually, first to 1000°C and then up to 1300-1400°C 
for several days. The surrounding powder was removed 
and the green crystal was then heated further for several 
days at 1300°C. It was found that slightly better results 
were obtained if a mixture of MgO and NiO powder 
was packed around the MgO single crystals. The nickel 
did not diffuse very deeply into the crystal at this 
relatively low temperature. If a few tenths of a mm of 
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Fic. 1. Optical spectrum of Ni?* in the infrared. 
16 J. H. Van Vleck, J. Chem. Phys. 7, 72 (1939). 
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each edge was cleaved off, the observable paramagnetic 
signal was very weak. If one mm was cleaved off, no 
signal could be observed. The width and intensity of 
the paramagnetic absorption line varied with the time 
the crystal was subjected to the high temperature and 
to the diffusion process and with the amount of the 
surface cleaned off. No quantitative data were taken, 
however. 


Paramagnetic Resonance Spectrum 


The paramagnetic resonance spectrum was measured 
at 1 and 3 cm, at room, liquid nitrogen, and liquid 
helium temperatures. Measurements were made with 
conventional paramagnetic resonance spectrometers. 
Only one line was detected, the line width of which did 
not change significantly with temperature. This indi- 
cates that the line width is caused mainly by dipole- 
dipole and exchange interaction. Quantitative measure- 
ments of line width were made on one crystal, one side 
of which was not cleaned off except of the excess powder. 
This gave a line width between points of maximum 
slope of about 275 gauss at room temperature. The g 
factor as determined on cleaved-off crystals were: 
g=2.225+0.005 at T=290°K; g=2.227+0.005 at 
T=77°K; g=2.234+0.004 at T=4°K. 

Some work was done on MgO:Ni powder after it 
became evident that the spectrum was isotropic, and 
single crystals were not necessary. As NiO is not 
readily soluble, NiO was reduced to nickel and con- 
verted into nickel hydroxide. This was dissolved in 
various concentrations in Mg(OH)» and then the MgO 
with the NiO were coprecipitated. For reasons which 
are not understood at present, various samples gave 
different line widths ranging from 16+2 gauss up to 
about 100 gauss at room temperature. Possibly during 
coprecipitation the nickel ions tend to cluster and do 
not precipitate at the same rate as the magnesium ions. 
This small line width, which we hope to reduce even 
further, holds out some hope that we may be able to 
determine the spin and nuclear magnetic moment of 
Ni®, one of the last stable isotopes whose moments 
have so far not been determined. The g factor for the 
powdered sample was g= 2.227+0.002 at liquid nitrogen 
temperature. 


Optical Spectrum 


The optical spectrum was scanned on a Beckmann 
DK spectrophotometer from the infrared to the ultra- 
violet (from 27000 A to 2800 A) and on the Cary 
spectrophotometer from the visible to the ultraviolet. 

One line was observed in the infrared and is shown 
in Fig. 1. In the visible and ultraviolet a number of 
lines were observed, and they are shown as recorded 
on the Cary in Fig. 2. These spectra were taken at 
room temperature on single crystals containing nickel 
oxide diffused into the crystal. The MgO crystals absorb 
very strongly above 30000 cm™, but with very thin 
crystals an additional line at 34 500 cm was observed. 





PARAMAGNETIC AND OPTICAL SPECTRA 
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Interpretation of the Optical Spectrum 


The following lines were observed : 8600, doublet with 
peaks at 13 700 and 14700, 21550, 24500, 25 950, 
28 300 and 34500 cm~!. A casual inspection of the 
spectrum shows that there are three relatively intense 
lines at 8600, 14 700, and 24 500 cm™, the latter being 
a very strong line. The 14 700 line is partly the resolved 
doublet. If one superimposes two Gaussian distribu- 
tions of half-widths corresponding to the experimental 
value of the high-frequency side for the 14 700 cm™ 
and that of the low-frequency side for the 13 700 cm“, 
we find that the peak positions have to be moved to 
14 8004150 cm and 13 400+150 cm™ with relative 
intensities of 6:4. 

The line at 8600 cm™ determines the crystal field 
parameter Dg. This transition corresponds to the transi- 
tion ':(@F)—1;(?F) which equals 10Dg. The line width 
at half-maximum for this transition is about 2000 cm™', 
and the accuracy with which Dg is determined is about 
1% i.e., 860+ 10 cm-. 

We shall assume that the crystal field strength 
parameter Dg is a constant for all transitions observed. 
The optical excited transitions do not change the geom- 
etry or the polarization significantly, i.e., the crystalline 
field is a static quantity during the absorption. Assum- 
ing Dg=860 cm™ and the appropriate values of Ep’, 
Ep°, Eg®, Es® as determined from Table I (£° refers to 
the difference between the centers of gravity of the F 


level and those of the excited levels of the free ion), 
one can easily correlate the observed levels with those 
calculated from Eq. (1). This correlation shows that the 
above lines correspond to “rr between I'2(*F) 
and T;(F), T3(D), MCF), TsCD), Ta@P), T1CG), 
T,4(G), P3(1G)~Ts ('G), respectively. The calculated 
transition frequencies using the free-ion energy levels 
as parameters are about 2000-3000 cm™ too high. We 
shall treat these energy levels E as free parameters 
which may be, and indeed are, different from those 
of the free ion. 

The strongest line at 24 500 cm™' is identified with the 
transition I'.(*F)—I',(?P). The spin multiplicity is not 
changed, and we would, therefore, expect this line to 
be more intense than the transitions in which AS=1, 
or transitions between Stark levels. This is also borne 
out from work on solutions. Jorgensen® finds the ratio 
of intensities of the [.(?F)—-T',(*@P) to l2@F)-1T,(?F) to 
be between 3:1 to 2:1 for various nickel complexes in 
solutions. Similarly, McClure’s results® on Ni(H2O),¢?* 
are Dg=860 cm™ and the ratio of intensities of these 
two transitions 2.2:1. We find this ratio to be 
(2.4+0.3):1. Assuming, then, that this is the transition 
to the P level, we can calculate the parameter Ep and 
the corresponding transition between the Stark levels 
of the F state ['y-Iy. The results are Ep=12 900- 
13 000 cm™ and the '.—T, transition at 14 180 cm™ 
This is in fair agreement with the observed value of 
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14800cm™. The reason why we have chosen the 
24500 cm™ line rather than the 14 800 cm™ line to 
calculate the Ep value is, first, because the 24 500 line is 
sharper and better resolved and, secondly, as we shall 
show, the 14 800 cm™ line is strongly perturbed by the 
adjacent 'D level. 

The parameter Eg can be found from the observed 
transition I',(@F)—I'4('G). It is seen from the formulas 
of the energy level in Eq. (1) that this level (I's) has only 
diagonal elements, so long as we neglect spin-orbit 
interaction and perturbations from other configurations. 
Extrapolating then this level back to zero crystal field 
strength (Dg=0), we find that Eg=19 600 cm™. The 
parameter Ep can now be determined from a number 
of transitions, i.e., from transitions of the ground state 
to T;(D), to 15D), to T3(G), or to 5G). If we try 
to fit the observed line of 21 550 cm~", we find that this 
yields Ep= 10 900 cm~ and a line I's(*G) at 34 700 cm™. 
Similarly these parameters permit us to calculate the 
transitions to '3(4D) and to I'3('G) as 13 850 cm™ and 
34 100 cm. It is seen that these calculations are in 
good agreement with the observed line at 34 500 cm™! 
which thus contains the two close lying transitions. The 
agreement with the 13 400 line is also fair. There re- 
mains the line at 25 950 cm™ to be accounted for. Un- 
fortunately the energy level Es° has not been determined 
spectroscopically for the free ion. From isoelectronic 
spectra we estimate that this level should be about 
55 000-60 000 cm~™ above the *F level or about 35 000- 
40 000 cm™ above the 'G level. Such a large separation 
would affect the I',(’G) level only to second order. 
Assuming no perturbation by the 4S level, we find the 
transition to the I';(‘G) level to be at 26 600 cm™. The 
off-diagonal elements of this perturbation are more than 
sufficient to depress this to 25 950 cm™. 

Transitions between levels of different spin multi- 
plicity are partially forbidden. One wouid expect these 
transitions to be of considerably smaller intensity than 
the transitions between the same multiplicity. Inspec- 
tion of Fig. 2 shows this to be the case, except for the 
line at 13 400 cm™ which shows an anomalously large 
integrated intensity. The reason for this is that spin- 
orbit interaction mixes the two levels very initimately. 
It is seen from Table II that the direct product of 
Di:XT4=T14 134 Ts4 Ts. Hence these two levels, so 
close together and having the same representation, 
perturb each other.!” From the calculated and experi- 
mental values of these transitions one can readily 
calculate the amount of mixing. The difference in 
energy between the perturbed levels (about 1400 cm~) 
is given by 

6W = (4| Wp,r|?+A%)}, (5) 


where A is the separation between the unperturbed 
levels (300-400 cm=) and Wp,, is the interaction con- 

17 Jorgensen, in reference 6, points out the possibility of this 
perturbation and explains the variation of the F-D separation 
for various complexes by different admixtures. 
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stant between the D and F levels both having I’; repre- 
sentation. The eigenfunctions of the perturbed state 
(y*) are now a mixture of the unperturbed eigen- 
functions y¥° of the I’; representation, and are given by 


Vip=apsp— bpp, 
V*ip= bP spt app, 
a’+b'=1, a?=}+(A/26W), (6) 


Inserting the appropriate values, we find Wp,r~700 
cm and a’~60%, b°~40%. The intensity of this 
doublet, if one assumes small intensity of the un- 
perturbed I';(!D) level, would be roughly in the ratio 
of 6:4 which is in very good agreement with the 
observed ratio of intensities. 

Of course spin-orbit coupling will introduce other 
perturbations between adjacent levels. Despite the 
fact that the spin-orbit coupling constant is large for 
Ni? (A= —324 cm7’), the relative shifts are small and, 
considering the large line width, may be neglected. 
A notable example of this is the interaction of 'D and *?P 
level which both contain a I’; representation. The 
separation of 3000 cm~', however, makes this perturba- 
tion fairly small. A slightly larger perturbation might 
be expected between the *P and 'G levels having I’; 
representation. Here the separation is only approxi- 
mately 1500 cm~, and we may expect shifts of the order 
of 200-300 cm™. Fortunately a shift of 300 cm™ in the 
*P state would not raise the I’, *F level by more than 
50 cm~'. It is obviously not profitable to push these 
calculations further since not enough data are available, 


cc 





240004 





- 
20000 





16000} 








12000 





@Q 
° 
° 
o 








Energy in cm"! 
b 
8 



































Fic. 3. Energy levels of the various Stark levels and the ob 
served optical transition of Ni?* in MgO. On the left side are the 
extrapolated energy levels of the P, D, and G states in the crystal 
(Dq=0). The dotted lines indicate these levels for the free ion. 
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and the precision of the measurements is not sufficient 
to evaluate all these interactions. As mentioned before, 
a proper calculation would have to be made in the spin- 
orbit manifold. This is particularly appropriate in the 
case of nickel because we have intermediate coupling, 
and the spin-orbit energy is not negligible compared 
with the electrostatic energy or with the cubic field 
strength. Figure 3 shows the energy level diagram and 
all the observed absorption lines. The dotted lines near 
Dq=0 show the energy levels of the free ion. 


IV. DISCUSSION 


The interpretation of the optical spectrum with this 
simplified model of a crystalline electric field shows 
unusually good agreement. The optical results and the 
paramagnetic measurement of the g factor permit the 
evaluation of \, the spin-orbit coupling constant. 
Taking Ag=0.227, 10Dg=8600cm™, we find from 
Eq. (4) that A= —245 cm. This agrees with the value 
found by Griffith and Owen’ (—245 cm™) for Ni** in 
Tutton salts from paramagnetic and _ susceptibility 
measurements. It is worthwhile to point out that 
Dreisch and Trommert who measured the optical 
spectrum of nickel sulfate solution, which like Tutton 
salts have six water molecules, report broad absorption 
lines centered at about 8400 and 14 100 cm™, giving 
Dq= 840 cm~'. As the crystal field strength of these 
hydrated ions is similar to that of nickel in MgO, it is 
not surprising that the spin-orbit coupling of nickel in 
these two ions is approximately the same. 

The value of the spin-orbit coupling constant is about 
25% smaller than the spin-orbit coupling constant of 
the free nickel ion. Similarly all the energy levels P, D, 
and G are reduced by about 2000-3000 cm~ from that 
of the free ion. The significant experimental results and 
the comparison with the values of the free ion are 
collected in Table III. It should be noted that the 
energy levels are given as the difference from the 
center of gravity of the various multiplets.'* 

These large differences in the values of the energy 
levels and spin-orbit coupling constant in solids com- 
pared to those of the free ion points to the inadequacy 


TABLE ITT. Comparison of the energy levels in cm™ of the nickel 
ion in a cubic crystal and that of the free ion. 


Energy level in 
free ion 
(cm~!) 


Energy level in 
crystal (Dq =0) Difference 
(cm™!) (cm 
3p 2d: 13 000 
1) 10 900 
1G 22 000 19 600 


State 


2900 
2000 
2300 


18 Not too much significance should be attached to the absolute 
value of the reported P, D, G levels as it was pointed out that spin- 
orbit perturbations may cause shifts of some of these levels. 
However, the very good agreement of the calculated spectra 
and the experimental results indicates that these values cannot 
be too much in error. We make a liberal estimate of the error as 
+300 cm or 2-3% of the absolute value of these levels Ep, Ep, 
and Eg. 


AND 


OPTicaL SPECTRA 

of this simplified concept of a crystalline field. The 
static crystalline field theory in its crude form regards 
the adjacent neighbors as localized point charges 
or dipoles.’* A simple calculation of Dg with this model 
gives the right order of magnitude and sign, but it 
cannot be carried to any great accuracy without the 
knowledge of the polarizability. Anyhow such a calcu- 
lation would not be of much value since one has to take 
into account the overlap of the charge cloud of the 
magnetic electrons on the surrounding oxygen ions. 
We shall continue to consider Dg an empirical parameter 
which is constant to a first approximation for the entire 
configuration." 

The reduction of the value of the energy levels can 
be explained in part in a very simple way. The energy 
levels can be expressed in terms of Slater integrals as 
follows”: 

‘F=Fy— 8F.— 
‘P= Fot+ TF e—- 
'1D=Fo— 3F2+ 36F,, 
G=Fot+ 4F.+ 1F,, 
1S= Fo+14F2.4+126F 4. 


OF s, 
84F 4, 


A comparison of the /, and F values for the free ion 
and that derived from the experimental results listed 
in Table III shows that these integrals are reduced by 
about 15 and 10% respectively. If we now compare 
these values with the isoelectronic spectra of Co'*, we 
find the separation *F —*P= 12 650 cm™ and A= — 230 
cm very close to the values found for Ni** in the solid 
MgO. A comparison of the ratios 


(3Fo—*Po)ni— (?F—8P)x; 


( sFy— 3Po) ni" (@Fo— 3Po)co 


=(),90+0.1, 


and 
[ (Ao) wi Ani] 


— ~=().84+0.05 
[ (Xo) Ni (Xo)co | 


shows that they are of the same magnitude. One can 
consider, therefore, the spectrum of Ni** in solids to be 
very similar to that of an isoelectronic spectrum but 
with a smaller Z. The overlap of the ligands acts 
effectively as if screening the nucleus in part from the 
magnetic electrons. 

The amount of overlap and covalent bonding can 
also be taken care of as sketched by Van Vleck*! and 
19 W. H. Kleiner [J. Chem. Phys. 20, 1784 (1952) ] has tried to 
calculate the Dg value for Cr**+ taking into account the overlap 
of the electron cloud on the six approximately octahedrally- 
oriented water molecules. His results give the wrong sign and a 
smaller magnitude of Dg. As pointed out by the author (W. Low, 
reference 25), Cr+ with its strong charge attracts the surrounding 
oxygen ions very strongly. It is, therefore, nearly impossible to 
speak of an isolated chromic ion, but one has to treat the surround- 
ings and the ion as a complex molecule taking into account charge 
transfer. Probably the d orbitals are distorted in these complexes. 

20 FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935). 

1 J. H. Van Vleck, J. Chem. Phys. 3, 807 (1935). 





254 Ww. 


amplified by Stevens”? and Owen.” Essentially this is 
a theory involving molecular orbitals. If one considers 
the individual d electrons, then the cubic field will 
split the d electrons into two sets dy and de, the former 
transforming like x*—y? and 32°—r? and pointing 
towards the ligands, the latter transforming like xy, 
y2z-xz and pointing away from the ligands." For nickel 
the eight electrons lead to a configuration given 
by (de)*(dy)?. 

If we now combine the orbits of the oxygen ions with 
those of the nickel ion, we find that the transformation 
properties of an octahedral symmetry demand that dy 
orbits can combine with the o orbits of the oxygen atom. 
These 2s and 29, orbits have zero angular momentum. 
Similarly the de orbits can combine with the z orbits, 
i.e., the 2p, of the oxygen atoms having unit angular 
momentum about the axis. The effect of bonding can 
now be taken care of by replacing each orbital in the 
de and dy manifold by a linear combination of de or dy 
orbitals on the central atom and 7 or orbitals on the 
oxygen atoms. This linear combination of these orbitals 
must have the same transformation properties under 
rotation and reflection of the cubic group Oy. Such a 
combination is in effect a simple numerical reduction 
or scaling factor of the de or dy orbitals without actually 
distorting their angular dependence. This theory is, 
therefore, satisfactory so long as there is only very 
small overlap. This scaling factor reduces in the same 
proportion the contribution of the orbital part of the 
magnetic moment, the average value of the (1/r*). 
term appearing both in the spin-orbit coupling constant 
and in the hyperfine interaction. The orbital reduction 
affects the g factor in the case of nickel by reducing 
the amount of admixture of the I’; into the ground state. 
If we replace the operator L by kL, operating now in 
the new molecular orbital manifold, where k is a scale 
factor and is less than or equal to one, we can use 
all the previous equations (4) and deduce that the g 
factor is 

g=2.0023—8kd/10Dq. (8) 


If we assume that 7 bonding is negligible and that the 
d wave functions have not been distorted appreciably 
by the o bonding, then the reduction of the spin-orbit 
coupling constant can be traced to the reduction of the 
orbital contribution admixed to the ground state. It is 
also fairly safe to assume that one may use the same 
spin-orbit coupling constant in solids as that of free 
ions, i.e., A~Ao. The reduction of A» by about 26% 
means then simply that the magnetic electrons spend 
about 74% of their time on the central ion and about 
4% of their time on each of the six oxygen atoms.” 
The other effect of the overlap on the ligands is the 
reduction of the Coulomb energy between the d elec- 
trons. This occurs because of the smearing out of the 
localized charges by means of the overlapping oxygen 


# K. W.H. Stevens, Proc. Roy. Soc. (London) A219, 542 (1953). 
*8 J. Owen, Proc. Roy. Soc. (London) A227, 183 (1955). 
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wave functions. It is of course expected that this 
reduction will affect the various energy levels. 

This explanation of the reduction of the energy 
levels and the spin-orbit coupling is good so long as r 
bonding and overlap is neglected. We shall show in a 
later paper™ that for Fe*+ and Co*+ w bonding is not 
negligible. Some evidence of this has also been inferred 
from the spectra of trivalent chromium.” If the same 
amount of x bonding were present in Ni**, the d wave 
function would be considerably distorted and the simple 
renormalization of the d wave function which led to the 
reduction would not approximate the actual situation. 
In this case the spin-orbit coupling constant in the 
crystal would not be same as that of the free ion, and 
no simple relationship would exist between these two. 


Intensity and Line Width 
Optical Spectrum 


As seen in Figs. 1 and 2, the optical spectrum shows 
relatively wide lines at room temperature. At liquid 
nitrogen temperatures the lines have not narrowed 
appreciably. A large line width is expected because of 
the number of the levels of various degeneracies caused 
by the simultaneous action of the cubic field and spin- 
orbit coupling (see Table II). These levels are separated 
by at least of the order of the spin-orbit coupling 
constant (300 cm~!). These levels were not resolved, 
and it is hoped to investigate the spectrum at very low 
temperatures in the hope of resolving this fine structure. 
Another source of line width is the superposition of 
lines presumably caused by discrete crystal vibrations. 
There is some evidence for this from the lines at 21 500, 
24 500, and 28 300 cm™. These lines show superimposed 
narrow peaks with approximate separations of about 
200, 250, and 330 cm“, respectively. These lines narrow 
considerably as the temperature is lowered. 

The relatively large intensity of the triplet-singlet 
transition in nickel may be understood to arise from 
two causes. First the selection rule AS=0 is not rigorous, 
as the fine-structure splitting is already a large fraction 
of the P-F separation. It is quite possible that the 
success of observing a complete configuration in Ni** 
and the failure to observe it in ions in the first half of 
the 3d shell is caused by the large spin-orbit coupling 
constant for Ni*+ and the relatively small A at the 
beginning of the shell. In the latter case the intensities 
of the transition in which AS#0 would be too small 
to be detected. One would predict, however, that these 
transitions should be observed for Fe?+ and Co**. 
Secondly the strong admixtures of the various Stark 
levles of the parent *F and also *P to the singlets of 'D 
and 'G states will cause a corresponding increase in the 
intensities of the transitions to the singlet states as 
discussed before. 


* W. Low (to be published) ; see also reference 8. 
25 W. Low, Phys. Rev. 105, 801 (1956). 
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The selection rule AL=+1, 0 is not valid here 
because one has to deal with I’; representations which are 
a mixture of the various parent wave functions (caused 
by the cubic field and by configuration interaction). 
However, an inspection of the energy levels shows that 
all levels have the same parity and, therefore, no transi- 
tions between these levels should be observed, if these 
are electric dipole transitions. Admixture of odd-parity 
states by means of configurational interaction is 
probably very small as these configurations (like 3d74p) 
are all very high. Van Vleck”® has considered other 
mechanisms, for example, electric dipole transitions 
coupled with vibrations, magnetic dipole, or electric 
quadrupole transitions. The observation of spectra 
very similar to vibration spectra superimposed on the 
absorption lines favors the first mechanism. The 
evidence, however is, not conclusive. Further work at 
low temperatures may clarify the matter. 


Paramagnetic Resonance Line Width 


The line width of 275 gauss for NiO film diffused into 
the MgO lattice permits us a comparison of the relative 
contributions of the dipole-dipole and exchange inter- 
action to the line width. Our results are more amenable 
to treatment than the previous results on Tutton 
salts.?? In the latter case the ground state splitting by 
the tetragonal and rhombic fields is of comparable 
magnitude to the splitting caused by the external 
magnetic field. The energy levels do not diverge 
linearly, and it is not easy to relate the line width as 
measured in gauss to the energy line width when H is 
constant and the frequency is varied. 

The Ni ions can be regarded as being a corner of a 
simple cubic lattice, and the theoretical development of 
Ishiguro et al.”* is directly applicable to this case. These 
authors assume that there are two contributions to the 
line width, the dipolar and isotropic exchange interac- 
tion, which can be written 


ge 3(S;-1r)(Sx-r) 
Ts es 


r® r 


+J§;-S,. (9) 


Summing over the whole lattice, they find that the 
line width can be written 


h?((Av)?) y= 602+3.13¢588/d°, 
h?((Av)*) y= 60?+6,.5 9584/8, 


H rf 


(10) 
HA A.rt. we) 


26 J. H. Van Vleck, J. Phys. Chem. 41, 67 (1937). 
27K. W.H. Stevens, Proc. Roy. Soc. (London) A214, 237 (1952). 
28 Ishiguro, Kambe, and Usui, Physica 17, 310 (1951). 
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The crystal spacing d between two N ions is approximate- 
ly 4.16 A and g=2.23. We therefore find that the contri- 
bution of the dipole interaction to the line width is much 
larger than 275 gauss. There are a number of possibilities 
which might explain this relative narrowing. First one 
would have to integrate the contributions to the line 
width of Ni ions which do not lie on the surface of the 
crystals but which have diffused deéper into the crystal. 
This line width would be much narrower, and an inte- 
gration of the whole diffusion length (i.e., over all nickel 
ions) would peak the absorption lines and give a 
narrower line width. Secondly we may have here an 
exchange narrowing as all ions are similar.” 


V. CONCLUSION 


We have shown that the combined optical and para- 
magnetic absorption spectra are a very helpful tool 
in determining the nature of the ground state and 
excited energy levels of paramagnetic ions. In the case 
of divalent ions we have been able to resolve unam- 
biguously eight optical absorption lines and to assign 
them to transitions between Stark levels between the 
ground state and the various excited states of the 3d® 
configuration. By taking the energy levels of the various 
states of this configuration as parameters differing from 
those of the free ion and to be determined from the 
observed spectra, we were able to account for all ob- 
served transitions within 300 cm. These small devia- 
tions are probably caused by perturbations of the spin- 
orbit interaction. These results indicate that one can 
use phenomologically a very simple electrostatic crystal- 
line field theory provided one uses energy levels which 
are consistently smaller than*those of the free ion. The 
reduction of about 10-20%'in the energy levels and 
about 25% in the spin-orbit coupling can be understood 
to arise from a small amount of covalent bonding in this 
crystal. 
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The optical and paramagnetic resonance spectra of divalent cobalt in MgO single crystals are reported. 
The optical spectrum consists of stronger lines which correspond to transitions between Stark levels of the 
same multiplicities and weak intercombination lines. If the Slater integrals are taken as free parameters 
then in the intermediate coupling scheme good agreement is obtained between the observed and calculated 
spectrum with Dg=960 cm=!, The Slater integrals are reduced by about 8-10% from those of the free ion. 
The paramagnetic resonance spectrum shows one electronic isotropic transition consisting of eight hyperfine 
lines at g=4.278;+0.001 and A = (97.7,40.2) X10-* cm™. The interpretation of these results shows that 
the orbital reduction factor k=0.89—0.85.,Both the optical and paramagnetic results indicate covalent 
bonding. The effect of charge transfer is (1) to shield the nuclear charge and (2) to normalize the wave 
functions. Both these effects result in smaller Coulomb energy, hyperfine structure, and spin-orbit coupling 


constant. 


No distortions of octahedral symmetry have been found to within 10-* cm—. The static Jahn-Teller effect 
which predicts such a distortion is, therefore, very small. 





I. INTRODUCTION 


E have recently reported results on the para- 
magnetic resonance and optical spectra of Cr*+ 
and Ni** in cubic octahedral fields.~* In both of these 
ions the lowest Stark level of the ground state F was 
an orbital singlet. The electron spin degeneracy is not 
removed even when spin-orbit coupling is taken into 
account. This results in only one observable electronic 
transition with a g factor very close to the value of that 
for the free-electron spin. The small deviation from this 
value is caused by the admixture of higher lying Stark 
levels by means of spin-orbit coupling to the ground 
state. We have also reported the surprising observation 
that nearly a whole configuration of d* in Ni*+ can be 
obtained from the optical absorption spectrum.* 

This paper reports results on Co** in octahedral 
fields. This ion is of particular interest in that its lowest 
Stark level is an orbital triplet. Both the electronic spin 
and the orbital motion contribute to the magnetic 
moment. Noncubic crystals containing Co*+ show a 
large anisotropy in their magnetic susceptibility and 
in their g factors. Deviations from cubic symmetry 
have been attributed in part or fully to the Jahn-Teller 
effect.4° It was hoped that by studying the spectra in 
which the orbital ground state is degenerate as in Co?* 
and in Fe** some light could be shed on this effect. We 
have reported preliminary results on Fe*+ in MgO.®? 
This paper will present a detailed discussion of the 
paramagnetic resonance spectrum of Co?*. 

A proper interpretation of the paramagnetic reso- 
nance results demands the observation and under- 


*This research has been supported in part by the U. S. Atomic 
Energy Commission. 

1W. Low, Phys. Rev. 105, 807 (1957). 

? W. Low, Ann. N. Y. Acad. Sci. (to be published). 

’ W. Low, Phys. Rev. 108, 247 (1957), preceding paper. 

a A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 220 
1937). 

5H. A. Jahn, Proc. Roy. Soc. (London) A164, 117 (1938). 

* W. Low, Phys. Rev. 101, 1827 (1956). 


standing of the optical spectrum. The combination of 
the magnetic and optical data gives us considerable 
insight into the nature of the crystalline field approxi- 
mation.’ 

In Sec. 2 we shall discuss briefly the theory of the 
paramagnetic resonance spectra. We shall also deal 
with the behaviour of the excited levels of the con- 
figuration d’ in cubic crystalline fields. In Sec. 3 the 
experimental results will be presented. We shall discuss 
these results in detail in Sec. 4. 


Il. THEORY 


The theory of the paramagnetic susceptibility of Co** 
has been given by Schlapp and Penney.’ This has been 
extended by Kambe ef al.° and applied to paramagnetic 
resonance spectra of hydrated salts by Abragram and 
Pryce.® The latter were concerned mainly with crystals 
of tetragonal or trigonal symmetry. With minor 
modifications their theory can be applied directly to 
crystals with cubic symmetry with which we are 
concerned. 

The octahedral crystalline field splits the sevenfold 
degenerate ‘F state into an orbital triplet (I',), followed 
by another orbital triplet (I'5) and an orbital singlet 
(I'2). The next highest state in the same configuration 
in the free ion is the *P level. This level remains triply 
degenerate in a cubic field. It has the same group 
representation (I',) as the ground state Stark level and, 
therefore, these two levels perturb each other. The 
separation of these levels is fairly large (about 20 000 
cm) and the interaction is correspondingly small, 
amounting to a few percent. 

The lowest orbital triplet is fourfold spin-degenerate. 
If spin-orbit interaction is taken into account, this 


7R. Schlapp and W. G. Penney, Phys. Rev. 42, 666 (1932). 

8’ Kambe, Koide, and Usui, Progr. Theoret. Phys. Japan 7, 15 
(1952). 

9A. Abragram and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A206, 175 (1951). 
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twelvefold degeneracy is in part removed. Following 
Abragram and Pryce," it is convenient to introduce a 
fictitious orbital angular momentum /’ which operates 
in the orbital triplet manifold and which has effective 
Lande factors —a. Using a representation in which 
i,’ and S, are diagonal, we can easily write down the 
fine-structure matrices. 


(F143) (043) (+1,*2) 
3ar —/$ar 0 
—/$ar 0 —V2ah 
0 —V2ad kad 
(0,.+$) (+1,+4) 
0 —/ Jar 
—Vjah —}ad 
— far 








m= = 35 § 


Here m=1,'+S,. The quantity A is the spin-orbit 
coupling constant of cobalt in the crystal. In the 
absence of any admixture of the P state, a would have 
the value $. Any admixture will reduce the value 
somewhat. In Abragram and Pryce’s notation,’ we 
write 


a=$e—7’, (2) 


where ¢ and 7 are defined by the coefficients of the basic 
orbital functions of the ground state and P state, 


v= etn, (3) 


@ and w being the wave functions of the I'y(F) and 
I',(P) state in the absence of configurational interaction. 
The measure of this interaction can be calculated from 
the optical spectrum. 

Solution of the matrices (1) yields the following roots: 
(15/4)\ (m=+4), (6/4)\ (m=+},+$), —(9/4)Ar 
(m= +4,+$,+$). As the spin-orbit coupling constant 
is negative the (15/4)A is the lowest level, and para- 
magnetic resonance spectra can be expected between 
this Kramers doublet. Figure 1 shows the splitting of 
the ground state by means of the spin-orbit interaction. 
The wavefunction of the doublet can be written as 


1 1 1 
=—|—1,3)——|0,}):+—|1,—}), 
|2) a 1,3) gt et 3) 
(4) 


1 1 1 


The splitting factors g,, is equal to g, for pure cubic 
fields. The splitting factor can be easily calculated to 


10 A. Abragram and H. M. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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Fic. 1. Fine-structure splitting of the ground state Stark level 
of Co** under the action of the combined octahedral crystalline 
field and spin-orbit interaction. m=1/,+S, and is the spin coupling 
constant in the crystal. 


first order: 


gu=2(3|L.+2S,|}), 
(gs)u= (6/2)+(2/3)— (2/6) = 10/3, (5) 


(gr) = 2a(}—4) = 3a. 


If a is $ then (gz);,=1, and the total splitting factor to 
first order is 4.333. 

In the second order the spin-orbit coupling mixes in 
a slight amount of the I’; state to the ground state. 
This can be seen from the Table I in which the direct 
product of D;XI; is tabulated. The second-order 
contribution is — (15/2)A/A, where A is the separation 
between the two triplet states. This neglects in second 
order the contribution of the admixture of the P state, 
which would amount only to a very slight correction to 
the already small quantity of the second order. 

The total splitting factor, to second order, is then 


8= 8u=g1= 10/3+ (2/3)ka— (15/2)d/A. (6) 


We introduce here with Stevens" an additional factor 
k, called the orbital reduction factor in anticipation of 
results to be presented later. When &=1 the ion is 
perfectly ionic and there is no distortion of the d atomic 
wave functions. If there is some covalent bonding 
present, some electron transfer to the surrounding 
ligands, & will be smaller than one. 

Cobaltous ions show an extended hyperfine structure 
in their paramagnetic resonance spectra. This structure 
arises from three sources in general: (Ar+As5 


TABLE I. Direct product representations DjXT and DyXT\. 








DyXTi=Ts 
DyXT2=Ts 
DyXT3=Tet+T7+Ts 
DyXTy=Te+T74+27s 
DyXT5=T6+T7+27s 


DyXTi=Ts 
DyXT2=T; 
DyXT3=Ts 
DyXT.=TetTs 
DyXTs=Ti+Fs 








4 W. K. Stevens, Proc. Roy. Soc. (London) A219, 542 (1953). 
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Fic. 2, The hyperfine structure splitting in weak and strong 
magnetic fields. 


+Asx)S,-I,, where A, is the contribution from the 
orbital moment, Ags the contribution from the spin 
moment, and Asx is the contribution of unpaired s 
electrons which may be present because of configuration 
interaction of 3s d’ 4s with 3s? d7. Following Abragram 
and Pryce’s notation,® A,=Pgr and Asx=—}kPgs, 
where P=2,68y(1/r*)y, y is the gyromagnetic ratio 
and $8, By are the Bohr and nuclear magnetons, re- 
spectively. The contribution Ag is negligible in the 
case of cubic fields. P is of course not known but 
Abragram and Pryce estimate its value from experi- 
mental results of the paramagnetic resonance spectra 
on cobalt fluosilicate and cobalt ammonium sulfate to 
be P=0.0225+0.0005 cm. Unfortunately, in the 
cubic field we have only one experimental parameter 
A but two unknown quantities P and &. In Fig. 2 the 
hyperfine splitting of the ground state doublet is shown 
for low and high fields. 

From Eq. (6) it is seen that the g factor and in turn 
the hyperfine structure depend on the amount of 
admixture of the P state to the ground state. We have, 
therefore, investigated the optical spectrum in detail. 

The configuration 3d’ yields the following states for 
the free ion: ‘F, *P, *P, 2D, °G, *H, *F. Experimentally 
all but the ?P and °F level have been determined for the 
free ion.” The *P level has the same electrostatic energy 


2 C. E. Moore, Atomic Energy Levels, U. S. National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 


LOW 


as the *H/ level, and we take it to be approximately 
22000 cm. The 2F level we estimate to be about 
35 000 cm~ above the ‘F level. At any rate it turns out 
that our results are fairly insensitive to the exact choice 
of the *F level. Finkelstein and Van Vleck" have 
calculated the matrix elements for d*. The same matrix 
elements are applicable here except with the reversed 
sign of Dg, where Dg is a parameter which measures the 
crystal field strength. 

We have calculated these matrix elements as a 
function of Dg, and the resulting energy levels are 
shown in Fig. 3. As it is well known," there are two *D 
terms in this configuration. These two terms are well 
separated in d’. Unfortunately the second D term has 
not been observed spectroscopically. We estimate that 
it is about 59000 cm™ above the ‘F level. We then 
calculate the unperturbed D levels to be at 29 000 and 
52000 cm, respectively, and the matrix element 
?D,|E|?D»)=13 300 cm. In Fig. 3 we show only the 
first of the *D levels. The other one is so high that it 
cannot be observed in a crystal. 
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Fic. 3. Energy level diagram of Co** as a function of cubic field 
strength Dg in octahedral symmetry. The energy values of the 
‘P,*D, 2H, *G at Dq=0 are those of the free ion. The values of *P 
and ?F are estimated electrostatic energies without the Trees 
correction. 

Washington, D. C., 1952), Vol. 2. The value of the 2D level is 
marked with a question mark in this circular. We shall use it in 
our calculation as if its assignment were certain. 

13 R. Finkelstein and J. H. Van Vleck, J. Chem. Phys. 8, 790 
(1940). 

4 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1950), p. 233. 
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It is seen in Fig. 3 that there is very little crossing of 
the energy levels at low Dg. But at higher Dg the energy 
levels tend to bunch together or cross one another. 
When the levels come very close to one another, spin- 
orbit coupling must be taken into account. From Table 
I it is seen that the majority of the levels have the same 
representation if spin-orbit coupling is considered. 
These levels will, therefore, perturb each other. Usually 
this pertuibation is fairly small as the spin-orbit 
coupling constant is relatively small for Co** (—178 
cm~'). For large Dg, or whenever levels come very close 
to one another this perturbation may amount to a few 
hundred cm. The calculations should be properly 
made in the spin-orbit manifold. Because these matrices 
are on the whole fairly large they could only be solved 
by electronic computers. We hope to do this calculation 
as a function of Dg and X, the spin-orbit coupling 
constant, in the near future. 

It is obvious from Fig. 3 that the Stark separations 
are a large fraction of the separation between the various 
terms. Moreover, the off-diagonal elements in the 
matrices used to calculate Fig. 3 are fairly large. It is, 
therefore, not proper to speak anymore of the atomic 
states but more appropriate to designate the states with 
their irreducible representations I';. We shall indicate 
in parentheses their atomic parentage. 


III. EXPERIMENTAL TECHNIQUES AND RESULTS 
Preparation of Crystals 


Magnesium oxide single crystals containing cobalt 
were grown from the melt by a brute force method. 
These crystals melt at about 2800° C and, therefore, 
usual techniques for growing crystals were not appli- 
cable. A furnace was built with Norton fused MgO 
bricks surrounded by two layers of ordinary fire bricks. 
Two carbon electrodes of about 1} in. diameter were 
inserted through appropriate holes at opposite ends of 
the furnace. The ends of the 25 in. long carbon rods 
were connected by means of copper clamps to an arc- 
welding unit. The clamps were water-cooled during 
and for several hours after the operation. The arc was 
operated at about 40 volts and 350 amperes. During the 
operation one has to add about a quarter pound of 
MgO powder every few minutes. After three to four 
hours’ operation at peak power, the power is slowly 
decreased. The furnace is then hot for another 24 hours 
or longer. Small crystals are usually found among the 
sintered polycrystalline mass. Care must be taken 
during the operation that the MgO should not clog up 
and that there should be sufficient material near the 
tip of the electrodes. It is preferable to use this crystal- 
line mass for the start of another trial if in the first 
trial no single crystals were obtained. 

In order to get cobalt into the MgO crystals small 
amounts of CoCO; were added to the MgO powder. 
CoO unfortunately melts at lower temperature. The 
single crystals obtained were nearly always clear with 
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Fic. 4. Infrared spectrum of Co*+ in MgO at room temperature. 
There is a smaller peak at about 11 000 A. 


only a very light pink tint. The color of the polycrystal- 
line mass varied from white to dark red. The region 
close to the electrodes, i.e., the hottest region, usually 
yielded sintered crystals of white color. 

Chemical analysis of the single crystals showed that 
cobalt was present at approximately 0.01-0.2%. This 
was sufficient for microwave measurements of the 
paramagnetic resonance spectra but not sufficient for 
a clear detection of the optical spectra. 

To obtain crystals which had more Co**, we diffused 
cobalt into single crystals of MgO at 1300°C for ten 
days. One obtains a thin layer near the surface of the 
crystal in which the concentration of cobalt is suffi- 
ciently high so that optical measurements can be 
performed. Unfortunately the diffusion is not very even 
over the whole surface area. This depends apparently 
on the contact of the surrounding crystalline powder 
with the MgO single crystal. 


Paramagnetic Resonance Spectrum 


The paramagnetic resonance spectrum was measured 
at 1 cm at liquid helium temperature. Eight hyperfine 
lines were detected whose position was isotropic. The 


spectrum can be described by the simple spin 
Hamiltonian 


— 


5¢= gSH-S+AS-1, (7) 
with g=4.278;+0.001, A = (97.7,+0.2) KX 10-* cm“. 
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lower temperature. The region after 4000 A shows the 
anomalous large absorption of MgO. We investigated 
this region by comparing two crystals, one with and 
one without cobalt, with approximately the same 
thickness. The region between 6000-4700 A shows four 
(or at least four) absorption lines. There are‘ several 
ways of reconstructing the experimental absorption 
lines by means of individual Gaussian absorption lines. 
The most likely possibility is that there is an intense 
and broad line at about 19600 cm with two less 
intense and narrower lines at about 18 700 and 20 500 
cm”, and an even less intense but fairly wide line at 
17 200 cm™. Another less likely possibility is shown in 
Fig. 7. This shows a superposition of a broad line at 
19 800 cm= (2250) and less intense lines at 19 500 (600) 
and 18 650 (600) and 17 100 (1200) cm™. The last line 
is marked “‘background” in the figure. The numbers in 
to parentheses are the half-widths of these lines. 

In addition there are weak absorption lines at 13 750 
(vw), 14 200 (vw), 24 600 (w), 28 500 (vw) cm. There 
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Fic. 5. Absorption spectrum of Co?*+ in MgO at room tempera 
ture. The strong absorption after 3500 A is that of the MgO 
crystal. 


Observed Spectrum 


Optical Spectrum 


The optical spectrum was scanned on the Cary 
spectrophotometer in the visible range, and on the Background — 
Beckman DK spectrophotometer in the infrared and sige 
ultraviolet region (from 20000 A-3000 A). Figure 4 [ 
shows the infrared line at 8470 cm. A careful investi- 
gation of this line reveals a shoulder at ‘9060 cm™. This Reconstructed Spectrum 
line becomes slightly better resolved at liquid nitrogen | 
temperature. The visible spectrum as recorded on the 
Cary spectrophotometer is shown in Figs. 5 and 6. It | _ 
is seen that the main peak around 5100 A becomes camel 
better resolved and the line width slightly narrowed at L— 
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Fic. 7. Possible reconstruction of the central absorption lines 
in the absorption spectrum of Co*+ in MgO. The line marked 
ABSORPTION SPECTRUM background is a weak line centered at 17 100 cm™. 

Mg0:Co : : , nn . 
T% is a stronger absorption line at 32 000 cm~. There is a 
doubtful line at about 25 000 cm“. 


IV. DISCUSSION 
Optical Spectrum 


We shall first discuss the optical spectrum, as the 
understanding of the paramagnetic resonance spectrum 
is contingent on the proper assignment of the energy 
levels. It is obvious that the broad and relatively intense 
line at 8470 cm~ is the transition between the ground 
state I'y(‘F) and the [';(4F). The very intense line 
(slightly more intense than the infrared line) at 19 600 
cm (or 19 800 cm™ depending on the way in which 
I the lines are superimposed) is the transition to the 

400 I',(*P) level. Both these levels are more intense as they 

Fic. 6. Absorption spectrum of Co** in MgO at liquid nitrogen potest ea or daenala(nms seroma te “ pein: Re 
temperature. The lines are better resolved and the new band at evaluation of the two parameters, Dg and Ep, and then 
about 24 600 cm= becomes noticeable. the calculation of the T,(4F) level. Fairly good fit is 
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obtained with Dg=960 cm™ and Ep at 12 500 cm“. 
This gives three levels at 8470, 18 000, and 19 800 cm™. 
Small variations in Ep affect in the main the transition 
to the ‘P level, and only in second order the transition 
to the T, level. It is not easy to decide whether the 
18 709 or the 17 200 cm™ band is the transition to the 
I, level. This transition is expected to be somewhat 
weaker as it involves to a first approximation a two- 
electron jump and the transition probability is, there- 
fore, smaller. Ballhausen and Jorgensen!> have meas- 
ured the absorption spectrum of Co?* in a number of 
solutions. They find peaks, for example, in Co(H,O),?* 
at 8000, 16000, and 20500 cm™@! and in the more 
covalent Co(NHs3).2+ at 9000, 18 500 and 21 100 cm“. 
MgO:Co* obviously lies in between these two cases 
and one cannot easily decide on this evidence either. 
Moreover, the line at 20 000 cm~ is a fairly broad band 
which is incompletely resolved in the spectra of Co?* 
in solutions. We shall present some evidence to show 
that the I'2(*F) level falls at 18 700 cm™ and that the 
line at 17 200 cm™ represents a transition to the *G 
level. 

It is somewhat more difficult to account for the weak 
absorption lines in part because of the possibility of 
contamination of the crystal with other impurities like 
Fe**, Fe**, and Mn** and possibly even Co**, Assuming 
Dq=960 cm™, we calculate the four Stark levels origi- 
nating from the parent °G level (see Fig. 3) at 9500, 
18 140, 18 300, and 24 900 cm~!. Now the two observed 
9060 and 24 600 cm™! are obviously the two transitions 
to the ['3(?G) and [',(?G) levels. The Eg is, therefore, 
reduced by about 300-500 cm™ compared to that of 
the free ion E,°.'* (We list for easy comparison the 
significant energy levels as tabulated by Moore! in 
Table II.) We expect the other two levels Ty(*G) and 
I'5(?G) to fall at 17 700 and 17 850 cm~. These levels are, 
therefore, expected to be very close to the calculated 
r(4F) level at ~18000 cm™. This bunching of a 
number of levels indicates that one should take into 
account spin-orbit interaction as that might provide 
considerable perturbation of these levels. Inspection of 
Table I shows that all the levels in question, T's, T's, 
and I’; contain the irreducible representation I's. These 
levels then will interact via the spin-orbit coupling 
(and to a minor extent also with the ‘I'y(*P) level. The 
matrices for the intermediate coupling scheme for 
3d’ 4s? have been calculated by Marvin.'’ Inspection 


15 C, J. Ballhausen and C. K. Jorgensen, Acta Chem. Scand. 9, 
397 (1955). 

16Tn all calculations we have always considered intervals 
between the centers of gravity of the various multiplets (i.e., the 
difference *P—‘F = Ep°=14 561 cm™'). We have assumed that 
the optical transition when measured at room temperature is also 
the difference between the center of gravity of the multiplets. The 
center of gravity in a cubic field, however, will differ somewhat 
from that of the free ion. As these calculations are only a first 
approximation and spin-orbit coupling has not been taken into 
account, we have assumed that these two centers of gravity are 
the same. The error in most cases is not more than \~! 200! cm=! 
and often much less. 

17H, H. Marvin, Phys. Rev. 47, 521 (1935). 


AND 


OPTICAL SPECTRA 261 


TABLE II. Optical energy levels of Co 111 (from Moore*). 











Designation J Energy level in cm™ 


‘F 9/2 0 

7/2 841.2 
1451.3 

1866.8 

15 201.9 

15 428.2 

15 811.4 

16 977.7 

17 766.2 

22 720.3 

23 434.3 

23 058.8 


® See reference 12. 


of these matrices shows that the off-diagonal elements 
are fairly large, i.e., (5/8)'3a, (66/25)*t34 where £34= 540 
cm~!. One can, therefore, expect repulsions of the order 
of 600 cm™ as required to fit the experimental results. 
Our assumption that the T, is the higher level is not 
based only on the slight difference as calculated but 
rather on the larger intensity of the 18 700 cm™ line 
compared with the broader but weaker 17 200 cm™ 
line. While the transition to the I’, level is expected to 
be of smaller intensity as it involves a two-electron 
jump to a first approximation, the intercombination 
lines are expected to be still weaker. This is borne out 
from the two transitions at 9060 and 24 600 cm which 
are by far weaker than the line at 18 700 cm™ and also 
weaker than the 17 200 cm“. The intensity of the latter 
line is probably somewhat stronger because of the 
admixture of the *F level by means of the spin-orbit 
interaction. 

The ?P and 7H levels have the same electrostatic 
energy. If these were true experimentally we calculate 
the T,(?P) level to be at 23350 cm™, far above the 
observed line at 20 500 (or 19 500) cm“. It is, however, 
well known that experimentally the ?P level is several 
thousand cm™ below the *# level.!* Trees'® has re- 
marked that the deviation of the theoretically computed 
energy levels from the experimental values could be 
reduced by adding a term proportional to L(L+1). 
This equals 2 for ?P and 30 for 7H and even a small 
coefficient of proportionality will yield a large energy 
difference. Racah*® has explained this empirical cor- 
rection term aL (L+1) to arise from the dipolar inter- 
action between d orbits, which takes the form 2a} ];-], 
and which distorts the orbits. 

One can evaluate the parameter a from the observed 
4P 4F °G, and 2H levels as listed in Table II and from 
the theoretical energy levels expressed in terms of 


18 See reference 14, pp. 234-235. 

19 R. E. Trees, Phys. Rev. 83, 756 (1951); 84, 1089 (1951). 

%G. Racah, Phys. Rev. 85, 381 (1952); G. Racah, Proc. 
Rydberg Cent. Conf. on Atomic Spectr., Fysiograf. Sallskap. 
Lund, Handl. 65, 31 (1954). We are indebted to Professor Racah 
for pointing out this correction term, 
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Slater integrals, i.e., 
4P=3F)—147 Fy4+2a, 
4F=3Fy—15 Fo—72 Fy4+12a, 
°G=3Fo—11 Fet+13 F4+20a, 
"H = 3Fy—6 F.—12 Fy4+30a. 


(8) 


Using the center of gravity of each term in Table II, 
we find a=82 cm~. The difference in energy between 
the *P and °H level is approximately 2300 cm™ and the 
calculated *P level of the free ion [Eo(?P)] is 19 800 
cm~!, The Stark level T,(?P) is then found to be at 
21000 cm™ above the ground state. This is not far 
from the observed 20 500 (or 19 500) cm~ level. Again 
one should use the intermediate coupling scheme as 
the T,(4P) and T,(?P) levels interact.!’ If not for this 
interaction, the [',(?P) level would fall still lower and 
the T',(#P) level a little higher. In view of the assump- 
tions already made, it hardly pays to refine these 
calculations. It suffices to say that the *P level is de- 
pressed from that of the free ion by about 1000-500 
cm, i 
We have to account still for a number of very weak 
lines and one relatively intense line at 32 000 cm~. The 
line at 28 500 is very likely the transition to the l',(?) 
level which is calculated to be at 29 200 cm™. The 
lines stretching from 13 000-14 500 cm~ are very likely 
caused by impurities which are present in the crystal. 
The most likely impurity is Fe** which is known to be 
present from its paramagnetic resonance spectrum and 
which could give rise to a weak band at 14000 cm™. 
We have no explanation of the band at 32 000 cm! 
Figure 8 shows a Grotian term scheme with the most 
probable assignment of the terms and the observed 
transitions. On the left are indicated the free-ion values 
(dotted line) and the extrapolated energy values of the 
ion in the crystal. We see that all the energy levels are 
lower in comparison with the free-ion value. A reduction 
of the Slater integral F2 by about 8-10% explains this 
systematic difference of the energy level scheme com- 
pared with that of the free ion. The theoretical ratio 
of the P-F:G-F separation is 15 F2:4 Fy: and the 
experimental ratio 2000:400 cm~', in good agreement. 
It is worthwhile to compare these results with those 
of Ni**. In Ni?* we have been able to observe nearly 
all possible transitions between the Stark levels of the 
3d*° configuration. In the case of Co?* we have also been 
able to observe a number of intercombination lines, in 
the main transition to I’, levels. In Ni?+ the intercom- 
bination lines were of much larger intensity than in 


**The solution of the matrices with Dg=960 cm™ yields the 
following values. T,: 247=29 150 cm™, 2H =35 000, *F =44 400 
cm; T';: ?D=25 860, *H=35970, *F=44100 cm™!; T3: 2D 
= 30850, ?#47=34270 cm. None of these transitions could 
conceivably give a line which would be stronger by a factor 2-3 
than any of the observed intercombination lines. Possibly the 
line at 32000 cm™ might be some Co%*+ complex or a charge- 
transfer band. The doubtful line at about 25000 cm™ might be 
a transition to the I’;(2D) level. 
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Co**. This is probably connected with the much larger 
spin-orbit coupling constant (in Ni*+:A=—324 cm"; 
in Co?*A}=—180 cm™) which breaks down the usual 
selection rules AS=0. In Ni**, as in Co*+, the Slater 
integrals are reduced from their free-ion values. The 
reduction is slightly larger in Ni**. We have investi- 
gated the systematic variation of this reduction as a 
function of the crystal field strength Dg in Ni*+ and 
in other ions.2? The reduction of these integrals is a 
nearly linear function of Dg. If we take Ni** salts with 
comparable Dg=960 cm™, the reduction of F» there is 
definitely larger than the reduction found in Co?*. 

The change in the central-field approximation may 
be realized in a crystal in a number of ways. One 
possibility pointed out in the discussion on Ni’* by the 
author’ is the shielding effect of the surrounding ligands 
which have in part overlapping wave functions on the 
magnetic electrons. The term values, therefore, are 
similar to that of Fe'* rather than Co**+. Another 
possibility, and evidence to this effect will be given in 
the discussion of the paramagnetic resonance spectrum, 
is that charge transfer occurs. Such a charge transfer 
would demand a renormalization of the wave functions 
and a corresponding decrease of the central field, i.e., 
of the F~» integral. 

It is also interesting to compare the crystal field 
strength Dg for the three ions Fe*+, Co**, and Ni’* all 
in the same surroundings. The values found from the 
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Fic. 8. Energy level diagram as constructed from the observed 
absorption lines of Co?* in MgO. The dotted lines at the left 
indicate the energy levels of the free ion. 


2 W. Low, Phys. Rev. 109, 247 (1958), preceding paper. 
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optical spectrum are 1060 cm™,® 960 cm™, and 850 
cm. Superficially there seems to be a relation between 
the number of de electrons and the decrease in crystal 
field strength. The comparison, however, is somewhat 
in doubt as the ionic radius of Fe** is probably larger 
than that of Co** or Ni**, and is a poor fit in the MgO 
lattice. Moreover, paramagnetic resonance spectra give 
ample evidence? of a considerable amount of covalent 
bonding in Fe*+. Unfortunately the intercombination 
lines in Fe?+ have not been detected so far and, there- 
fore, we do not know how much the F» have been re- 
duced. Attempts in this direction will be made. A 
fuller discussion of the comparison of the optical spectra 
of 3d ions in MgO and in Al,O; will be published 
elsewhere. 


Paramagnetic Resonance Spectrum 


We can now discuss the measured g factor and hyper- 
fine structure of the paramagnetic resonance spectrum. 
From the optical spectrum we find that the ground 
state can be represented in terms of Eq. (3) by 


¥=0.980¢— 0.204. 
Therefore, from Eq. (2), 
a= $[(0.980)?— (0.204)?]= $ (0.919). 


From Eq. (6) we can estimate the orbital reduction 
factor. This factor is defined as" 


(©,| L|n)=Ram(da| L| dm, (9) 


where ® are the modified molecular orbitals appropriate 
for octahedral symmetry”: 
Diy= NV {dryt ine (py'— py'+ p2— pz}, 
&,,.=N,{d,.+}n:(p2— p+ p,'— py}, 
&,,=N,{d..+ 30. (p2— p.°+ p:'— p,')}, 
@;,2_,2= V,{d3.2_-+ (n,/12)! 


XK (¢)—0,'+0,7—¢,'— 20,+22,5)}, 


(10) 


$,1_,3= Na {dz2_y?+ 3no( —o,;'+o,'+0,7—<¢,')}. 


The numbers 1, 2, 3 and 4, 5, 6 refer to the neighbors 
on the positive and negative x, y, z axes. .V is the re- 
normalization constant. Tinkham*® has discussed in 
detail these normalization constants. The normalization 
constant in the evaluation of the spin-orbit matrix is 
different and defined by 


(Bn |AL | Pn) = NV aNn(dn| AL | dm). (11) 


The reason for this difference is that in Eqs. (9) and 
(10) we operate within the Kramers doublet whereas in 


23 W. Low (to be published). 
4 J. H. Van Vleck, J. Chem. Phys. 3, 807 (1935). 
2M. Tinkham, Proc. Roy. Soc. (London) A236, 549 (1956). 
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Eq. (11) we have to take into account the higher lying 
I’; level. As discussed by Tinkham, the normalization 
constant in Eq. (11) is usually smaller than the factors 
knm in Eq. (9). Unfortunately this factor is unknown 
in Eq. (6). It enters into the second-order correction 
to the g factor and can be expressed in an apparent 
reduction of the spin-orbit coupling constant. We shall 
estimate that the reduction of the spin-orbit coupling 
is approximately that of Ni** or about 0.75 Xo. As 
already discussed in the paper on Ni**, the whole 
calculation is dependent on the assumption that the 
wave function near the nuclei is not changed drastically 
from that of the free ion.* At any rate, since this re- 
duction of the spin-orbit constant enters only as a 
correction, the error in & will not be appreciable. We 
find that k=0.89. If we assumed that the spin-orbit 
constant in Eq. (6) were the same as in the free ion, 
k would be lowered to about 0.85. 

This value of & justifies the interpretation of the 
cobalt spectrum in ZnF; by Tinkham,”° who assumed a 
value of k=0.9. However, the value of this reduction 
constant differs very much from that measured in 
Fe®+ where we find k=0.80.? Such a low value seems to 
indicate considerable x bonding in Fe?*, at least much 
more than in Co*+. Possibly this can be explained by 
the smaller ionic radius of Co** compared with Fe** 
and the better fit, therefore, in the MgO lattice. 

The modified hyperfine structure constant can now 
be written as 


A=N?P[g,°—}kegs)], (12) 
in which we assume that the contributions are reduced 
by the normalization factors (i.e., the wave function 
near the nucleus is not very much deformed by means 
of the charge transfer). If we were to assume the values 
of P and k of Abragram and Pryce,’ 0.0225 cm™ and 
0.325, we find that .V?=0.945 which is even larger than 
k. As the normalization factors are consistently smaller 
than k, this is a very unreasonable result. We therefore 
have to assume that either P is larger or k smaller than 
the values assumed by Abragram and Pryce and by 
Tinkham. We feel, therefore, that the results of these 
authors are in need of re-examination. 

The fact that the reduction of the F2 Slater integrals 
are nearly the same for Ni** and Co** and nearly con- 
stant for all excited levels, seems to us a strong indi- 
cation that the dominant mechanism responsible for 
the reduction is a change in the effective nuclear charge 
Zo which the magnetic electrons see. The shielding 
effect is of course a function of the overlap with the 
surrounding oxygen ions. The reduction of the spin- 
orbit constant \ and hyperfine structure are, therefore, 
not to be calculated only as a renormalization of the 
wave functions caused by charge transfer, but also as a 
reduction caused by a smaller effective charge. It is, 
therefore, very reasonable to expect that this reduction 
would be the same, as both the spin-orbit constant and 
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the hyperfine structure are reduced by the same change 
of the effective charge. This is indeed borne out in the 
spectrum of Cu*+ which has been examined by Bleaney 
et al.2* On the other hand, it seems to us that it does not 
necessarily follow, as Owen reasons,” that the spin- 
orbit coupling parameter in the bound ion is approxi- 
mately the same as in the free ion. It is very likely that 
the fine structure and the hyperfine structure will 
always be similarly effected by distortions of the wave 
functions. 

A shielding effect can also explain the results of 
Tinkham.” Tinkham finds that the spin-orbit constants 
are reduced by a much larger amount than the charge- 
transfer spectrum, which he observes in the fluorine 
hyperfine structure in ZnF2, can account for. He 
explains this by assuming that the molecular orbitals 
of the form given in Eq. (10) include atomic wave 
functions of higher m, but the same symmetry, on the 
neighboring fluorine ions. These higher n (n=3) have 
much larger overlaps and, therefore, give larger nor- 
malization reductions. On the other hand, the hyperfine 
structure of the fluorine ions are mainly a function of 
the n=2 wave functions. One could, according to our 
conjecture, explain this anomaly as follows: The 
hyperfine structure of the surrounding ligands is a 
measure of the overlap of the wave functions. It 
measures the probability of the magnetic electrons 
being on the fluorine ions. This is not dependent, to 
first order, on the shielding of the nuclear charge. On 
the other hand, the spin-orbit coupling constant and 
the hyperfine structure are dependent on this shielding 
effect as well as on the normalization of the wave func- 
tion. It is, therefore, expected that the measured spin- 
orbit constant will be appreciably reduced. 

We should like to make a few comments here on the 
Jahn-Teller effect. The results reported here show that 
the paramagnetic resonance spectrum is isotropic, 
and that no distortions within 10-* cm™ exist. The 
Jahn-Teller effect is expected to be small here, since 
after spin-orbit coupling is taken into account only a 
Kramers doublet remains as the lowest state. Indeed 
it seems nearly a property of the Jahn-Teller effect that 
whenever one tries to find it, it eludes the possibility of 
being measured. In Fe**, which also has a triply 
degenerate orbital ground state and which even after 
spin-orbit interaction is taken into account has a triply 
degenerate state consisting of a mixture of orbital and 
spin wave functions, no effect is found as well.? Opik 
and Pryce*® have remarked that under certain condi- 
tions sufficiently strong spin-orbit coupling can stabilize 


26 Bleaney, Bowers, and Pryce, Proc. Roy. Soc. (London) A228, 
166 (1955). 

27 J. Owen, Proc. Roy. Soc. (London) A227, 198 (1955). 

28 U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) A238, 
425 (1957). We wish to thank Professor Pryce for drawing our 
attention to this important remark. 
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the complex and no distortions would be expected. In 
Fe?* the spin-orbit coupling is certainly not very strong 
(A=—100 cm). Pryce” has pointed out that the 
system will resonate between deformed configurations 
in such a way as to give an isotropic g value. In such a 
case, then, this resonance frequency would be very 
rapid, and it would be interesting if it could be detected. 


Vv. CONCLUSION 


In this paper we have presented the optical and 
paramagnetic resonance spectra of divalent cobalt. It 
is found that the spectral lines can be arranged into a 
simple level diagram. The stronger lines correspond to 
transitions between Stark levels of the same multi- 
plicity and the weaker to transitions in which AS 
changes by one. If the electrostatic energy difference 
between the ground state and the excited levels is 
taken as a free parameter to be determined from ex- 
periment, the agreement between the calculated and 
experimental spectra is surprisingly good. Similarly to 
the spectrum of Ni’*, we find that the Slater integrals 
have to be reduced by about 10% from those of the 
free ion. This can be interpreted as arising from two 
effects. (1) Charge transfer results in a normalization of 
the wave functions and therefore a reduction of the 
Coulomb energy. (2) Covalent bonding has the effect 
of shielding the nuclear charge and thus reducing the 
Coulomb energy. 

The paramagnetic resonance results indicate that 
the orbital contribution to the magnetic moment is 
reduced. The orbital reduction factor is 0.89~-0.85. 
This should be compared with 0.80 for Fe?* in MgO,’ 
and with k=0.87 in Fe(CN).°- complexes.” These 
results show again and independently that considerable 
charge transfer occurs. In view of this it is indeed very 
surprising that the optical spectrum can be accounted 
for so well. 

In view of these results we feel that the calculations 
of Abragram and Pryce should be readjusted. We 
also present an alternative explanation of Tinkham’s 
results on the hyperfine structure of the fluorine ions 
in ZnF >. 

Both in Co*+ and in Fe*+ we have been unable to 
detect any distortions of the cubic symmetry as might 
be expected from the Jahn-Teller effect. If a static 
effect exists, it must be considerably smaller than it 
has been considered likely. At any rate, the usual 
explanation of static deformations of the crystal 
resulting from the Jahn-Teller effect does not seem to 
be correct. More experimental work, for example in 
tetrahedral symmetries, and theoretical investigations 
are clearly indicated. 


2M. H. L. Pryce (private communication). 
* Baker, Bleaney, and Bowers, Proc. Phys. Soc. (London) 
B69, 1205 (1956). 
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SPIN-ORBIT INTERACTION 


J=7/2: 2G ‘PF 2F 
°G —3/4 (5/8) (15/16)! 
‘F | (5/8)! 0 — (3/8)4] Xésa, (A1) 
2F (15/16)! —(3/8)! 1/4 
J=9/2: °H °G ip 
2H —3/5 (66/25)! 0 
2G |(66/25)! 3/5 (5 2") xu (A2) 
°F 0 (5/2)! 3/2 
J=1/2: ip 2p 
ip —5/6 — (14/9)! 
~p |-(14/9)) 2/3 | xe (5) 
J=3/2: ‘Pf °:—, 2D, ‘p 2p 
‘F [ —-2 —(21/10)!  (5/2)8 0 0 
2D, |—(21/10)) —3/4 (21/16) (2/5)! —(7/8)} | 
2D, | (5/2)8 (21/16)! 1/4 0 — (7/8)! | X Esa. (A4) 
7? | 0 (2/5)! 0 -1/3 —(35 9y0| 
2p 0 —(7/8)! —(7/8)§ —(35/9)§ 1/3 | 
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Paramagnetic Resonance Spectrum of Trivalent Gadolinium in the 
Cubic Field of Calcium Fluoride* 


W. Low 
Department of Physics, The Hebrew University, Jerusalem, Israel 


(Received September 10, 1957) 


The paramagnetic resonance spectrum of Gd** in CaF, has been analyzed at 3 cm wavelength at room 
and liquid helium temperatures. The spectrum shows that the cubic symmetry is essentially preserved 
around the gadolinium ion. The fourth-order and sixth-order cubic field splitting parameter have been 
evaluated as c= +0.0185+0.0005 and d= —0.0004+0.0002 cm, where the total ground-state splitting is 
8c—2d. The g factor is g=1.991+0.002. Various mechanisms causing the ground-state splitting of an S 
state in a cubic field are discussed. The preservation of cubic symmetry and the absence of association 
with vacancies or interstitial ions can be explained by a stabilization of the complex by the spherical charge 
distribution of the S ion and an effective strong crystalline field. 


I. INTRODUCTION 


RIVALENT gadolinium has seven f electrons and 
a ground state of °S7/2. Its paramagnetic reso- 
nance spectrum has been extensively studied. The 
reason for this is in part the ease with which the 
spectrum can be obtained even at room temperature 
since the spin-lattice relaxation time is fairly long.' 


~ * Supported by the U. S. Atomic Energy Commission. 
1G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957). 





Among the single crystals studied are the ethylsulfate,?* 


the double nitrate,‘ the anhydrous trichloride,® and the 
hydrated trichloride.6 The paramagnetic resonance 


2 Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) 
A223, 15 (1954). 

3H. A. Buckmaster, Can. J. Phys. 34, 150 (1956). 

4R.S. Trenam, Proc. Phys. Soc. (London) A66, 118 (1953). 

5C. A. Hutchison, Jr. (private communication) and C. F. 
Jeffries (private communication). 

6M. Weger, M.Sc. thesis, Jerusalem, 1956 (unpublished). 
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spectrum in these crystals shows a complicated fine 
structure. A theory which explains the spectrum has 
been developed by Elliott and Stevens’ and Judd? for 
C3, and C3, symmetries. The spin Hamiltonian accord- 
ing to these authors can be written for these sym- 
metries (i.e., for all the above salts except for the 
hydrated chloride which has a lower symmetry) as 


H= g8(H2S.+H,S,+H S2)+B°P2 
+ Bee P2+BoPP+BoPP+Be'Po®, (1) 


where P,,™ are operators which have the same trans- 
formation properties as the corresponding spherical 
harmonics Y,,”. The dominant term in all the crystals 
investigated is B,°P.° which transforms like 3 cos*@—1. 
At zero field the S state of gadolinium is split by this 
trigonal field into four doublets with an approximate 
separation of 6B,°, 12B,°, and 24B,°, respectively, i.e., 
in the ratio of 1:2:4. 

In addition to the fine structure the spectra show a 
small but detectable hyperfine structure caused by the 
spin of the odd isotopes 155 and 157. This hyperfine 
structure has determined the nuclear spin and the ratio 
of the magnetic moments of these isotopes.® 

The S-state ions in general and the Gd** ion in 
particular are not well understood at present.!? The 
central problem is the nature of the interaction which 
causes the ground-state splitting. Only a combination of 
a perturbation of the crystalline field and spin-orbit 
coupling can cause this splitting. There has been some 
conjecture regarding the splitting B.° cause by the 
second order potential (in the 3d shell this is called in the 
usual nomenclature D, i.e., the axial field splitting) .7:5-"' 
There has been, however, no serious attempt to explain 
the splitting in a pure cubic field. This splitting has 
been observed previously only in ions of the 3d shell, 
for example in Mn* and Fe’+. In the 4f shell the cubic 
field and spin-orbit coupling split the eightfold de- 
generate state into a twofold, fourfold, and another 
twofold level. We felt that an experimental investiga- 
tion of this splitting a cubic field might aid a significant 
contribution to the understanding of the S state. The 
spectrum is easier to unravel as it has fewer parameters 
in the spin Hamiltonian. Moreover, it might well be 
the starting point for the investigation of other rare 
earth ions in cubic field symmetries. 

There was another reason why the problem seems 
to be of interest to the author. For practical reason the 
trivalent gadolinium had to be imbedded in single 
crystals for CaF2. In previous communications it has 
been shown that some trivalent ions can be substituted 
for divalent cations without disturbing appreciably 


’R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 

* B. R. Judd, Proc. Roy. Soc. (London) A232, 458 (1955). 

® W. Low, Phys. Rev. 103, 1309 (1956). 

© W. Low, Phys. Rev. 105, 792 (1957). 

"Judd, Pryce, and Stevens (to be published). 
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the local cubic symmetry.'*" This was found for ions 
which have an effective S state in their ground state. 
Apparently the trivalent ions in an S state can stabilize 
the complex without the need of associated vacancies. 
It was worthwhile testing whether this would hold true 
for the gadolinium ion as well. This problem is more 
than of passing interest. Paramagnetic resonance is 
probably one of the most powerful tools of solid state 
which can determine the nature of vacancies, defects 
or charge compensations in single crystals. Many of 
the current theories of associated vacancies or defects 
can, therefore, directly be tested. 

In Sec. 2 we shall develop the theory of the fine 
structure splitting of the gadolinium ion in a combined 
fourth and sixth order potential. In Sec. 3 we describe 
the experimental techniques and results. In Sec. 4 the 
significance of these results is discussed and a general 
review of the various problems of the S-state ions are 
presented. 


II. THEORY 


The crystalline potential acting on the magnetic 
electrons is usually expanded in a Taylor series about 
the center of the paramagnetic ion. For f electron it is 
sufficient to consider only the first two terms of this 
series (in a cubic field), 


V=C(at+ y'+24— 394) + D| (08+ y®+ 2°) + (15/4) (xty? 
+ xy" x82? x72 yiz?+ yest) — (15/14)r6| . 


For calculating the matrix elements of V between states 
of various J, it is more convenient to write the potential 
in terms of normalized tesseral harmonics, i.e., 

Zier 
Le 


4r\ 3 2x70} 
(-) (-28/)re+(—— Jarry. *) 
af X97 | 9 


Zieér® s4n\3 
+ ( ) (16 9)V,° 


a;" 13 
8X 14! 
+(- Jorerr 4)! (2) 
9 
where 
(2n+1)(n—|m))!\3 
ans -| P,'™\(cosA)ei™, 


VY m— 


4(n+!m|)! 


r is the distance from the electron to any point of the 
cubic symmetry, and ais the distance from the surround- 
charges of the cube to the point of the cubic symmetry. 
This expansion is for the eightfold cubic coordination 
in which is assumed that the negative charges are point 
charges and are located at the corners of a cube. One 
significant fact is that the sixth- and fourth-order 
potential are of the opposite sign. The matrix elements 
for the crystalline field perturbation have been given 


2 W. Low, Proc. Phys. Soc. (London) B69, 1169 (1956). 
1 W. Low, Phys. Rev. 105, 801 (1957). 








pa yo nnn yen anreate ro" 





PARAMAGNETIC 


by Penney and Schlapp“ and their operator equivalent 
have been evaluated by Stevens.!® Diagonalizing these 
matrices leads to the following energy values: 0 (two- 
fold T';), 5c+7d (fourfold I's) and 8c—2d (twofold I's). 
We have arbitrarily set the first level at zero. As c and 
d are of opposite sign it is seen that for positive c the 
fourfold degenerate level is lowered and the I's twofold 
level is raised by the sixth-order potential. c and d are 
numbers common to the various matrix elements and 
are proportional to the average value of (r*),, and (r®) », 
respectively. This energy level scheme is shown in Fig. 1 
in which we assume that dc as found experimentally. 
Which twofold level is the lowest can only be decided 
by experiment. 

The energy levels of the *S;,. state in a magnetic 
field have been calculated by Kittel and Luttinger’® and 
more extensively by DeBoer and Van Lieshout.'” These 
authors have used only the fourth-order potential. 
Generalizing these results to include the sixth-order 
potential we find that the energy levels are given for 
the 0, 0, 1 direction by'* 


E42j2= 3 (13¢e+5d+ 3a) 

+4] (3c—9d—3a)?+ (140/9)a?|}, 
Eg1j2= 3 (13c—5d¥ 3a) 

4) (3c—9d+2a)?+ (140/9)a*| 4, 
Fg52= 3 (5c— 7d+a)+34| (Se+7d—2a)?+12a*|}, 
F.x3;2=}(Sc+7dFa)+4| (Sc+7d+2a)*+12a?| #, 


(3) 


where a= g8H, 8=Bohr magneton, H = magnetic field. 
For any other direction the matrix does not factor in 
general. For strong magnetic fields the energy levels 
can be expanded in a series. The magnetic dipole 
transitions (AM ;=+1) are given by 
Fg.1j27 E45 /2= BgH +} (10c+3d) p+ e1, 
E45 v7 E43 o= BgH oF} (5c+7d) p+ €2, 
Ex3, rE 4, o= BgH + 1 ( 1 2c—- 17d)p+ €3, 
hy o—E_1;2=BgHot+ a, 


i } 


Ts | . a 
8c 8c-2d 
5c 


Sc+7d 


(4) 


Fic. 1. The ground-state 
splitting of a ®Sz/2 state under 
the combined action of the 
fourth- and sixth-order poten- 
tial. The left side indicates the 
splitting caused by the fourth 
order potential only. The quan- 
tities c and d are factors pro- 
portional to the fourth- and 
sixth-order potential. 
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4 W. G. Penney and R. Schlapp, Phys. Rev. 41, 194 (1932). 

16K, W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952). 

16 C, Kittel and J. M. Luttinger, Phys. Rev. 73, 162 (1948). 

17 J, DeBoer and R. Van Lieshout, Physica 15, 570 (1949). 

18 DeBoer and Van Lieshout have assumed that the I's level 
at zero, i.e., the reverse order of our level scheme. If we use their 
notation, then the levels are given by 

W 6,2=4(3c—9d)+3a+ | 160?+ 2a+ }(3c—9d)?|}, 
Ws4=4(11c—11d)+a+ | 16a?+ 10a+} (5ce+7d)?| 4, 
W3,5=4(11c—11d) —a+ | 16a?— 100+} (5c+7d)?|}, 
Ws3,1=4(3c—9d) —3a+ | 16a?—2a+} (3c —9d)?| 4. 
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Fic. 2. Theoretical paramagnetic resonance spectrum of 


gadolinium in cubic fields. The top figure shows the influence of 
the predominant fourth-order potential. The middle figure indicates 
the influence of the first terms of the fourth- and sixth-order poten 
tial. The spectrum is still symmetrical in a plane about the 
4—+—} transition. The lowest figure shows that this symmetry 
is destroyed if the higher correction terms are included. 


where €1, €2, €3, €4 are terms in c?/8gHo, d?/BgHo, and 
cd/BgHo; p= (1—5¢), p=l?m*+ m'n?+Pn? (1, m, n being 
the direction cosines between the magnetic field and 
the cubic axes), and g= 2.0023. 

If the sixth-order contribution is negligible, then 
the fine structure spectrum shows seven lines, three on 
each side of the 3—>—} transition with relative separa- 
tion of 10:5:6. If the sixth-order potential is taken into 
account, then to first-order expansion the spectrum is 
still symmetrical with respect to the 3——} transition 
and the 3 satellites on each side are separated in the 
ratio of 10c-+3d:5c-+-7d:4(12c— 17d). The second-order 
correction terms destroy this symmetry as the various 
levels are shifted differently. For example for the 0, 0, 1 
direction these levels to second order are 


Te te 
E41 oF 45/2= g8H ot 3 (10c+5d) — < 
8 g8H 
Exgsp—k 4s o= gBHo#43(5c+7d), 
ae (5) 
E43 2 Fg.1/2= gBH oF 3 (6c—7d)+ ’ y 
8 g8H 
35 fc—3d\? 
E412 E_12= gBHot— (“— -) gs. 
32 \ g8H 


Then quadratic terms in Eq. (5) are small but not 
negligible at 1 cm wavelength. The effect of these terms 
is illustrated in Fig. 2 for the 0, 0, 1 direction, as found 
also by experiment. They widen the (5/2—3/2) 
— (3/2-+1/2) separation on one side and narrow this 
separation on the other side of the (1/2——1/2) 
transition. 

The angular variation of the fine structure of an 
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S-state spectrum for rotation about various planes has 
been discussed in detail for the Mn** ion by the author" 
and by Matarrese and Kikuchi.” The same formulas 
apply in the case of the gadolinium ion. 


III. EXPERIMENTAL TECHNIQUE AND RESULTS 


Single crystals of CaF, containing less than 0.05% 
of gadolinium by weight were grown for this experi- 
ment. The oven was a conventional induction furnace. 
The CaF, powder was mixed with GdF; and about 
0.5% of PbF: powder and placed in a graphite crucible. 
The crucible was inside an Alundum tube which was 
sealed at both ends. Dried helium gas could be in- 
troduced from the top and escaped through a small 
opening at the bottom of the Alundum tube. The 
furnace was slowly heated by the induction furnace 
until the PbF» boiled off. PbF 2 acts as a scavenger and 
removes the moisture. This is important, for if any 
water is present the resulting crystals have a milky 
color. This is presumably caused by the reaction of the 
CaF, with water vapor or with oxygen giving CaO. 
Stockbarger* claims that CaF», reacts strongly with 
water vapor at temperatures in excess of 100°C and 
that this rate increases rapidly with increasing tempera- 
ture. The dried helium helped considerably in producing 
clearer crystals and possibly prevented any excess of 
oxygen ions in these crystals. It is to be noted that the 
ionic radii of O= and F~ are approximately the same 
and one can therefore expect the CaO to form solid 
solutions with CaF». 

The whole furnace was permitted to fall through 
the coil of the induction furnace at a rate of 1-1}” per 
hour. The furnace was operated at 1450°C. Usually 
the first trial gave already satisfactory crystals for 
paramagnetic resonance work. Some crystals looked 
like one single crystal but on investigation by x-rays or 
by paramagnetic resonance revealed that they con- 
sisted of several crystals with small misalignments of a 
few degrees of one with respect of another. It usually 
proved possible to cleave off one section of the crystal 
consisting of one single crystal. 

Measurements were made at 1.2 cm wavelength and 
at room temperature. A typical spectrum is shown in 
Fig. 3. Here the crystal was mounted along the 1, 0, 0 
axis. It is seen that the spectrum consists of seven lines 
only indicating only one ion per unit cell. The separation 
of the components from the central } — —} line is 
approximately in the ratio of 10:6:5:1:5:6:10. All 
this are strong indications that the crystal symmetry 
around the Gd** ion is predominantly cubic and that c 
is much larger than d. 

The angular variation of the fine structure was 
examined in a number of planes notably in the (0,0,1) 
and (0,1,1) planes. Figure 4 shows the measured 
angular dependence of the fine structure as the magnetic 


19 W. Low, Phys. Rev. 105, 793 (1957). 

* L. M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids 1, 
117 (1956). 

2D. C. Stockbarger, J. Opt. Soc. Am. 39, 731 (1949). 
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field is rotated about the (0,0,1) plane. The crystal was 
mounted in the (0,0,1) plane within 3° [the natural 
cleavage planes are (1,1,1) for CaF. ]. The spectrum 
conforms closely to that expected from a cubic crystal. 
The fine structure is seen to collapse at about 31° and 
58° from the (1,0,0) plane. The spectrum is slightly 
asymmetrical, i.e., the separation of the transi- 
tions (— 3/2 — —1/2)—(—5/2 — —3/2) is larger than 
the (+3/2—+1/2)— (5/2-—43/2) (low-field components). 
Similarly, the separation of the 7/2—5/2 line from the 
central 1/2-1/2 line (high-field separation) is slightly 
smaller than the corresponding low-field separation. 
This can be accounted for only if c and d have opposite 
signs in Eq. (5). We give here already the absolute signs 
of these transitions in anticipation of results to be 
discussed subsequently. A close inspection reveals that 
the spectrum is also not quite symmetrical with respect 
to a plane at 45° as would be predicted by theory. We 
feel that this is caused by the slight misalignment of 
the crystal. Even a small variation of about 2-3° in the 
alignment have a large effect on the fine structure 
spectrum, since the splitting is so large. 

The spectrum permits the evaluation of the following 
parameters : g= 1.991+0.002, c= +0.0185+0.0005 cm™, 
d= —0.0004+0.0002 cm at T= 290°K and at 1.25 cm 
wavelength.t The absolute sign of c was determined from 
intensity measurements at liquid helium temperatures. 
We have also made a qualitative measurement of the 
fine structure at liquid helium temperature and found 
that c is increased by a few percent compared with the 
value at room temperature. 

All crystals showed in addition a weak spectrum 
which varied in a manner as if an axial field were present. 
The axes of this field seemed to be along the cubic 
axes of the crystal. In Fig. 3 some of these weak lines 
can be seen. As this spectrum was not of interest in the 
present connection, we shall not discuss this in detail. 

The theoretical intensity of the fine structure 
components M=-—7/2:M=3/2:M=5/2:M=1/2:M 
= —5/2:M=—3/2:M=47/2 is 7:15:12:16:12:15:7. 
The experimental intensity ratios are difficult to meas- 
ure as the line width varies for the different components 
as seen in Fig. 3 and the amplitude, therefore, depends 
on the depth of the field modulation. The measured 
amplitudes are (measured from low to high fields) 
2:6.5:4:16:5:7.7:2.5. The integrated intensity ratio of 
the 1/2— —1/2 to the 3/2 — —1/2 transitions is 
approximately 16:10 instead of the theoretical 16:15. 


IV. DISCUSSION 


We shall divide the discussion of these results into 
two sections: (1) The significance of the S state for the 


t Note added in proof.—C. Ryter [Helv. Phys. Acta 30, 354 
(1957) ] has independently measured the paramagnetic resonance 
spectrum of gadolinium in natural crystals of CaF». His results 
are 8c—2d=0.1491+0.0008 cm™ and (5¢+7d)/(8c—2d) =0.596 
+0.002. These results are in very good agreement with those re- 
ported here, 0.1488 and 0.596, respectively. 
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Fic. 4. Angular variation of the fine structure lines as the magnetic 
field is ratated about the (0,0,1) plane. 


theory of paramagnetic resonance spectra and (2) the 
significance to the theories of vacancies and defects in 
the solid state. 

(1) We shall give here a short review of the various 
problems encountered in the theory of the S state in 
paramagnetic resonance. Most of this material can be 
found in scattered literature on spectra of Gd**, Mn*, 
Fe*+, and Cm**. The main problem is the nature of the 
splitting of the ground state. The eightfold degeneracy 
of the ground state can only be removed by the simul- 
taneous action of the crystal field and the spin coupling. 
The latter mixes in higher excited states to the ground 
state. The next higher levels in the case of gadolinium 
are the ®P7,;2 and ®D;,. at about 30-31 000 cm™ and 
36 000 cm~, respectively. The spin-orbit coupling is of 
the order of 1500 cm. It is, therefore, seen that any 
mechanism involving spin-orbit coupling perturbation 
to a high power will yield very small splittings of the 
ground state. 

Judd* has pointed out that there is no correlation 
between the observed parameters B,,” and the various 
potential parameters V,.” which appear in an expansion 
of the potential energy. This in itself is not so surprising 
as the parameters 8,” involve the spin-orbit coupling 
constant as well as the potential constants to a high 
power. Moreover, there may be more than one pertur- 
bation which is operative. The resultant of the various 
perturbations will determine the sign and the magnitude 
of the various coefficients B,”. This makes the problem 
of course very complicated as we would have to consider 
each splitting parameter B,™ separately, for each 
given crystalline symmetry and probably even for each 
individual crystal. In crystals of C3, and C3, symmetry 
the B,° term is the most important, and so far has 








270 W. 
received considerable attention. This parameter differs 
from crystal and is strongly temperature-dependent in 
the region between room and liquid air temperatures. 
The same has been found to hold true for the curium 
spectrum which has 5/7 electrons.* The other coeff- 
cients are also temperature dependent, though not to 
such an extent. Another fact which is indicative of the 
complexity of the problem is the fact that the B,° 
coefficient may have either positive (lathanum tri- 
chloride) or negative sign (ethyl sulfate). 

In the case of the cubic field splitting there are 
probably also a number of mechanisms operative. In 
general all these mechanisms must involve a splitting 
of the ®P state as this is the only state which is con- 
nected by spin-orbit coupling with the ground state *S. 
It is worthwhile in this connection to list the significant 
matrix elements which are different from zero in a 
general cubic field: 


(8S7/2|L-S|6P; 
(©Pz/.|L-S|®D; 
(©P7/2| V | §Gz/2)¥0, 
(°Dz/2| V | °Gz/2)¥0, 
(®S7/2| V | 8S7/2)=0, 
(®P7z/2| V|§P7z/2)=0, 
(6P;/2| V|®Dz)2)=0, 
(6X7/2| V|8S7)2)=0, 
X =® P32, °D7z/2°- - 


2) 0, 
2) #0, 


Inspection of these matrix elements permits the con- 
struction of several mechanisms in addition to the fifth- 
order process (quartic in the spin-orbit coupling and 
linear in the crystalline potential) proposed by Pryce,” 
for example, 


(887 2|L-S 6P>2)(®Pz 2) V | °G; 2/ 


X (8G; ;2| V | ®Pz/2)(®P7/2|L-S|8S7,2), (7a) 
(887 /2|L-S|®Pz/2)(®Pz/2| L-S|®Dz/2) 
X (®Dz/2| V | Gs /2)(°Gr/2| V| ®P2z/2) 
xK (oP, 2|L-S 8S 2), (7b) 
(8S /2|b-S|®P7/2)(P7/2| L-S|*D;/2) 
X (°Dz/2|L- S| *Fz/2)(°F 7/2| L- S| °G;,2) 
X (8Gz/2| V | ®Pz)2)(®P2/2|L-S|8S7/2). (7c) 


Other perturbations of higher order can easily be con- 
structed but are probably of even smaller magnitude. 
It is to be noted that the first two proposed mechanisms 
[ (7a) and (7b)] are quadratic in the crystalline field 
potential while Pryce’s mechanism is linear. Similar 
perturbations can be constructed for noncubic fields 
except that in general there will be many more matrix 
elements than given by (6), and correspondingly many 

2 Fields, Friedman, Smaller, and Low, Phys. Rev. 105, 756 


(1957). 
2M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 
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more combinations which result in perturbations of 
comparable magnitudes. 

These considerations can now be applied to the 
experimental results of the S-state ions in cubic fields. 
The value of 8c=0.148 cm™ shows that there exists a 
large splitting of the ground state. This splitting in 
CaF, is of the same order of magnitude as the second 
order splitting B,° in ethyl sulfate and lanthanum 
chloride. One may expect that the crystalline field of 
Gd in CaF, is somewhat stronger than in crystals of 
C3, or C3, symmetry because of the attraction of the 
excess charge on the fluorine ions. The small tempera- 
ture dependence of the splitting is some indication that 
the mechanism responsible for the splitting is linear in 
the potential. A perturbation involving V to a high 
power would give a strong temperature dependence. 
On the other hand, it is quite possible that the excess 
charge on the gadolinium ion stabilizes the complex to 
such an extent that the interactomic distances change 
only to a very slight extent with temperature. 

In the case of the &S5/2 state, i.e., Fe*+ and Mn?+ in 
MgO, the cubic field splitting parameter 3a= 3c= 0.0615 
and 0.00558 cm™, respectively.’ From the optical data 
we estimate that ratio of the spin-orbit coupling to the 
third power is approximately 3. The strength of the 
crystalline field of Fe** is about twice that of Mn?+.”4 
The excited energy levels of the free ions ‘G and ‘*P are 
at 22000 and 35.000 cm for Fe** and about 27 000 
and 29 000 cm~ for Mn?*. In a crystal the levels of the 
Fe*+ are probably lowered by several thousand cm™! 
because of the strong covalent bonding in trivalent 
ions.”>:*6 The ratio of about 11:1 in the ground-state 
splitting of these two ions is not unreasonable according 
to the first mechanism (7a). However, Pryce’s mecha- 
nism may be of the same order of magnitude. This 
possibly may explain the puzzle of the difference in 
sign of the cubic field splitting parameter of Fe** in 
ferric alums (negative) and in MgO (positive). The 
sign of the cubic field splitting will depend on which of 
the two mechanisms predominates as they are of 
opposite sign. 

It is also of interest to note that all g factors of Gd*+ 
or Eu*+ are approximately 1.991, always less than the 
free electron spin (2.0023). Apparently the contribution 
of the ®P7,2 state to the ground state reduces the value 
of the g factor. 

(2) The results are of interest to the theories of 
vacancies and defects in ionic crystals. As gadolinium 
is trivalent, some mechanism must be found to main- 
tain the neutrality of the crystal. If gadolinium goes 
into substitutional solid solution one would expect 
either positive vacancies or negative-ion interstitials to 
be present. The negative-ion interstitials could be 
F~ or O? ions. The vacancies could obviously be 
Ca** ions. 

*L. E. Orgel, J. Chem. Phys. 23, 1004 (1955). 


*5 J. Owen, Proc. Roy. Soc. (London) A227, 183 (1955). 
26 W. Low (to be published). 
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The experimental evidence supports that F~ intersti- 
tials are present in CaF» with solid solutions of trivalent 
rare earth ions. This evidence comes from three sour. es. 
(a) Zintl and Urgoard®’ have inferred from x-ray 
lattice constant measurements that YF; goes into 
solid solution up to 45 mole percent and that YF; intro- 
duces F~ interstitials. (b) Conductivity measurements 
by Ure®* on CaF2: YF; single crystals show that the 
predominant defect is the anti-Frenkel defect consisting 
of negative-ion vacancies and negative-ion intersti- 
tials. (c) Paramagnetic resonance measurements by 
Llewellyn e/ al.”* on CaF, containing U** and Nd** show 
that there are three magnetic ions with axial symmetry 
about one of the cubic axes. They interpret their 
results as indicating that the trivalent ion replaces the 
divalent calcium ion and an excess F~ ion is at the body 
center of the adjacent cube of the fluorine ions. This 
reduces the symmetry from cubic to tetragonal axes 
along the three cubic axes. From the hyperfine structure 
of the fluorine ion they infer that the ninth fluorine ion 
actually is drawn closer to the trivalent uranium ion. 
Because of this the four fluorines between U** and the 
F~ interstitial will be pushed out somewhat. 

Our results can be interpreted only to indicate that 
the cubic symmetry is essentiallly preserved. The 
question, therefore, arises why the spectrum of Gd** is 
different than those of other rare earth ions. There are 


a number of possibilities. One possibility may be 


connected with the different methods which these 
crystals have been grown. Another is that all the 
evidence presented above is on single crystals contain- 
ing more than 0.1% of the rare earth ions whereas our 
measurements were made on crystals containing less 
0.05% by weight of gadolinium. We have proposed a 
a different explanation.’® The S-state ions with their 
spherical charge density may well stabilize the complex 
of the surrounding fluorine.ions. The excess charge draw 
in symmetrically the eight fluorine ions, setting up 
stronger crystalline fields and shielding the trivalent 
ions from the potentials of any compensating charged 


27 E. Zintl and A. Urgoard, Z. anorg. u. allgem. Chem. 240, 
150 (1939). 

28 R. W. Ure, thesis, University of Chicago, 1956 (unpublished). 

* P.M. Llewellyn, thesis, Oxford, 1956 (unpublished) ; Bleaney, 
Llewellyn, and Jones, Proc. Phys. Soc. (London) B69, 858 (1956). 
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ions. The interaction between such ions and the 
trivalent charge would be then very small. Considerable 
evidence for this mechanism has been accumulated, in 
particular for Fe** (®S5,2) and Cr** (an effective S 
state). We find that for these ions in MgO the cubic 
symmetry is preserved for small concentration of these 
impurity ions.'*!* Recently results by Shaltiel and the 
author® on ThO, containing gadolinium ions have 
shown that in this crystal, which has the same fluorite 
crystal structure as CaF.2, the cubic symmetry is 
preserved as well. 

The large line width of about 18 gauss for the 
1/2—+—1/2 transition is probably caused by a number 
cf reasons. The surrounding eight fluorine ions will 
result in a line width of a few gauss. Llewellyn” finds 
that the line width for Nd** in CaF> is less than 8 gauss. 
If our explanation of the stabilization of the complex 
Gd*+Fs- is correct, we would expect a larger line 
width because of the stronger crystalline field and the 
resulting overlap of the 4f wave functions on the fluor- 
ine ions. More likely is the explanation that the com- 
pensating ions have a second-order effect which mani- 
fests itself in a broadening of the lines. This will affect 
the 5/2-3/2 and 3/2-—>1/2 transitions more than the 
1/2——1/2 transition and, therefore, explain the larger 
line width and smaller intensity of the satellites. 
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Band Structure of Graphite* 
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Tight-binding calculations, using a two-dimensional model of the graphite lattice, lead to a point of con- 
tact of valence and conduction bands at the corner of the reduced Brillouin zone. A perturbation calculation 
which starts with wave functions of the two-dimensional lattice and is applied to the three-dimensional 
lattice is described. Some general features of the structure of the x bands in the neighborhood of the zone 








edge are obtained and are expressed in terms of appropriate parameters. 


I. INTRODUCTION 


EVERAL attempts'* have been made to explain 
the electrical and magnetic properties of graphite 
by a band structure based on a two-dimensional model 
of the lattice. This is reasonable in view of the physical 
structure of graphite ; a layer lattice in which the separa- 
tion of the layers is 3.35 A whereas the separation of 
atoms within a layer is 1.42 A. Moreover, the large 
anisotropies of the electrical conductivities and mag- 
netic susceptibilities in and perpendicular to the basal 
planes make the two-dimensional model appear as an 
adequate approximation. Tight-binding calculations 
with this model lead to a contact of the valence and 
conduction bands at the corners of the Brillouin zone; 
the bands at the contact points have the form of circular 
cones in the space «i energy versus wave number. This 
structure asserts that graphite behaves as a semi- 
conductor with a vanishing energy gap, and in order to 
account for the electrical and magnetic properties it is 
necessary to invoke impurities or surface electrons.‘ A 
more telling difficulty is that the model does not allow 
for the presence of holes with different effective masses 
from the electrons.° The nature of the bands in the 
three-dimensional lattice is therefore of interest and the 
purpose of this paper is to display possible structures of 
the bands in the neighborhood of the edges, parallel to 
the c axis of the hexagonal Brillouin zone. The calcula- 
tions are made by a perturbation calculation in which 
the zero-order wave functions are appropriate to layers 
of the lattice at the point of contact in the two-dimen- 
sional zone. The group theory of the two-dimensional 
lattice and the nature of the contact point are described 
in Sec. 2. The wave functions of the three-dimensional 
lattice and the appropriate perturbation calculation 
are described in Sec. 3 and the results are discussed 
in Sec. 4. 





* This work has been partly supported by the Office of Naval 
Research and by the Rutgers University Research Council. 

+ Present address: International Business Machines Research 
Laboratory, Poughkeepsie, New York. 
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2 J. E. Hove, Phys. Rev. 100, 645 (1955). 
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4R. R. Hearing and P. R. Wallace, submitted to Phys. and 
Chem. Solids. We are indebted to the authors for permitting us 
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6 Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956). 


2. TWO-DIMENSIONAL LATTICE 


Although the main purpose of the following calcula- 
tions is an investigation of the three-dimensional lat- 
tice, we describe here the symmetry properties of the 
wave functions of a single layer, since these are used in 
the following section. Lomer* has presented a complete 
group-theoretical treatment of the single-layer lattice 
but this can be simplified greatly by a different choice 
of the location of the origin. 

The two-dimensional lattice of carbon atoms is shown 
in Fig. 1. A unit cell, indicated by dashed lines, con- 
tains two atoms, one of type A and one of type B. The 
vectors t; and t; shown there are primitive translations 
(ts=—ti—t,). The length of each of these is a. The 
corresponding reciprocal lattice whose vectors are K, 
and Kz: is shown in Fig. 2. K, and Ky, satisfy the 
conditions, : 


K;-t;=276,;; i, j=1, 2. (2.1) 


The points of contact are at U and U’, the corners of 
the symmetrical reduced Brillouin zone which is indi- 
cated by the dashed lines of Fig. 2. The alternative zone 
indicated by solid lines is more convenient since it 
contains U and U’ within it. 

The calculations of Wallace! using tight-binding with 
m orbitals show that the contact points of the bands 
occur at U and U’. Numerical calculations made by 











Fic. 1. A layer plane of the graphite lattice. The circles 
represent carbon atoms. 


® W. H. Lomer, Proc. Roy. Soc. (London) A227, 330 (1955). 
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Corbato’ show that the energy of the o states are well 
removed from E°, the energy at the points of contacts 
of the valence and conduction bands. It is reasonably 
certain, then, that the Fermi energy lies in the 7 bands 
and the discussion can be restricted to the symmetry 
properties of the states. 

Choosing the center of symmetry to be the origin of 
the coordinate axes shown in Fig. 1, permits a fac- 
torization of the space group into a point subgroup 
and the translation subgroup. The latter requires the 
wave function to satisfy the Bloch condition 


v(k, r—t)=exp(—ik-t)y(k,r), (2.2) 
with 

t= nyt)+ note; (2.3) 
n, and mz are integers. A subgroup consisting of the 
identity element E and reflections in the plane (x,y), 
P, can be factored from the point subgroup. This im- 
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Fic. 2. The reciprocal lattice of the two-dimensional model. Two 
possible forms of the reduced Brillouin zone are shown. 


poses the conditions 
P(k,r) = +¥(k,r) 
P(k,r) = —y(k,r) 


(o states), (2.4) 


(w states). (2.5) 


There remains only the subgroup of two-dimensional 
point group operations in the (x,y) plane. The plane 
group, G(U), of the wave vector kv is given in Table I. 
The characters of its irreducible representations U; are 
listed in Table IT. 

The branching point energy, E”, is fourfold degenerate 
as shown by Lomer® and by Carter.’ Two of these 
states are at the point U and transform according to 
Us; and two are at U’ and transform isomorphically 
to U3. 


7F. J. Corbato, Ph.D. thesis, Massachusetts Institute of Tech- 
nology, 1956 (unpublished). 
8 J. L. Carter, thesis, Cornell University, 1953 (unpublished). 
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TABLE I. Plane group, G(U). 





Elements Description 

E identity 

0,07 rotation about z axis by +47 

Ti, T2, T reflections in (z,t;) planes; i=1, 2, 3. 


An explicit matrix representation for U; is 


i @g w' 0 w O 
ee ee eo 
0 1 0 w 0 w 
0 w 0 w oe I 
(CD C3) 
w 0 w 0 : §s 


w= lr? (2.6) 

A knowledge of the transformation properties of the 
wave functions belonging to U3, us, and ue, at the 
point ky = ko makes it possible to determine the energy 
E(k) in the neighborhood of k=ko. The Bloch wave 
functions ¥(k,r) satisfy 


h? 
(-—r+Vin)- 208) wiht) =0. (2.7) 


2m 


The Bloch function having the wave vector ko+« can 
be written as 

¥(Kot+x, r)=exp(ix-r)d(ko,r), (2:8) 
where ¢(ko,r) obeys the Bloch condition (2.2). On stuib- 
stituting this into (2.7), one finds 


h? 
(- —V4 V(1)+H1'— Eko+») ) (ket) =0, (2.9) 


2m 


with 


H’ = (h/m)x-p+h'x?/2m. (2.10) 


The operator H’ is invariant with respect to lattice 
translations and therefore connects only states of the 
same k. The problem of determining E(ko+) is there- 
fore reduced to finding the energy change induced on 
E(ko) by the perturbation energy H’; the unperturbed 
energy E°=E(Kko) is doubly degenerate with. wave 
functions “3; and 132. 
It is convenient to set 


(2.11) 


x= (—x« sina, x cosa, 0), 


TABLE IT. Characters of the “small” representations U; of G(U). 








Class 
Representation € Q ra 
U; 1 1 1 
U2 1 1 —1 
U; 2 —1 0 
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with a shown in Fig. 2, and to define the operators p(a) 
by 

p(a)=«-p/x= — p* sina+ p” cosa. (2.12) 
Then, 


H’ = (h/m)xp(a)+h'x?/2m. (2.13) 


The operators 


1 
n'=—(p?+ip”) and 
v2 


1 
w=—(—p*+ipr) (2.14) 
v2 
transform under rotations of coordinate axes according 
to U;. In terms of these operators, 
—f 


p(a) =—(r°e'*+-wIe-'#). (2.15) 
v2 


The matrix elements of r* (S=1, 2) ican be partially 
determined by using the transformation properties of 
the wave functions under the operations of the group 
elements. One finds 


1 
(uy w*u,j)s=->. > #“D,,*(R) 


h R »'s';' 


X*Ds-s(R) ‘Dj j(R) (yyw S'u,j). (2.16) 
Here / is the number (6) of elements, R, in the group; 
‘D;;(R) is the (77) element in the matrix representative 
of the group element R in the ith representation. By 
performing the sums shown in (2.16) and using (2.6), 
Table II, and (2.15) one finds the submatrix of p(a) 
IN M3; and 32 is 


oe 
pla)= -n( ). 
e ia 0 


where fp is a real constant. The reality of po is a conse- 
quence of the Hermitian property of p* and p’. In addi- 
tion to the elements shown in (2.17) there are also others 
which connect “3; with the one-dimensional states. 
Although these are not used in the present section they 
will be in the following one and are listed here. 


P(a)a1;:1=Be-**, 
p (a) s2;11= Bet", 
p(a)s1;21= Ye", 


P(a) 32;21= —yer**. 


(2.17) 


(2.18) 


Here 6 and y are constants not determined by the sym- 
metry but by the explicit wave functions 1,;. 

The result of diagonalizing the perturbation H’, 
(2.13) leads to energy values which are, to first order 
in k, 

E;(ko+«) = E°— (hpo/m)x, 
Eo(ko+%) = E°+ (hpo/m)x. 


The energy surface is a circular cone to first order in 
x, in E, xz, x, space. This result is independent of any 


(2.19) 
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TABLE III. Numerical values of po/h in A™?. 





Po/h Source 

0.25 Wallace* 

0.80 Lomer® 

0.63 present authors 
0.72 McClure® 


® See reference 1. 
» See reference 6. 
¢ See reference 3. 


approximations regarding wave functions and is a 
result of the symmetry of an isolated graphite layer 
with spin-orbit coupling neglected. The tight-binding 
calculations agree with (2.19) in the limit of small x. 

The parameter fo can be determined only with the 
use of explicit wave functions. In terms of Wallace’s 
overlap integral yo, it is 


po= (3)4a(m/h)yo, 


where a is a lattice parameter, 2.456 A.’ Coulson, 
according to Wallace, estimates yo to be 0.9 ev whereas 
Lomer,* using atomic wave functions in a tight-binding 
calculation, estimates it to be 3 ev. The corresponding 
values of po are shown in Table III. In the appendix we 
estimate po by assuming that #3; and w32 can be written 
as Bloch sums of hydrogenic orbitals. McClure’s* value 
was obtained by a comparison of calculated values of 
magnetic susceptibility at high temperatures with ex- 
periment and so is derived from experiment. Our value 
agrees favorably with this. 

The algebraic sign of po is of interest for if po is 
negative, the valence band must overlap the conduction 
band." The argument for this is based on the compati- 
bility relations of the small representations" and on the 
argument that the algebraic sign of at least one of the 
four r-band energy differences is given correctly by the 
tight-binding method. However, it is to be noticed that 
po is positive. 

The effect of spin-orbit coupling on the energy levels 
deserves brief mention. Using the methods described by 
Elliot,” it is found that spin-orbit coupling separates 
the energies E°. However, this requires an admixture of 
atomic states with principal quantum number greater 
than two. This fact combined with the small nuclear 
charge of carbon causes the splitting to be less than 
10~* ev. The details of this calculation are given in 
reference 10. 


(2.20) 


3. THREE-DIMENSIONAL LATTICE 


The three-dimensional lattice has a 180° screw axis 
perpendicular to the basal plane. Similar layers are 


*W. Trzebiatowski, Roczniki Chem. 17, 73 (1937) [see Chem. 
Abstr. 31, 4177 (1936). 

10 J. Slonczewski, thesis, Rutgers University, 1955 (unpub- 
lished). Mic. 56-2314. Microfilm or photostatic copies available 
from University Microfilms, Ann Arbor, Michigan, 1956. 

4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 

2R. J. Elliot, Phys. Rev. 96, 280 (1954). 
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stacked with corresponding A and B atoms above each 
other a distance c apart; these layers are numbered 
1,3,5---. Half-way between these layers are layers 
with A’ atoms above A atoms but because of the rota- 
tion about the screw axis, the B’ atoms do not lie in 
line with the B atoms; these layers are numbered 
2,4,6, ---. A projection of the lattice onto a single 
plane illustrating this structure is shown in Fig. 3. A 
unit cell contains one of each of the four types of atoms, 
A, A’, B, B’. The lattice translations are 


t= 1yti + Motet+ gta, 


where 1), #2, m4 are integers. The vector t, has a magni- 
tude c and is directed parallel to the z axis, perpendicular 
to the planes. 

Two forms of the reduced Brillouin zone are shown 
in Fig. 4. Each is a prism derived from the correspond- 
ing zone of the two-dimensional lattice. The dashed 











Fic. 3. A projection of the graphite lattice on a layer plane. 
The solid (dashed) lines join the projections of atoms of types A 
and B (A’ and B’) in odd (even) numbered layers. 


lines show the usual zone having sixfold symmetry 
about the k, axis. If the layers were separated to in- 
finity, the states with wave vectors lying on the lines 
HH and H’H’ would reduce to those having wave 
vectors LU’ and U’, respectively. It is those states which 
lie near the edges HH and H’H' which are of primary 
interest and, accordingly, the alternative zone repre- 
sented by solid lines is more convenient. A general 
point on the edge HH is denoted by S. 

A group-theoretical analysis of the three-dimensional 
lattice has been carried out by Carter* {and we use his 
results to obtain the wave functions. The group of the 
wave vectors k,,G(S), and its representations are 
shown in Table IV. This is abridged in that the transla- 
tions are not shown explicitly. The translation t,/2 
cannot be factored from G(S). It is to be noticed that 
the origin here is at an A atom whereas the center of 
symmetry for the layer functions ™, and 1» is at O’ 


t See also, C. Herring, J. Franklin Inst. 233, 525 (1942). 
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Fic. 4. Two possible forms of the three-dimensional 
reduced Brillouin zone. 


shown in Fig. 3. The p, used in Table IV is labeled p,”’ 
by Carter. 
An explicit matrix representation of S3 is 


o)=( ), (63 o=( ), (657! 0=( ), 
01 0 w ee 


(0 w 
(p1 pt.) =exp(—iks: ty 2( ), 
0 


Ww 


0 w! 
(p2/ $t,) =exp(—iks- ty 2( ’ 
w O 


1 
), w= bt, 
0 


In the three-dimensional lattice there are four atoms 
per unit cell, twice as many as in the layer model. Each 
layer state must give rise to two three-dimensional 
states at each k. Each of the layer m states, #3:= and 
U32= Ue, give two y’s at Ks. These y’s transform accord- 
ing to the representations in Table IV and are labeled 


0 
(p3/}ts) =exp(—iks: ty my 
1 


TABLE IV. The group G(S) and its small representations. 


Operator Definition 

€ identity 

53, 5373 rotations by +32 about z axis 

Pi, P2, Ps reflections in (¢,;) planes; 7=1, 2, 3 

Repre- Group elements 
sentation (€/0) (63/0), (6371/0) (p1/ $ts) 

Si 1 1 exp(—iks-t,/2) 
Si 1 1 —exp(—iks-t,/2) 
S; 2 —1 0 


| 
| 
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Vis, Wo1, Wai, and W32. They are 


Y=)’ => e'°*#(*+® (p3/(s+4) ty), (3.2) 
V3x2= b=) ,€'**(€/sty)u1, (3.3) 
) 
Wo =—(a—a’), (3.4 
v2 
1 . 
viu= —(at+a’), (3.5) 
v2 
with 
a=) ,e**#*(€/sts) uo, (3.6) 
a’ =) e**#*+)) (p3/(s+4) ty) tse. (3.7) 


The notation is chosen to convey the nature of the 
y’s. If the function a, for example, were written as a 
linear combination of atomic , orbitals, only those 
located on type-A atoms would occur. Analogous 
statements apply to a’, 6, b’, and A’, B, B’, respectively. 
However, for our purposes it is not necessary to assume 
such an expansion. That the wave functions (3.2) to 
(3.7) transform properly can be verified readily in the 
usual way by noting that 


(63/0) = (OQ ES), 
(65/0) =(0/t,), 


(o1/0)=[T1/—3 (t+ 2t2) J, (3.8) 
(p2/0)=[T2/}(2t:+t2) ], 
(p3/0)=[T3 3 (1t:— te) [73/3 (ti—te) J, 
and that 
ks=3K,—3K.+k2.e., (3.9) 


where e. is a unit vector in the z direction. The relations 
(3.8) arise from the different choices of centers of sym- 
metry, that for the layer function and that used by 
Carter. They are written explicitly for the odd-num- 
bered layers. 

The wave functions (3.2) to (3.7) are only approxi- 
mate since the layer functions “; and “: have 7 sym- 


b a 
b E{+F —D(1+r) 
a|—D*(1t+r*)  (EY+Es)+F 
a’) p*D 3(E\°— E,°) 


b’| gD pD* 

Here F=h’x?/2m and D= (hpo/m)xe**. The coefficients 
p, 9,7, are functions of k. which could be determined 
only from explicit wave functions. The elements con- 
taining p and g connect atoms B and A’, B and B’ 
and A and B’, that is to say atoms on neighboring 
layers but not directly above each other as does the 
matrix element connecting a and a’. Such terms though 
not required by the symmetry to vanish are small. The 
particular element in g, though g is small, can be im- 
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metry; they are correct in the limit where overlap 
energies between layers are negligible. For arbitrary 
values of k., other than +7/c and 0, one should include 
layer functions of ¢ symmetry, as well as + symmetry. 
The amplitude of the ¢ component is of the order of the 
overlap energy between neighboring layer atoms using 
m and o wave functions divided by the energy difference 
between x and a states. This overlap energy is less than 
the overlap energy between A and A’ atoms using 7 
functions and this is to be divided by the large energy 
separation between m and o states. We conclude that 
the y’s, though approximate, are satisfactory wave 
functions. 

The energies of the states (3.2) to (3.5) vary with k, 
and will be denoted by E,°(k.), i=1, 2, 3 corresponding 
to the different representations. Possible forms of these 
variations are shown in Figs. 5 and 6. As Table IV 
shows, the energy for an arbitrary point S on HH con- 
sists of two single levels and one doubly degenerate one. 
As Carter’s analysis shows, the two single levels coalesce 
at H, where k,=+7/c, to the value E,(H). The sym- 
metry of the lattice does not require this energy value 
to be the same as the value £;(H) of the doubly de- 
generate level. 

We now calculate the energy in the neighborhood of 
the line HH using the method of Sec. II. We set 
k=ks+x, with «,=0, and calculate E(ks+«) by 
diagonalizing the perturbed Hamiltonian H)+H’ re- 
stricting the matrix of H to be the submatrix in the 
Yim. The assumption here is that connections with 
other states are negligibly small since they are far 
removed in energy. From the formal similarity between 
the small representations of ks in the three-dimensional 
model and those of ky in the two-dimensional model it 
follows that p(a) is represented by matrices of the same 
form in the corresponding manifolds. Using (2.13), 
(2.17), and (2.18) for the matrix elements of p(a) 
connecting different representations and also (3.4) and 
(3.5), the submatrix of Ho+H’ in the orthogonal set 
b, a, a’, b’ is 


a’ b’ 
pD qgD* 
planes lee 3.10 
MEY+ES)+F —D(i+r)| or 
—D*(1+7) Ef+F 


portant since it connects degenerate states. We con- 
clude that the elements in p and r can be omitted. We 
temporarily drop the element in g and return to it 
below. The resulting determinantal equation for the 
energy can be factored to 


Ef+F-E —(h/m) po 
—(h/m) pox Ey+F—E 


E{+F-E — (hpo/m)x =( 
|—(hpo/m)x Ef+F-E| ~ 
(3.11) 
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The solutions of (3.11) are 

E,, E;= $ (EY+E3)+ Li (E,°-- E;°)?+ (h?/m?) por? }}, 

By, E}=4(Ep+E9)4(4(EP—E2)*+ (hpo/m)e}. 
(3.12) 


The signs are chosen in such a way that £;(x=0)=£,°. 
The term F is neglected because it is of the same order 
of magnitude as terms resulting from connections to 
wave functions which have been neglected. The energy 
surfaces described by (3.12) represent the energy, 
therefore, only in a small neighborhood of the lines HH 
and H’H’. For constant k, the energy surfaces in E£, 
Kz, Ky Space consist of four hyperbolas of revolution 
illustrated in Fig. 7. We observe that, depending on the 
order of E*(k.), the valence and conduction bands 
touch [Fig. 6] or leave a gap [Fig. 5]. However, 
within a plane k,=constant the bands do not overlap 
in the approximations we are considering. 

The inclusion of the term in g connecting states b 
and b’, but not the terms in p and r, leads to a compli- 
cated behavior of the energies. One finds, for a=0 


Ey, Es=} (E+ E+ gD’) +[4 (E:’— Es’— qD’)?+-D"}} 
E:, E;} _ } (E°+ E{— gD’)+ [4 (E.°— E?+ qD’)?+ D” }! 
(3.13) 


where D’= (hpo/m)x,. Here again the term F is neg- 
lected. A sketch of the variation of E; with x is shown 
in Fig. 8 for x,=0. The figure has a_ threefold 
symmetry about the £& axis. Such a behavior of the 
energy has been discussed by Johnston.” 


4. DISCUSSION 
In the previous section we derived the expressions 
(3.12) for E;(k.) as functions of x, and x,y. These may 
be used to determine the effective masses of electrons 
and holes in planes perpendicular to the z axis. They 

















Fic. 5. The solid curves show a possible dependence of band 
energy on k, along the ¢ edge of the hexagonal zone. The dashed 
curves illustrate the dependence of energy on x, and x, for con- 
stant k,. A gap separates the conduction and valence bands. 


DPD. F. Johnston, Atomic Energy Research Establishment, 
Harwell Report 7/R-855, 1952 (unpublished); Proc. Roy. Soc. 
(London) A227, 349 and 359 (1955). 
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Fic. 6. Another possible version of Fig. 5. Here the conduction 
and valence bands overlap. Ey is the Fermi energy at absolute 
zero. 


do, however, contain certain parameters which are 
difficult to determine from first principles but conceiv- 
ably can be determined from experiment. These pa- 
rameters are po and those involved in the functions of 
k., E°(k.). So far, only estimates have been made for 
the variations of E,° with k., based on tight-binding 
approximations! ®'*.4 though certain general statements 
can be made in the light of the wave functions (3.2) to 
(3.7). The functions “4; and um» there can be viewed as 
layer analogs to Wannier functions. : 

1. In the tight-binding approximation, ¥:,(H) and 
¥o:(H) are linear combinations of orbitals on A atoms 
and wW32(H) and wWs:(H) are linear combinations of 
orbitals on B atoms. The fact that A and B atoms do 
not experience the same crystalline fields is responsible 
for the difference in the energies E;°(H,) and E,°(H;) 
[or E;°(H;)]. The degeneracy of E,°(H,;) and E,°(H;) 
at the point H, is a consequence of the symmetry of 
the crystal. 

2. The overlap of the layer w functions on nearest 
neighbor layers is sufficient to cause E,°(k.) and E2°(k-) 
to depend upon &,. If only such interactions are in- 
cluded the variation is 


Ey, o{k.) =E\(Ai) +61 cos(ck. val (4.1) 


3. The wave functions ¥3; and 2 as written in (3.2) 
and (3.4) are Bloch sums of layer functions on alternate 
layers. Therefore E;°(k.) depends on k, only by virtue 
of overlaps between layers which are second nearest 
neighbors or more distant neighbors: The largest of 
these are presumably those that arise from second 
nearest neighbors and the resulting energy dependence 
on k, has the form 


E?(k.) =E;(H3)+6.[1—sin2(3ck,)]. (4.2) 


Since nearest neighbor effects, if not forbidden by 
symmetry, should be greater than more distant effects, 


4 J. L. Carter and J. A. Krumhansl, J. Chem. Phys. 21, 2238 
(1953) ; M. Yamazaki, J. Chem. Phys. 26, 930 (1957). 
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Fic. 7. Schematic dependence of band energy on x for 
constant ,, illustrating two possible cases. 


we assume £,° and E,° to vary much more with k, 
than £;°. 

4. If the effect described in 1 is larger than that 
described in 2, there is a gap between valence and 
conduction bands, and this is illustrated in Fig. 5. If 
the reverse is true, a gap exists only in a small neigh- 
borhood of k.=-+-2/c; beyond this there is a touching 
of the valence and conduction bands, as is illustrated 
in Fig. 6. 

5. The form of the bands illustrated in Fig. 6 permit 
the possibility of the existence of free electrons and 
holes. The lowest valley of the conduction band runs 
along the broken curve H,CK¢JH, and the highest 
ridge of the valence band runs along H;CK¢/H;. These 
facts are made apparent by noting the dashed curves 
of Fig. 6 which depict E,° versus x at typical values of 
k, in accordance with Fig. 7. The position of the Fermi 
level at absolute zero is sketched in the same Fig. 6; 
one sees that this lies below the top of the valence 
band at the point Kez and above the bottom of the con- 
duction band at the points C and J. The relatively 
small variation of E; with k, then accounts for the small 
number of electrons and holes and a consequent low 
value for the degeneracy temperature. 

6. The variation of the energies with x as given by 
(3.12) leads to effective masses for the electrons and 
holes which are variable with x in the (x,y) plane. 

7. The discussion above is based on the energies as 


Fic. 8. A portion of Fig. 
7(a) enlarged to illustrate 
the effect of a higher order 
approximation. 
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described by (3.12). These omit the connection in 
energy between the degenerate states E;°(k.). When 
this is taken into account, the energies are modified 
and are described by (3.13). The behavior of the sur- 
faces are shown in Fig. 8. The curve WSN YZ lies in 
the conduction band and RSTYV lies in the valence 
band. An overlap can occur since the point Y need not 
have the same energy as that of S. In addition, the 
rotational symmetry of the energy surface about the 
E axis of E,x;,«,, space is destroyed. This type of 
energy surface has been discussed by Johnston.” We 
have not been able to assess the importance of this 
effect. 

It is possible that the parameters which determine 
the energy bands of graphite may be determined em- 
pirically. Considerable progress in this direction has 
been made by McClure!® through an analysis of the 
de Haas-van Alphen effect. He finds that bands of the 
form shown in Fig. 6 can explain this effect. 


APPENDIX 


In this appendix, the parameter po, defined in (2.17), 
is estimated by writing #3; and 3: as Bloch sums of 
hydrogenic orbitals. From Eqs. (2.12) and (2.17) it 
follows that the function 


1 
Wo= —(Uz2— U3) (a.1) 
v2 
has the eigenvalue po for p,. Therefore, 
po= fwot(0) paver). (a.2) 
One can write the Fourier series 
wo(r) = (1/2r)>>.c(k.+K, 2) exp[i(k.+K)-r],  (a.3) 


with 


2r 
c(k,+K, z)= ff exp[ —i(k.+ K)-r}wo(r)dxdy, 


the integration being taken over a two-dimensional 
unit cell of area 2. The vector K isa reciprocal lattice 
vector, 

K=/,K,+1.K». (a.4) 
Then, 


+0 
poh E(k +R), f \c(ky-+K, #)|2ds. 


4 


The representation displayed in (2.6) requires the 
following form of wo when written as a Bloch sum of 
atomic 2. orbitals represented by /(r): 


wo(r)~> exp(ik, -t)[f(r—ts—t)— f(r—tg—t)]. (a.5) 
t 


18 J. W. McClure, Phys. Rev. 108, 612 (1957). We are indebted 
to Dr. McClure for a discussion of his work prior to publication. 
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The summation is carried over the two-dimensional 
lattice. The Fourier coefficients are proportional to 


c(ka+K, Ef f expl—itk.+K)- (0) 
.*s 
XCf(r—ta)—f(r—ts) |dxdy (a.6) 
~ fexp[—i(k.+K)-t.]—exp[—i(k.+K)-ts]} 
xf f expl—i(k.+K)-r]f(r)dxdy.  (a.7) 


We choose the origin of the coordinate system to be 
at the midpoint of the line A9Bo (see Fig. 3) and set 


S=h—lo+1; (a.8) 
then, 
(ku +K) -t4=— $75, (a.9) 
and 
c(k, +K, z)~sin}7Sn(|k,+K}, 2), (a.10) 
where 
n({k,+Kj}, z)= Sf expl—i(k, +K)-r]/(r)dxdy. 
(a.11) 


The function 7 is independent of direction of k,+K 
since f(r) has cylindrical symmetry about the z axis. 
The coefficients c(k,,+K, z) are odd inzand in (k,+K),. 
One has, ther 


ho «@ 
po== dX +S sin?(4xS) (Ruyt+Ky) 
ly=-o« S=1 


xf [n(kutK, 2) Pds, (a.12) 
0 


where J is a normalized constant, 


J= x +2 sin bn) f (n(k.+K, z) Pdz. (a.13) 


l= S=1 
We let f(r) be hydrogenic in form 
f(r) =Ze~ 272, (a.14) 


where dy is the Bohr radius and Z is the effective nuclear 
charge. The integration indicated for n can be carried 
out in closed form and leads to 


n(k,z)~B-“[Bz+ (Bz)? Je-*, (a.15) 
with 
B=(k2+k7+(Z/2a)*}}. 
However, : 
f Grea rac~e. (a.16) 


By substituting (a.15) into (a.12) and (a.13), one can 
evaluate po. 
We use the value 


Z/2a=1.59 (Bohr radius)“, 


as obtained by Zener'® in a Hartree approximation to 
atomic carbon wave functions. With this value, the 
series in (a.12) and (a.13) converge rapidly. Replacing 
each series by the sum of the five largest terms, we find 


po/h=0.63 A“. (a.17) 


16 C, Zener, Phys. Rev. 36, 51 (1930). 
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Superconductivity in the Periodic System 
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The empirical regularities in the appearance of superconductivity in the periodic system discussed by 
Matthias are considered in the light of the microscopic theory of superconductivity proposed by Bardeen, 
Cooper, and Schrieffer. A simple model of electrons and ions interacting via screened Coulomb forces is 
used to describe the electron-lattice interaction. With the aid of this model, it is shown how the theory of 
Bardeen, Cooper, and Schrieffer provides both a satisfactory criterion for the appearance of superconduc- 
tivity and a good qualitative account of the variation in transition temperature from one metal to another. 





I. INTRODUCTION 


ATTHIAS'! has emphasized a number of inter- 

esting regularities in the appearance of super- 
conductivity in the periodic system. These regularities 
hold for elements, compounds, and alloys and appear 
to be a property of only the average number of valence 
electrons Z and the electron density NV, in the solid. 
Some of the most important regularities are: 


(1) Superconductivity is observed only for metals. 

(2) Superconductivity is found only in elements for 
which 2<Z<8. Essentially the same rule applies for 
compounds, though in the latter case one may find 
superconductors with Z slightly less than 2 or slightly 
greater than 8. 

(3) No ferromagnetic 
stances superconduct. 

(4) Certain regularities are apparently connected 
with crystal structure. No superconductors have been 
found which do not possess a center of inversion. No 
superconductors have been found in certain space 
groups, notably that similar to Cd I. 

(5) For a given Z the transition temperature 7, 
increases as a high power of the interelectron spacing r,. 
This spacing r, is defined by 


or antiferromagnetic sub- 


rag = (3/4rN,)}, (1) 


where do is the Bohr radius. 

(6) No such regularities are observed for metals with 
Z=2 or Z=8. 

(7) The variation of JT, with valency, Z, is that 
shown in Fig. 1. Note that the nontransition and 
the transition metals display a markedly different Z 
dependence. 


Recently, Bardeen, Cooper, and Schrieffer? have 
proposed a microscopic theory for superconductivity 
which yields an energy gap of the right order of magni- 
tude and reasonable values for other superconducting 
parameiers (7,., penetration depth, etc.) provided one 
fixes a certain parameter, V, which measures the average 


1B. Matthias, in Progress in Low Temperature Physics, edited 
by C. J. Gorter (North-Holland Publishing Company, Amster- 
dam, 1957), Vol. 2. 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957). 


strength of the net interaction between electrons very 
close to the Fermi surface. Both the screened Coulomb 
repulsion between the electrons, and the phonon- 
induced electron-electron interaction (which is attrac- 
tive for electrons sufficiently close to the Fermi surface) 
contribute to V. The criterion for superconductivity is 
that V be negative; i.e., the phonon-induced attractive 
interaction must predominate over the short-range 
Coulomb repulsion. 
In the BCS theory,” the critical temperature, 7, is 
given by 
kT. =1.14 hw) exp{—1/[N(0)V J}, (2) 


where (fiw) is the average energy of the phonons which 
scatter electrons at the Fermi surface, and (0) is the 
density in energy of electron states on that surface. 
Thus a knowledge of V will enable us to calculate 7,. 
In this paper we consider the calculation of V from 
first principles. Our aim is to deduce the Matthias 
regularities from the BCS theory. Obviously, in the 
present stage of development of the theory of solids, 
such a deduction cannot be detailed and quantitative. 
Thus we cannot hope to obtain accurate values of T, 
for all superconductors. [Everything else aside, the 
fact that T, depends exponentially on NV (0)V puts such 
a goal beyond our grasp. ] The best that we can hope 
for is a “microscopic qualitative” understanding of the 
Matthias regularities. By this we mean an understand- 
ing based on detailed quantitative calculations carried 
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Fic. 1. The behavior of 7, as a function of Z (after Matthias’). 


5 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957), 
hereafter referred to as BCS. 
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out with an oversimplified model for the interaction 
between electrons and ions in superconductors. Such a 
model may be regarded as adequate if (1) it yields the 
gross features of the occurrence of superconductivity 
in the periodic system, and (2) the known inadequacies 
of the model are consistent with the experimental 
observations. 

The Matthias regularities furnish us with a useful 
hint in the choice of a model. Matthias finds that the 
properties of superconductors seem more closely linked 
to valency and interelectron spacing than to details 
associated with crystalline structure. We accordingly 
choose a model which is comparatively insensitive to 
the effects of lattice periodicity, viz., a set of electrons 
and ions interacting via screened Coulomb forces, in 
which all relevant matrix elements are evaluated by 
treating the electrons as plane waves. We find the model 
leads to a criterion for superconductivity which dis- 
tinguishes quite well between the superconducting and 
nonsuperconducting metals. Where the criterion fails, 
its failure may be attributed to the known inadequacies 
of the model. When we turn to the calculation of V(0)V, 
and hence 7,, we find that the model yields results 
which are qualitatively correct, but quantitatively in 
error. Again one can understand easily where the 
model is inadequate and its failings are in the right 
direction to explain the quantitative discrepancies. 
The difference in the behavior of 7, as a function of Z 
for the nontransition and the transition metals may 
be qualitatively understood, as may the variation in 
T. with r, for a fixed Z. Thus, we are able to achieve 
our aim of a microscopic qualitative understanding of 
the empirical regularities observed by Matthias. 

In Sec. II we define and calculate V. We discuss in 
some detail the present knowledge of the matrix ele- 
ments which enter into V before making our simple 
approximate calculation. Section III is devoted to a 
discussion of the criterion for superconductivity. In 
Sec. IV we consider the variation in 7, in the periodic 
system, while in Sec. V we summarize the conclusions 
to which we have been led in the course of. these 
investigations. 


II. CALCULATION OF V 


Let us recall certain relevant aspects of the BCS 
theory. BCS begin their considerations with the effec- 
tive Hamiltonian for electron interaction in a metal. 
The Hamiltonian may be written as *° 


H=HeoutApn, (3) 


where Hcou represents the effective screened Coulomb 
interaction between the electrons and Hy,» is the 
phonon-induced electron-electron interaction. If we 
follow BCS, and confine our attention to those inter- 
actions which scatter a pair of electrons of opposite 


4H. Fréhlich, Proc. Roy. Soc. (London) A215, 291 (1952). 
5 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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momentum and spin (kt, —kJ) to another pair state 
(k't, —k’y), the interactions take the form 





Hoou=} i U(k—k’)Cy*C_x*C_iCx, (4) 
kk’ 
2hoM 2(k—k’)Ce*C_p*C_Cr 
in=} ae 


kee (Ex— Ey )?— Pore? 


The C;,’s are the creation and annihilation operators 
for electrons in Bloch states (the spin index being 
understood since we deal only with pairs of electrons 
of opposite spin). U(k—k’) is the matrix element for 
the Coulomb scattering of an electron from state k to 
k’. M,(k—k’) is the matrix element for scattering from 
k to k’ (with emission of a phonon of wave vector q) 
due to the electron-ion interaction; it is calculated for 
zero-point amplitude of the lattice vibration. E, and 
E,. are the energies of the corresponding Bloch states, 
and w,—. is the frequency of the phonon q which 
couples the states k and k’. 

BCS remark that (5) corresponds to an attractive 
interaction for electrons of sufficiently close energies. 
They work with variational wave functions designed 
to take maximum advantage of this attractive inter- 
action, and they make the assumption (which later 
turns out to be self-consistent) that the important 
electronic states of interest are those very close to the 
Fermi surface, such that 


Ey. — Ey Khayp. 


They are then able to introduce an averaged strength 
of the net electron-electron interaction at the Fermi 
surface, 


M2(k’—k) 
-v=(-2——_+u("-»)) , (6) 
Iu (k' — k) Ay 


where the average is to be carried out over all electrons 
at the top of the Fermi distribution. With the aid of V 
and the foregoing approximations, the effective Hamil- 
tonian, (3), may be written as 


H= a Di VCu*C_x*C_iCi, (7) 
kk’ 
where the prime indicates the sum is to be carried out 
only over the electron pair states. The Hamiltonian 
(7) forms the starting point of the BCS theory. —V is 
taken as an arbitrary parameter, and is assumed to be 
negative. 

The calculation of V requires a knowledge of the 
actual electron-electron and electron-ion interactions 
for the electrons on the Fermi surface in the metal 
under consideration. The coupled system of electrons 
and ions in a metal displays the following general 
behavior. Because the ions are heavy and slow, when 
they move the conduction electrons respond quite well 
to their motion, cancelling out the great portion of the 
ionic field. Thus, the effective field seen by a given 
electron or another ion is that of the ion plus its associ- 
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ated shielding electrons. In the same way, the effective 
interaction between electrons is a screened, short-range 
Coulomb interaction because an electron at a distance 
much greater than the individual electronic spacing 
sees not only a given electron but also its associated 
electronic shielding cloud. The validity of this general 
picture has been established in detail for the free- 
electron gas® and for the coupled electron-ion system.° 
It has recently been shown that in the nontransition 
metals periodicity will affect the response of the elec- 
trons to each other and to the ionic motion only very 
slightly.? 

Consider the electrons at the Fermi surface. If we 
assume that all charged-particle interactions in the 
metal are pure Coulombic (a not unreasonable assump- 
tion), the direct interaction between the electrons is 
The electron-ion interaction is 


given by e/|r;—r;). 
Z*e/\r,—R,|, where Z* is the effective ionic valency 


seen by the electron. If we approximate the electrons 
as plane waves, the matrix elements in which we are 
interested are given by 


4re’ 
U%(k—k’)=———.,, (8) 
k—k’|? 


InZ*ei 7N\i fh} 
M(k—k’)=— -( - ) (—) (9) 
k—k’ \M 2sq 


where s is the longitudinal sound velocity and N and 
M are the ionic density and mass. 

The electrons at the Fermi surface interact with the 
other electrons in the metal, and it is this interaction 
which shields out the field of a given electron within a 
distance of the order of the interelectronic spacing. The 
most complete calculation of the effect of this shielding 
on the matrix elements (8) and (9) has been given in 
a paper by Bardeen and the writer®; the results are 





4rre? (k—k’)4 
U(k—-k)=>— | ~ a } 
k—Kk’ |? 8m?[w,p?+ (k—k’)?00? (2) ] 
Ik—k’| <k., (10a) 
U(k—k’)=U%k—-k’), |k—k’]>&, (10b) 


4nZ*ei Nh! 
ania somerntiti (——), 
k—k’| e(|k—k’|) \Mf 2sq 


k—k’|k, (11a) 


M ,(k—k’)=M°(k—-k’),  |k—k’| >k, (11b) 
where &, is the maximum plasmon wave vector, and 1% 
is the velocity of an electron at the top of the Fermi 
distribution. The quantity ¢(&) is the dielectric constant 
of the metal for wave vector k calculated in the free- 


®*D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
7 P. Noziéres and D. Pines, Phys. Rev. (to be published). 
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electron approximation; it is given by 
4k — Rk? ~ 
n 
Skok 2ko— k| 





1 
Re(k)=h+k, el |. (12) 





=e+R? 


where k, is the inverse Fermi-Thomas screening length, 
defined by 


(k,/ko) =0.814r,!. (13) 


In the derivation of (10) and (11) the long-wave- 
length response (k<k.) of the electrons to the motion 
of a given electron or ion is calculated quite accurately 
through the introduction of the plasmon modes; the 
short-wavelength response (k>k,) is neglected. Bar- 
deen® has calculated the short-wavelength response of 
the electrons to the ionic motion using the Hartree 
approximation, which begins to fail somewhat in this 
region. His result is identical with (11a), so that it 
extends (11a) into the short-wavelength region. 

Further complications arise with the electron-electron 
interaction matrix elements. There are no calculations 
available for the short-wavelength response (although 
undoubtedly some screening persists), and the long- 
wavelength matrix element, (10), is altered somewhat 
by subsidiary conditions which act on the electronic 
wave functions. However, recently Noziéres and the 
writer? have shown that when one can separate out a 
minority group of electrons at the Fermi surface, their 
effective interaction (for low-frequency excitations) 
may be written as 


dre? 
(10a’) 





U (k—-k’)=—— ; 
(k—k’)*e(|k—k’|) 


where e¢ is defined by (12). In other words, the effect of 
the subsidiary conditions on (10a) is the slight alter- 
ation, (10a’). Again, (10a’) should not be regarded as 
completely reliable because of the complications which 
arise in separating out the electrons at the Fermi 
surface, as discussed in reference (9). 

On the basis of the foregoing considerations, we 
believe that the following expressions for the relevant 
matrix elements, 





dre? 
U(k—k’)=—_—__—__, (14) 
(k—k’?+h2 
4nZ*ei|k—k'| sh Nv} 
M,(k—k’)= ———(—_), (15) 
(k—k’)?+k2 \2sq M 


represent a simple, tolerable approximation for all 
values of |k’—k|. Of course we could have decided on 
(14) and (15) at the outset; the purpose of the discus- 
sion above was to compare this choice with the best 
available values for the matrix elements. As will be 


® J. Bardeen, Phys. Rev. 52, 688 (1937). 
* P. Noziéres and D. Pines, Phys. Rev. (to be published). 
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seen below, there is good reason to believe that the 
approximation made in our use of (14) and (15), rather 
than some other ‘“‘plane wave” matrix elements, is the 
least of our difficulties. 

Two cases arise for the electron-ion matrix element, 
(15). These correspond to the long-wavelength normal 
processes (V processes), for which |k’—k| <kp, and 
k’—k=q; and the Umklapp processes (U processes), 
for which |k’—k| >&p, and k’—k=q+Ky, where Ky 
is a reciprocal lattice vector.’ For the U processes we 
make the further approximation that g~ kp, an approx- 
imation which certainly underestimates the effective- 
ness of the U processes. Finally, we remark that within 
the spirit of the approximation which yields the 
expressions (14) and (15), we should take as the ion- 
ion interaction, (Z’e?/| R;—R;|) exp{—k,| Ri—R,) }. 
This latter approximation leads to a sound velocity s, 
given by® 


(16) 


For Z*, the ion valency, which determines the 
effective number of electrons taking part in the screen- 
ing processes and the state density at the Fermi surface 
(V.=Z*N), we shall take the number of electrons 
outside the last closed shell or the number of holes in 
the last shell, whichever is the smaller. In the case of 
a compound or alloy Z* represents the average valency, 
defined according to this prescription. Evidence that 
this is a good approximation for the number of electrons 
free to take part in screening processes in the non- 
transition metals comes from the plasmon spectrum of 
solids." 

With the foregoing approximations, we find the 
following expressions for V : 


(1) .V processes 


( 4a N(Z*)?e* dre’ 
= one sb 


M [kW +k st(k—k'} 
dre’ 
alii 


7 : ) , (17) 
(k—k’)?+k,? Ay 
where the average is to be carried out over |k’—k!| <kp. 
(2) U processes 
4nN (2*)*e* 
wad 
M 


(k—-k’)? 
C(k—k’?+k2P stk? 


dre? 


dre? 





). (18) 
(k—k’)?+2, Ay 


1 As has been emphasized recently by H. Jones [Handbuch 
der Physik (Springer-Verlag, Berlin, 1956), Vol. 19, p. 227], the 
separation of scattering processes into U’ processes and N processes 
is somewhat arbitrary for polyvalent metals. However, this 
simple separation appears to be the only procedure we might 
adopt which, within the spirit of our general approach, has some 
chance of proving useful for a wide variety of metals. 

1]. Pines, Rev. Modern Phys. 28, 184 (1956). 
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where the average to be carried out over |k’—k| >&p. 

We first remark that — Vy is always positive, so that 
N processes alone would never yield a sufficiently 
attractive phonon-induced electron interaction to give 
superconductivity. To see this, substitute (16) and 
(13) into (17); one finds 


re 
anit V n=— 
ko 0 


where we have made use of 


k’—k| = 2k sin(6/2) = 2kox, 


1/(4Z*)4 1 @ 


dx 20 |— : 
(a?+a?)? 


x’+<a? 


6 being the angle between k and k’, and we define 


a?= (4/9r*)'r,=r,/6.02. (20) 


Since the maximum value of r, is 5.57 (for Cs), it is 
clear that the integrand of (19) is always positive, so 
that —Vw is always positive. On carrying out the 
indicated integrations, one finds for the parameter of 
direct interest in the BCS theory, 


9 


1+a@ 
—V(ov =| [1 (4Z*)%a? | in( ) 
r 


(42*) ia? 
1+¢’ 





+ (4Z*)ia? ) 


1 
+(4Z*)!a? in-( 
(4Z*) ia? 


-1} (21) 


We have used the free-electron value of N(O) in 
obtaining (21). We see that with our model, V(0)V 
depends only on Z* and on the interelectron spacing. 


III. CRITERION FOR SUPERCONDUCTIVITY 


The criterion for superconductivity in the BCS 
theory is that —V be negative. In Fig. 2 we plot the 
relation V =O, derived from Eq. (21), as a function of 
Z* and r,. We thus have a smooth curve, which should 
accordingly distinguish between superconductors and 
nonsuperconductors (the superconductors should be 
found above the curve). For comparison we have 
indicated the positions of the various superconducting 
and nonsuperconducting elements which are metals. 
We have omitted those elements which are ferro- 
magnetic, or antiferromagnetic, as well as the semi- 
metals and semiconductors; we discuss these below. 

We see that the requirement that our expression, 
(21) be negative furnishes a rather accurate criterion 
for the appearance of superconductivity in the periodic 
system. The reason that for a fixed r, a larger Z* 
favors superconductivity lies in the increased impor- 
tance of the U processes, which enable the attractive 
interaction to play a more important role. For the 
same reason, for a fixed Z* an increased value of r, 
favors superconductivity. 

We see that our criterion is in worst shape for Z*=2; 
this is also the region for which Matthias observes no 
regularities. Such a situation is not surprising. It is for 
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Fic. 2. The critical r, for superconductivity as a function of Z*. 
The superconducting elements are denoted by 4+; the nonsuper- 
conducting elements by @. 


just this region that our major approximation, the neglect 
of periodicity in the evaluation of our matrix elements, 
may be expected to be at its worst. In the absence of 
band overlap, there are just enough electrons to fill the 
Brillouin zone. Of course there is overlap, so that ele- 
ments with Z*=2 are metals, but we may still expect 
the proximity of the Brillouin zone boundaries to alter 
markedly the electronic wave functions. Hence we may 
expect the failure of regularities which are insensitive 
to effects of periodicity, as are the Matthias rules, and 
predictions based on our result, (21). A similar situation 
should not occur for Z*=4 or 6, because here the 
Brillouin zones are sufficiently complex, and overlap is 
sufficiently large, that periodicity plays a much less 
important role. 

We do not predict superconductivity for the trivalent 
metals, Ga, Al, and Re. Again this result is not sur- 
prising, because in approximating Vy we have replaced 
hw by k@p, an approximation which certainly under- 
estimates the attractive contribution there. We accord- 
ingly expect our criterion to be somewhat on the 
pessimistic side, and it is. (On the other hand, in 
improving our estimate of V, we would not expect the 
monovalent elements to become superconductors, since 
the relative importance of the U processes increases 
with increasing Z*.) 

On the basis of these considerations, we expect the 
following metals to become superconducting: Sc, Y, 
Pa, Mo, and W. A similar conclusion has been reached 
by Matthias! on the basis of his empirical regularities. 

It is also clear from Fig. 2 why semimetals are not 
superconducting: Z* is far too small. In a metallic 
phase they are superconducting. Hence we expect that 
metallic As and Sb, if made, will be superconductors. 
A similar conclusion doubtless applies for the semi- 
conductors, Se, and Te, though the case of degenerate 


semiconductors in general deserves further consider- 
ation. 

Ferromagnetic and antiferromagnetic metals are not 
superconducting for a rather different reason. We re- 
mark that in Eq. (21) there is a near-cancellation 
between the contributions from the attractive phonon- 
induced interaction and the repulsive Coulomb inter- 
action. Hence any factor which prevents the electrons 
from taking maximum advantage of the attractive part 
of the phonon-induced interaction will strongly inhibit 
superconductivity. As BCS have shown, the phonon- 
induced interaction is most attractive when we work 
with variational wave functions containing paired 
electrons of opposite spin and momentum. Such pairing 
is opposed by the exchange interactions between the 
electrons in those metals which display ferromagnetic 
or antiferromagnetic behavior; in fact the energy gain 
from the exchange-induced spin correlations is large 
compared to that achieved in a superconducting 
transition at absolute zero. Hence ferromagnetic or 
antiferromagnetic metals should not superconduct. The 
rare-earth metals should not be superconductors for a 
similar reason: the unpaired electron spins prevent the 
electrons from taking proper advantage of the phonon- 
induced electron interactions. 

Let us now turn to the possible influence of crystalline 
structure on the appearance of superconductivity. Our 
expression (21) is, as we have remarked, not dependent 
on the crystalline structure. However, if we improve 
our treatment of the U processes, by taking q=k’—k 
+K,, in the matrix elements deriving from (15) which 
appear there, a dependence on crystalline structure 
emerges. We have carried out preliminary calculations 
using an improved model for the U processes, that 


TaBLeE I. N(0)V for the superconducting elements. 7. and 64 
are taken from the American Institute of Physics Handbook; 
the values of r, and 64 indicated by an asterisk are estimated. 
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introduced by Jones” for the monovalent metals. The 
principal difficulty in carrying the calculations through 
arises from the large number of reciprocal lattice vectors 
which are of importance in the U processes. The use of 
the Jones model does bring in a slight dependence of 
T. on lattice structure. Face-centered cubic and body- 
centered cubic metals of equivalent Z* and r, have 
negligibly different values of V(0)V, while hexagonal 
close-packed metals (again with the same Z* and r,) 
should show a slightly higher transition temperature 
than their cubic counterparts. 

We believe that metals without a center of inversion 
fail to superconduct because the number of useful U 
processes available to the electrons is markedly reduced. 
In other words, the effects of crystalline symmetry 
(rather, here, the lack of it) are such as to prevent the 
electrons from taking maximum advantage of the 
phonon-induced attractive interaction. In general we 
expect crystalline symmetry to play a role through the 
U processes.* 

Finally we remark that we expect the conclusions of 
this section apply equally well to superconducting 
compounds and alloys, an expectation which is certainly 
borne out by the Matthias regularities. 


IV. VARIATION OF 7, AND N(0)V 


In the BCS theory, 7, is given by Eq. (2). It may 
vary from one metal to another because (fw), varies 
(and this variation yields the isotope effect), or because 
N(0)V_ varies, the latter variation being the more 
important. We are primarily interested in the behavior 
of N(O)V, since it is this quantity which reflects the 
electronic behavior. [We remark that in searching for 
empirical regularities amongst the superconductors it 
would now seem more sensible to compare T./(hw) for 
various superconductors, rather than T,. | In Table I, 
we give our determination of V(0)V for the supercon- 





Te 
s 4. Py 


rn rn 4 4 rm 4. 
7 iP) i) . 22 2.3 24 2.5 26 27 











Fic. 3. V(0) VV for the superconducting elements as a function of r, 
*H. Jones, in Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 19, p. 227. 

13 For the purpose of this discussion we regard the behavior of 
the electrons in metals with Z=2 or 8, or the variation in state 
density in the d band in transition metals, as having origins 
elsewhere. 
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Fic. 4. V(0)V for the superconducting elements as a 
function of r, for different Z*. 


ducting elements, under the assumption that (Aw)s 
=§p/2. The results are displayed in Figs. 3 and 4. We 
see that the regularities of Matthias still persist for 
N(0)V (although of course in weakened form, since we 
have removed the exponential dependence) : 


(1) For a given Z* (aside from the divalent metals), 
N(0)V increases with increasing r,. 

(2) For the nontransition elements, there is an 
increase of V(0)V with increasing Z*, for metals with 
approximately the same r,. 

(3) The variation of V(0)V with Z* is quite different 
for the transition elements; for roughly the same r,, 
N(0)V displays the same periodic variations (though 
correspondingly less marked) that 7. does in Fig. 1. 


Similar results hold for the superconducting alloys and 
compounds, 

We first remark that our calculated values of NV (0)V 
fall well below the experimental values. [For example, 
we obtain V(0)V =0.074 for Sn. | Again, the reason we 
underestimate the attractive phonon-induced electron- 
electron interaction is our underestimate of Vy. In 
carrying out the calculations leading to (21) our two 
principal approximations tend to cancel one another. 
By neglecting the influence of the periodic potential on 
the electronic wave functions, we overestimate the 
matrix elements, U(|k’—k|) and M,(\k’—k|), while 
our use of kp for the U-process phonon wave vector 
leads to an underestimate of Vy. Qualitatively, it is 
clear that the net effect of improving both approxi- 
mations will be in the right direction, since the perio- 
dicity correction will reduce both M,(\k’—k|) and 
U(|k’—k|) by roughly the same amount, while an 
improved treatment of the U processes will increase 
only M?(k’—k)/hw. Thus N(0)V for all supercon- 
ductors will be increased over the values predicted by 
(21). 
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Fic. 5. Density of states in the 3d band (after Daunt"). The 
circles give the density of states, N(E£) at the Fermi level as 
deduced from the observed electronic specific heats for the metals 
as marked. The shaded path indicates the possible region in which 
the N(E) values for the other, as yet unmeasured, transition 
metals may fall. 


Despite our lack of quantitative accuracy in the 
calculation of V(0)V, we may still draw certain quali- 
tative conclusions of interest concerning its variation 
throughout the periodic system from (21). We find that 
(21) yields results for V(0)V which are consistent with 
regularities (1) and (2) above [or with the Matthias 
regularity (5) and that part of (7) applying to the 
nontransition elements |. These results are obvious from 
inspection of Fig. 2, which tells us that —N(0)V 


becomes more negative with increasing 7, for a fixed Z*, 


or with increasing Z* for a fixed r,. 

The situation is quite different for the transition 
metals, a difference which we believe can be traced to 
the variation in the density of states in energy in the 
d band with valency. The close relationship between 
the variation in T, and the d-band state density (see 
Fig. 5) has been pointed out by Daunt™ and Matthias.' 
Let us see how it might follow from the BCS theory." 

In (21), the dependence of V(0)V on the state 
density (0) is not particularly simple, since the state 
density in the free-electron theory is proportional to 
r,*, and hence to (1/a’). The rather complicated 
dependence is due to the fact that the value of V, in 
(21), is quite sensitive to the value of the screening 
radius &,' we assume. For our simple model, 
k,«x[{N(0) }-', and the variation of V with k, tends to 
counterbalance the appearance of (0) in the expression 
N(0)V. This conclusion appears to be valid for the 
nontransition metals. Let us now consider the transition 
metals. 

The physical situation for the coupled electron-ion 
motion in the transition metals differs substantially 
from that obtaining in the nontransition metals. The 
overlap of the s and d bands, with their quite different 
state densities, leads to rather complex electronic be- 


13 J. Daunt in Progress in Low Temperature Physics (North- 
Holland Publishing Company, Amsterdam, 1955), Vol. 1, p. 202. 

4 The ideas in the remainder of this section were developed in 
collaboration with P. Noziéres. 
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havior, which cannot be analyzed on the basis of the 
foregoing simple model. Consequently, we shall only 
endeavor to present a qualitative account of the elec- 
tronic behavior, and the way in which it may account 
for the superconducting properties of the transition 
metals. The ideas which follow are intended to be 
suggestive of how an account of that behavior may be 
formulated, rather than representing the fruits of such 
a formulation. 

The basic difference between the transition metals 
and the nontransition metals is that the effective 
screening wavevector, which so largely determines V, 
is not simply related to the state density V(0). As a 
result V(0) and V are more nearly decoupled in the 
transition metals. One therefore expects a transition 
temperature which varies more nearly as exp[ — .V (0) ], 
where (0) is determined almost entirely by the 
“d’-band state density, that being much higher than 
the corresponding ‘‘s”-band density. Such a variation 
accounts quite well for the variation of 7, with Z* in 
the transition elements, since the appearance of (0) 
in the exponential certainly emphasizes the role of the 
state density. 

Let us consider the problem in more detail. We have 
both Coulomb repulsive and phonon-induced attractive 
interactions between d electrons, between d electrons 
and s electrons, and between s electrons. In the BCS 
theory, because it is a variational approach, only the 
“d-d” or “s-s’”’ interactions will be of importance. 
Hence, the s-d interaction plays a role only as, in 
higher order, it modifies the ‘‘direct”’ “‘d-d” and ‘‘s—s”’ 
interactions. The s electrons are fairly mobile, and 
behave very much like the nontransition element elec- 
trons. Thus, their effective interaction, and their contri- 
bution to V(0)V, may be expected to go in much the 
same fashion. However, as we have mentioned, the d 
band is responsible for the major portion of the state 
density at the Fermi surface. As a result, we may 
expect that it is the d-d interactions which are of 
primary importance for superconductivity, and the 
role played by the ‘“‘s-s” electron interaction may be 
neglected to a good degree of approximation. 

For the short wavelengths in which we are interested, 
the screening of the interaction between the ‘‘d”’ elec- 
trons cannot be as complete as that implied by the use 
of a Fermi-Thomas model which contains the ‘“d”’ 
electron state density.!* The effective screening action 
of the “d” electrons appears to be nearly constant 
throughout a given transition-metal series (extending, 
indeed, to those metals just beyond). Evidence for 
such behavior may be found in the plasmon spectrum 
of the metals," where there is observed a nearly constant 
plasmon energy (of ~22 ev) from Ti through Zn, for 
instance. 

18 J. Friedel, Nuovo Cimento (to be published). We should like 


to thank Professor Friedel for an illuminating discussion on this 
question. 
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Again, it is not unlikely that the phonon-induced 
‘‘d-d” interaction is fairly constant for the transition 
metals with Z between 3 and 7. The matrix elements 
for the scattering of a ‘“‘d’’ electron from one valley to 
another are the ones of importance (corresponding to a 
large k’—k) and these would not be expected to vary 
radically with changes in Z* or r,. Thus we are led to 
take V as approximately constant for the transition 
elements, confirming the speculations above. It should 
be emphasized that V is not strictly constant, as a 
comparison of V(0)V with the known values of NV (0) 
quickly discloses. 

The above considerations appear consistent with 
experiment for the variation in Z* with r, fixed. Com- 
pare, for instance Nb with Ta for Z*=5, or the transi- 
tion elements with Z*=4 with those with Z=3, 5, or 7. 
It should be noted that once we consider appreciable 
changes in r,, the quantity .V(0)V is no longer simply 
related to V(0). Thus Zr and Ta have larger values of 
N(O)V than Ti and V, respectively, despite the fact 
that the latter pair possess the larger values of (0). 
We note also that the values of .V(0)V for the transition 
metals with Z*=4 lie substantially below their counter- 
parts for Sn and Pb. It appears that .V(0)V is somewhat 
smaller for the transition metals than for the normal 
metals, where the state densities are roughly com- 
parable, and that the large values of V(0)V for the 
transition metals should be attributed to large values 
of V (0). 


V. CONCLUSION 


The BCS theory, together with the simple model of 
electrons and ions interacting via screened Coulomb 
interactions, affords a good qualitative understanding 
of the appearance of superconductivity in the non- 
transition elements. We may also understand qualita- 
tively the different behavior of the transition elements. 
Can we go beyond this, without carrying out detailed 
calculations of the electronic wave functions for each 
individual metal ? 

The variation of the portion of V(0)V arising from 
Heoui is comparatively smooth. In fact on our simple 
model this part depends only on r,. It seems therefore 
likely that the inclusion of various effects of periodicity 
will not markedly alter the contribution Heou; makes to 
N(0)V. The complications reside in the contribution 
made by Hy», which does seem sensitive to the details 
of the calculation. One might hope that one could 
estimate the latter from the resistance of the metal in 
question, .since at first sight the relaxation time and 
this part of V(0)V depend only on slightly difference 
angular averages of M,(k—k’). Such is indeed the case 
for any metal for which intraband scattering is the 
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primary cause of resistance. (These are just the metals 
for which our simple model is most appropriate.) On 
the other hand, where interband scattering is important, 
as in the transition metals or the divalent metals, the 
matrix elements which are important for resistance are 
not those important for V(0)V, so that no simple 
estimate of V(0)V along these lines is feasible. 

One would also like to derive the shift in T, with 
pressure from the BCS theory. The quantitative esti- 
mates of V(0)V from (21) are certainly not sufficiently 
reliable for this purpose. However, it does seem feasible 
to attempt to estimate V(0)V more accurately in a 
semiempirical way for the nontransition metals, in 
order to study its variation with pressure.'® We may 
anticipate that the variation of .V(0)V with pressure 
will prove more decisive in its effect on JT, than the 
known variation in 64. 

We have not discussed in this paper the empirical 
correlation between T, and V(0) noted by Daunt™ and 
by Lewis.’ The regularities they obtain are not con- 
sistent with the isotope effect. If they are made con- 
sistent, by considering 7./64 for example, one then 
arrives at the regularities we have been discussing tor 
N(0)V. As we have seen, the latter quantity does not 
depend on state density in any simple way. It should 
perhaps be noted that the apparent variation of 7, with 
isotopic mass (J7.«1/M) proposed by Matthias! be- 
comes somewhat ephemeral when one considers the 
difference in state densities for the metals discussed by 
Matthias. We do not expect V(0)V to depend on the 
isotopic mass, even under the extreme assumption that 
N(0)V in the transition metals is determined by the 
higher order corrections from the s-d interactions. 
Hence we expect the variation of 7. with isotopic mass 
to follow entirely from the variation in (hw),. 

Finally we wish to reiterate our belief that the 
criterion for superconductivity expressed in Fig. 2 
should afford a reliable positive test for superconduc- 
tivity since the criterion is on the pessimistic side. If a 
metal is not divalent, ferromagnetic, or antiferro- 
magnetic, if it is not ruled out by one of the crystalline 
structure arguments (for example, no center of sym- 
metry, CdI crystal structure), and if it lies above the 
curve in Fig. 2, it should superconduct. Thus we expect 
Mo, W, Y, Sc, Pa, and metallic versions of Sb, As, Se, 
Te, and Po to superconduct. 

We should like to thank Professor John Bardeen, 
Dr. Bernd Matthias, and Mr. Philippe Noziéres for a 
number of stimulating conversations on these and 
related topics. 

16 This possibility is currently being investigated by Mr. 


Pierre Morel. 
17H, W. Lewis, Phys. Rev. 101, 939 (1956). 
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The spontaneous magnetization of thin films of ferromagnetic materials has been studied by means of 
spin-wave theory. Results have been obtained for the magnetization as a function of temperature and film 
thickness for body-centered and face-centered cubic materials, generalizing earlier calculations by Klein 
and Smith. The approximations in the theory are critically discussed, and the relevant experimental material 


is briefly reviewed. 





I. INTRODUCTION 


HE spin-wave theory of ferromagnetism as 

developed by Bloch! states that ferromagnetism 
is an essentially three-dimensional phenomenon, and 
that two-dimensional lattices do not show spontaneous 
magnetization. This theory suggests then that films of 
ferromagnetic materials should show an interesting 
transitional behavior as the thickness of the film is 
reduced. Klein and Smith? calculated the spontaneous 
magnetization for films of simple-cubic structure using 
the spin-wave theory. These calculations of mag- 
netization as a function of temperature and film thick- 
ness predict deviations from the Bloch 7? law, which 
holds at low temperatures for the bulk ferromagnetic 
material, and these deviations are appreciable for suf- 
ficiently thin films, thinner than about one hundred 
atomic layers for the case considered. 

These deviations from the Bloch law have been 
observed in a number of experiments,’ and the 
existence of the thin film-effect is now well established.** 
Although the experimental results show the predicted 
type of magnetic behavior, there is no quantitative 
agreement between theory and experiment. The prin- 
cipal reason for the lack of quantitative agreement is 
that the experiments were done at room temperature’® 
which is surely outside the range of validity of the 
spin-wave theory, since this theory requires for its 
validity that the spin system be almost completely 
magnetized. A second reason for the lack of quantitative 


* This research was supported in part by the Office of Naval 
Research and in part by the National Carbon Company. 

1 F. Bloch, Z. Physik 61, 206 (1930). 

2M. J. Klein and R. S. Smith, Phys. Rev. 81, 378 (1951). This 
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3A. Drigo, Nuovo cimento 8, 498 (1951). 

‘ E. C. Crittenden and R. W. Hoffman, Revs. Modern Phys. 25, 
310 (1953). 

5H. H. Jensen and A. Nielsen, Trans. Danish Acad. Tech. Sci. 
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stitute of Electrical Engineers, New York, 1957), p. 78. This 
work is discussed in Sec, IV of this paper. 


agreement is that the materials studied experimentally 
are not simple cubic. It is this latter reason which 
prompted the calculation described below. 

In this paper the calculations of I have been extended 
to body-centered and face-centered cubic structures. 
The results differ from those for simple-cubic films only 
in detail; the general form of the results is unchanged by 
the change in lattice type. The method of calculation is 
described in the following section. The results of the 
calculations are expressed as graphs ofthe magnetization 
as a function of thickness and of temperature for face- 
centered and body-centered lattices. The final sections 
of this paper contain a general discussion of the results, 
some critical remarks on the sensitivity of the results to 
particular assumptions made in the theory, and a brief 
comparison of the results with experiment. 


II. CALCULATIONS 


We consider a cubic lattice which has .V spins located 
on its lattice sites. Each spin interacts with an external 
magnetic field H, and with its nearest neighbors through 
the Heisenberg exchange interaction. The Hamiltonian 
5K is then given by the equation” 


K=—28H-> S,,.-J> > $1,«°Sa, (1) 


Li lim sr 


In this equation J is the exchange integral, 8 is the Bohr 
magneton, and §,,, is the spin operator of the ith atom 
within the simple-cubic cell indexed by I. The sum on 
m and r runs over the nearest neighbors of atom 1,i. 

If we make the assumption, basic to all spin-wave 
calculations, that the system is almost completely mag- 
netized, then the approximate eigenvalues of 5C can be 
determined. They take on the form"™ 


E(nx, ;) = —2BHSN—-2NIS-+4JIS ¥ mx, jax, j;- (2) 
k,j 


In this equation S is the spin quantum number of any 
atom and z is the number of nearest neighbors of an 
atom. The first two terms give the energy of the com- 


See T. Holstein and H. Primakofi, Phys. Rev. 58, 1098 (1940). 
Our Hamiltonian omits dipole-dipole interactions which can be 
treated approximately by spin-wave methods as shown by 
Holstein and Primakofi. These interactions are not expected to 
have any important effect on our results. This may be seen by the 
arguments in Sec. IIB of the paper, C. Herring and C, Kittel, 
Phys. Rev. 81, 869 (1951), 
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pletely magnetized system (the ground state energy), 
and the third term is the energy of excitation of the spin 
waves. The number of quanta, or excitation strength, 
of the spin wave whose quantum of energy is 4/ Sux, ; is 
ny,; which takes on non-negative integer values. The 
Mx,; have the following forms for the three cubic 
lattices.” 


Mx =a+3—cosk,—cosk,—cosk;, (simple cubic) 
Me {; =a+4[1{+} cos(ki/2) cos(ke/2) cos(k3/2) J, 
k, 12 


(body-centered cubic) 


cos(k;/2) cos(k2/2) 
cos(k2/2) cos(k3/2) 


cos(k3/2) cos(k;/2) |, 


M 
(face-centered cubic). 


In these equations a is (@H/2/S), and k; is 2r\,/G,; 
(i=1, 2, 3) with G,; equal to the number of cubic cells 
in the ith direction of our crystal, whose shape is a 
rectangular parallelepiped. The A, are integers which 
take on the values 0, 1, ---, G;—1, or equivalently 
—4G6,+1, ---, 0, ---3G;. Periodic boundary conditions 
have been assumed. Note that V is equal to pG.G.G; 
where p is the number of atoms in a cubic unit cell; 
(o=1, 2, 4 for the s.c., b.c.c., and f.c.c. cases). 
Following the usual procedures of the spin-wave 
theory, i.e., treating the excitation numbers mx,; as 
independent quantum numbers which take on all non- 
negative integer values, the total magnetic moment M 
of the system is found to be 
| 
-1] (4) 


M 4/S 

—=1-—(SN)" exn| (— un. 
My k. 7 kT 

where Mo=28SN, the magnetic moment for complete 

alignment. 

We illustrate the evaluation of M/Mpo from Eq. (4) 
for the case of a body-centered cubic film. We assume 
that the film normal is in the direction of one of the 
cubic axes, and we set both G, and G: equal to G, where 
G is a large number (~ 10’ or more) which measures the 
linear dimensions of the film in units of the cubic cell. 


The thickness of the film measured in the same way is 
G3; which need not be large. We now replace the sums 


122 A. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 2, pp. 601-613. See 
also J. M. Luttinger, Phys. Rev. 81, 1015 (1951). 


289 


on k, and k» by integrals, and M/M, takes the form 


/9 


M G1 7G) ptt pr 
—=1-(SN) (—) f J 
My da—0 \ ar? _#/2 /2 


—F 


4JS 
(2) 
kT 


where x;=;/2. If we examine the form of uy, ; for the 
case H =0, since we are concerned with the spontaneous 
magnetization, we observe that only ux,2 gives an 
important contribution to the integral. (Important 
contributions come from values of «1, kz which make 
the integrand large, that is, from values near the origin 
in the «1, ke plane.) We therefore drop the term in yx,1 
and expand the cosines of (k:/2) and (2/2) in ux,2. 
After we transform to polar coordinates our expression 
for M/M> becomes 


1 
~ 1 dxidx», (5) 


xz [exp 


j=l 


M G-1 
—=1—(xSG;)" >> 
M, h3=0 
“ Kdk 
xf — | a 
ria exp{ (8JS/kT)(2—2 cosxs+x? cosks)}—1 


(We have used the fact that V = 2G;G’.) The lower limit 
on x is not zero since the states ki= k2=k;=0 have been 
omitted. (This omission is justified and discussed in 
some detail in the appendix of I.) The upper limit on x 
is the radius of a circle whose area is equal to that of 
the square which was the original domain of integration. 
This approximation should not matter as the integrand 
is already small at this limit, but not small enough for 
us to run the limit out to infinity in all cases. 

The integration is now straightforward, and we obtain 
the result 


M kT \ &-1 

—=1— (169SG:)-*( -) > (cosk3)~ 

VEO J As=0 
<[In(1—e-)—In(1—e~4) ], (7) 

where 

A= (16/S/kT)[1— (1—2?/2G") cosks |, 
and 
B= (16/S/kT)[1—(1—2/2) cosks }. 

Similar calculations for the face-centered cubic film 
lead to an equation like Eq. (7), but with minor changes, 
namely, 

M RT \ &3-! 
—=1~ (16r5°G3)-*( — > (1+ cosk3)7 
My A\3=0 
x [In(1—e-8’)—In(1—e~4’) ], (8) 
where 


A’= (16J.S/kT)[ (1+? /4G*) — (1 —2°/4G*) cosks ], 


and 
B’= (16 S/kT)[(1+2/4)— (1—2/4) cosks ]. 
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Ill. RESULTS AND DISCUSSION 


The results of the analytical work are summarized 
above in Eqs. (7) and (8). These expressions have been 
evaluated numerically for reasonable values of the 
parameters. The results of these computations are best 
seen in graphical form, and they are shown in Figs. 1-4. 
In Figs. 1 and 2 we have plotted the ratio of the spon- 
taneous magnetization to its saturation value, M/M, 
as a function of the temperature in units of J/k for 
the face-centered and body-centered cases, respectivelv. 
In each figure a family of curves has been plotted, each 
curve corresponding to a value of G;, the film thickness 
measured in units of the cubic lattice parameter. Figures 
3 and 4 show the same information in another way, as 
we have plotted the relative magnetization, M/Mo, asa 
function of thickness, G3, with temperature, k7'/J, as 
parameter. In all cases we have taken S=} and 
G=3 X10"; the latter figure corresponds to a film of 
surface area about 1 cm’. 

There are a number of separate comments to be 
made on the results portrayed in the figures, and it is 
convenient to take them up in turn. 

(1) The principal conclusion to be drawn from the 
results is that the body-centered and face-centered cubic 
films have magnetic properties qualitatively similar to 
each other and to the properties of the simple cubic 
films previously studied. That is, the spontaneous mag- 
netization at any given temperaiure falls off rather 
sharply from its value for bulk material as the film 
thickness decreases below a particular value of G;, G; 
about 50 in the cases considered. Or, to put it another 
way, the magnetization falls off more sharply with 
increasing temperature for sufficiently thin films, so that 
the effective Curie temperature of a thin film may be 
only a small fraction of the Curie temperature of the 
bulk material. 

(2) It will be observed that the scale for M/ Mo covers 
only the range from 1.0 to 0.75. The latter figure is an 
arbitrary cutoff which has been chosen to emphasize the 
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Fic. 1. The relative magnetization for face-centered films as a 
function of the reduced temperature, kT /J, for films of different 
thickness. The integers on the curves represent the thickness of 
the film in units of the cubic lattice parameter. The film is square, 
3X 10? lattice parameters on a side. 
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point that the spin-wave theory is valid only when the 
magnetization is near its saturation value. It is well 
known that the spin-wave theory, the Bloch T! law, 
correctly describes the M vs T curves of bulk material 
only at low temperatures where M/M > is near one.” We 
have perhaps been optimistic in extending our curves to 
relative magnetizations as low as 0.75. 

(3) The curves for bulk material are those labeled 
G;= © in Figs. 1 and 2. These curves were computed by 
replacing the sums on A; in Eqs. (7) and (8) by integrals 
which were evaluated numerically. This procedure was 
used instead of making use of the known 7" law for the 
following reason. The 7! law involves mathematical 
approximations slightly different from those used in the 
film calculations and these approximations lead to 
results inconsistent with our results. More specifically, 
in the usual derivation of the J! law the sums on the k, 
in Eq. (4) are replaced by infinite integrals. The con- 
tributions to these integrals from the regions outside 
—m to m are small but important enough to lead to an 
intersection of the 7}-law magnetization curve and 
those for some of the films. This nonphysical result 
which, taken literally, would mean that the film could 
have a larger magnetization than the bulk material at 
the same temperature, is avoided by our self-consistent 
mathematical procedure. It should be mentioned that 
the inconsistency referred to occurs for values of T and 
M where the use of spin-wave theory is already ques- 
tionable. 

(4) Our results have been obtained for a particular 
value of G, the linear dimension of the film, and it is 
clear from Eq. (7) that the magnetization does depend 
on G. It is easy to see, however, that this dependence 
is very weak. It is only the term with A;=0 in Eqs. (7) 
and (8) in which the G dependence is significant, and 
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Fic. 2. The relative magnetization for body-centered films as a 
function of the reduced temperature, k7/J, for films of different 
thickness. The integers on the curves represent the thickness of 
the films in units of the cubic lattice parameter. The filth is 
square, 3X10" lattice parameters on a side. 


®R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, Cambridge, 1955), pp. 496-501. Also L. F. Bates, Modern 
Magnetism (Cambridge University Press, Cambridge, 1948), pp. 
239-248, and R. M. Bozorth, Ferromagnetism (D. Van Nostrand 
Company, Inc., New York, 1951), pp. 448-449, 713-720. 
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Fic. 3. The relative magnetization for face-centered films as a 
function of thickness in units of the cubic lattice parameter. The 
letters on the curves represent the reduced temperature, kT /J. 
A, B, C, D, E represent the reduced temperatures 0.10, 0.19, 
0.49, 0.97, 1.94, respectively. 





from this term, in the body-centered case, we can easily 
calculate that 0(M/Mo)/dG=— (kT/J)G™ (89°SG;)". 
Hence for large G the variation of the magnetization 
with G is unimportant. (See the discussion in Sec. IIT 
of I.) 

(5) Our calculations have used periodic boundary 
conditions as a convenience. Since these boundary con- 
ditions are questionable for very thin films we have 
checked in some special cases by allowing for the 
changed number of nearest neighbors of the boundary 
layer atoms. The results for films a few layers thick 
(where periodic boundary conditions should be most 
influential) differ by negligible amounts from those 
already quoted when we are well within the region of 
validity of spin-wave theory. 

(6) The calculations described above have assumed 
that the film plane is perpendicular to one of the basis 
vectors of the cubic lattice. This is an unfortunate limi- 
tation on the theory when we want to compare with 
experiment since the films studied experimentally are 
normally polycrystalline with more or less randomly 
oriented crystallites. We have not been able to remove 
this limitation, but preliminary calculations for films a 
few layers thick, whose base plane is a (110) plane, 
suggest that only small changes in the magnetization 
curves would be found if the magnetization of the 
polycrystalline film could be calculated. 

(7) It will be noted that curves for films whose thick- 
ness is one cubic lattice spacing are included in Figs. 1 
and 2. These essentially two-dimensional films are 
ferromagnetic only at very low temperatures, and their 
ferromagnetism comes from the nonzero lower limit in 
the integral of Eq. (6). For a discussion of this lower 
limit and of the linear nature of these curves we refer 
to I (Appendix and reference 9). 


IV. CONCLUSIONS 


In conclusion we shall discuss briefly the comparison 
of our theoretical work with experiment. The older 
experimental results are summarized and are also 
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Fic. 4. The relative magnetization for body-centered films as a 
function of thickness in units of the cubic lattice parameter. The 
letters on the curves represent the reduced temperature, kT /J. 
A, B,C, D, E represent the reduced temperatures 0.06, 0.12, 0.31, 
0.61, 1.22, respectively. 


compared with the theory of I by Mayer and by 
Colombani in their monographs on thin films.*.* These 
experiments, which were done at room temperature, 
confirm the existence of the thin-film effect, but the 
results are not in quantitative agreement with the 
theory which is applicable only at low temperatures. 
When the curves of I are adjusted by a more or less 
ad hoc procedure, introduced by Drigo* and used by 
Crittenden and Hoffman,‘ which was designed to 
account for the inadequacy of spin-wave theory for 
bulk material at room temperature, the agreement is 
quite impressive but not very significant. 

Experiments have recently been carried out in this 
Laboratory by Hoffman and Eich” in order to put the 
theory to a more stringent test. In these experiments the 
saturation magnetization of evaporated nickel films, 
whose thicknesses ranged from 35 A to 1350 A, was 
measured over a range of temperatures from 10°K to 
300°K. Experimental difficulties gave rise to a problem 
of lack of reproducibility in the data, but the smoothed 
results may be summarized as follows. The smoothed 
experimental curves of relative magnetization vs tem- 
perature agree very well with our f.c.c. theoretical 
curves, Fig. 1, if a value of the exchange integral J is 
determined by using one experimental point. Unfor- 
tunately, however, the values of J so determined vary 
from one film to another, the extreme values being 75% 
and 140%. Furthermore all of these J values differ 
seriously from Fallot’s“ value for J, 230k, which was 
obtained from the T!-law curve for nickel at low 
temperatures. 

Further experimental work at low temperatures, free 
of the difficulties described by Hoffman and Eich, 
would be desirable for a fuller understanding of the 
relationship between the theory given above! and the 
actual behavior of thin ferromagnetic films. 


14M. Fallot, Ann. phys. 6, 305 (1936). 
18 For an alternative and different theoretical discussion based 
on spin-wave theory see G. Heber, Ann. Physik 13, 44 (1953). 
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Measurements of the magnetoresistance, Hall, and planar Hall 
coefficients have been made on oriented single crystals of n-type 
germanium at 77° and 300°K. At 77°K measurements made as 
a function of the magnetic field strength and of the angle between 
the current and the magnetic field are found to be in agreement 
with theoretical calculations based on an energy-independent 
mean free time 79 which has the same form of anisotropy as the 
effective mass at the bottom of the conduction band. The value 
of ro is determined from previously described Hall measurements 
and the anisotropy factor K is determined from the high-field 
longitudinal magnetoresistance. K decreases from about 16 to 
about 12 or 13 as the electron density increases from about 5.4 
X10" cm™ to about 5.210" cm=. 

At 300°K measurements were made for selected orientations 
of current and field on samples whose resistivities varied from 
0.016 to 8.9 ohm-cm. The usual low-field symmetry relations are 


satisfied. Most of the low-field coefficients may be satisfactorily 
interpreted by means of relatively simple functional relationships 
between the mean free time 7 and the energy &. Although the 
field dependence of the Hall coefficient cannot be quantitatively 
explained in this manner, the qualitative features of the various 
Hall curves may be understood. Above 0.1 ohm-cm, K is found 
to be about 17.3 independent of the relationship between 7 and 
& Below 0.1 ohm-cm, K falls off, reaching about 14 at 0.016 
ohm-cm. 

The decrease in the value of K as the temperature is lowered 
or as the impurity concentration is increased is attributed to an 
increase in the scattering anisotropy asimpurity scattering becomes 
more important. With the assumption that the mass anisotropy 
is constant with temperature and impurity density, the magnitude 
of the scattering anisotropy can be computed. 





I. INTRODUCTION 


PREVIOUS paper! has shown that calculations of 

the Hall coefficient using an energy-independent 
mean free time ro and the 4- or 8-ellipsoid model?’ for 
the bottom of the conduction band, yield results which 
agree reasonably well with experimental values of the 
Hall voltage measured at 77°K in n-type germanium. 
It was shown that the proper value of ro to be used in 
the calculations could be found from measurements of 
the Hall coefficient but that the value of the anisotropy 
factor K to be used could not be found from such 
measurements alone. 

Other authors*“” have investigated the magneto- 
resistance effect in n-type germanium and interpreted 
their results on the basis of a low-field approximation?:” 
for the conductivity tensor. Mason, Hewitt, and Wick" 
investigated the Hall effect and interpreted their data 


* This research was done at the Lincoln Laboratory of Mase 
sachusetts Institute of Technology which is jointly supported by 
the Army, Navy, and Air Force under contract with the Mas- 
sachusetts Institute of Technology. This paper is based on a 
thesis submitted to the Department of Physics in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy, 
June 1956. A preliminary account of some of this work was 
presented at the 1955 Thanksgiving Meeting of the American 
Physical Society. 

t Now at Farnsworth Electronics Company, 
Indiana. 

1W. M. Bullis and W. E. Krag, Phys. Rev. 101, 580 (1956). 

2B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

3M. Shibuya, Phys. Rev. 95, 1385 (1954). 

4L. Gold and L. M. Roth, Phys. Rev. 103, 61 (1956). 

°C. Herring, Bell System Tech. J. 34, 237 (1955). 

°C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

7 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 

8 C. Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954). 

°G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

10 Benedek, Paul, and Brooks, Phys. Rev. 100, 1129 (1955). 

11 C, Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956). 

2G. C. Della Pergola and D. Sette, Phys. Rev. 104, 598 (1956). 

13 F, Seitz, Phys. Rev. 79, 372 (1950). 

4 Mason, Hewitt, and Wick, J. Appl. Phys. 24, 166 (1953). 


Fort Wayne, 


in a similar fashion. In much of this work, lattice scat- 
tering was assumed to prevail and the mean free time 
was represented by a constant mean-free-path approxi- 
mation, but some authors’! employed more compli- 
cated expressions for the mean free time. 

In the present work, measurements of the magneto- 
resistance, Hall, and planar Hall* coefficients made on a 
series of oriented single-crystal slabs of n-type ger- 
manium at 77° and 300°K will be described. The results 
of theoretical calculations will be summarized and 
compared with the data. Effective values of both K 
and 79 will be deduced from the 77°K data assuming an 
anisotropic but energy-independent mean free time. 
The 300°K data will be interpreted on the basis of the 
low-field approximation for the conductivity tensor and 
various simplifying approximations for the energy de- 
pendence of the mean free time r. 


TABLE I. Galvanomagnetic coefficients for current and mag- 
netic field in specified directions calculated by using an energy- 
independent mean free time. 











J B Coefficient Expression*® 
(001) foot M,+1 p/(1+2°b*) 
[001 [001 M.+1 p/(1+-yb?) 
[100 110 Mio+1 N\'/D'F’ 

001 110 Mon+1 N,/D'F’ 

110 110 Min+1 (Ni'-+$Ny')/D'F’ 
110 110 Myjo+1 (Ny ails ') /D'F’ 
100 110 P190B?/po N 3/D’ 
on) 001 R/R,, yKap/ (1-888) 
110 
Hon} [110] R™/R, yKN.!/D'F’ 

001 














* In these expressions p =1 +CK + +2)b?/3K], g= =(2K +1)/3K?2, 
s =2(K —1)/3K, u =}xb?, x=s(2—y)/p, y=3/(2K +1), 

= =(K +2)/(2K +1), NV by are li «betes +yb? +n) (s—u), 

Ny’ By oy oy OY, BA +y)] a’ =1+yb? —u(yb?+u) 

D’ =(1+yb?+u)[1 —u(e—u ot F’ =p/(2p —1 +64), 'b =0oRoB/s=eBro/mic, 

e=electronic charge (esu), c=velocity of light (cm/sec), Re =1/Nec, 

N =number of electrons per cm*, m:=0.082 mo, and mo =electron mass. 
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TABLE II. Galvanomagnetic coefficients for the magnetic field restricted to the (001)-plane 


calculated by using an energy-independent mean free time. 














J M+14 R* PB*/po* 
100 i(a,8)/DF yKR,N2(a,8)/DF N3/DF . 
110 [N1(a,8)+Ni(B,a)+208N3]/2DF yKR,[BN2(a,8)—aN2(B,a)1/[DF(B—a)] [£N1(8,2) —N1(a,8) ]/[DF (8 —o?) ] 
001 N,/DF yKR[a2N (8,0) +62N2(a,8) 1/ DF none 














*In these expressions N:(a,8) = (1 +-yb%8?) +b%a? (sz —b%B82x)?, N2(a,B) =ba®(x +) (2 —b%B82x) + (1 +-yb%B2) (2 —btatx), Na =b2( (2 —b2a2x) (2 —b2B%x) —(x+y)], 


No =1 +b? — btatBx (x +2y), 
cosine of B with respect to the [100] axis and 8 =direction cosine of 


II. THEORY AND CALCULATIONS 


If J is the current density in a sample placed in a 
magnetic field B, the magnetoresistance coefficient M 
is given by 


M+1=(E-J)/(E-J) 5-0, (1) 
the Hall coefficient R is given by 
R=E- (JXB)/(JXB)’, (2) 
and the planar Hall coefficient P is given by 
P=(E-(JXB)xXJ]/(JXB)*(J-B), (3) 


where E is the total electric field in the crystal. It will 
be observed that these coefficients are respectively pro- 
portional to the component of E in the direction (1) of 
the current, (2) perpendicular to both the current and 
magnetic field, and (3) perpendicular to the current but 
in the plane of the current and magnetic field. 

By substituting pJ for E in Eqs. (1) to (3), the three 
galvanomagnetic coefficients may be expressed in terms 
of the resistivity tensor p. The elements of this tensor 
may be derived from the Boltzmann equation provided 
that suitable simplifying assumptions are made. This 
derivation has been carried out in considerable detail 
elsewhere'® for a single-carrier model in homogeneous, 
isothermal material. It was assumed that Maxwell- 
Boltzmann statistics applied, that the surfaces of 
constant energy near the bottom of the conduction 
band could be represented by ellipsoids of revolution 
with the axis of revolution along the (111) axes of the 
crystal, and that each energy minimum could be treated 
independently during the integration over momentum 
space. In the coordinate system of the principal axes 
of the ellipsoid of revolution, the mass tensor is diagonal : 


mi 0 0 
m=|0 mm Of}. (4) 
0 0 my, 


In the same coordinate system, the mean free time is 
assumed to have the tensor form® 


at 0 0 
t=10 a O]7(8), (5) 
0 0 a 


where a; and aq; are constants and & is the electron 


18 W. M. Bullis, Ph.D. thesis, Massachusetts Institute of Tech- 
nology, June, 1956 (unpublished) ; Lincoln Laboratory Technical 
Report No. 115 (unpublished). 


D = { (1 +b?) (1 +22b2) —xbta%p2[ (x +2y) (1 +2262) —22(2 —2) —xb?] +2x28atft(x+2y)}, 
with respect to the [010] axis. 


a =direction 


PF =p/(p? —s%b4a%8?), 


energy. As a consequence of this equation K becomes 
aym,/aym,.° The results of calculations based on the 
assumption that a;r(&)=70, where 70 is a constant,’” 
are given in Tables I to III for the various geometric 
conditions which were considered in the experimental 
measurements. 

In general the elements of the conductivity tensor 
may be expressed in terms of integrals of the form 


© pmyle-xdx 
3.= | ———, (6) 
0 1 +y*7? 


where m=1, 2, or 3, w is related to the cyclotron fre- 
quency w<’ but depends on the direction of B as well 
as its magnitude,!* r is the r(&) of Eq. (5), and x is the 
reduced energy (&/kT). These integrals can be ex- 
pressed in closed form only for certain special rela- 
tionships between 7 and &. When w*r?<1 (which occurs 
when the magnetic field is very small), the denominator 
may be expanded in powers of w*r? and Eq. (6) becomes 


Sin=(7™)— wrt?) ul pms) — . (7) 
where 


(rym f rylerdy, (8) 
0 


This definition of (r") includes the $ power of energy 


TABLE III. Galvanomagnetic coefficients for the magnetic field 
restricted to the (110)-plane calculated using an energy-inde- 
pendent mean free time. 











J M+1* Re PB*/po* 
tT04 A(a_a3+2d?) yKAR.(a3f+2cd)/yb A(df—ca_)/ay 
[110] A(a,as—2c?) yKAR,[2(cf+a,d)a 

+ (asf-+2cd)y/b none 








* In these expressions 
A = (p —sbtat) [ (p +sb%at)? —45%ta2y?]/ (a,a_as+2a ,d*@—2a_c?+4dcf +as f?), 
a4 =(1+42yb%a2)So+(s—y)S2, a-=So—(s—y)S2, as =(1+yb%y2)So, 
c=(s—y)Si+yb%aySo, d =bs(aSo—yS:1 —aS2) +by(ySi+aS2), 
f =bsySo—2b(t—y)aSi, So=p(p+sb%a®) —2s*btaty?, Si =sbtay (p —sb%a?), 
S2 =sb%a?(p +-sb%a?) —2s%btaty?, a( =8) =direction cosine of B with respect 
to [100] or [010] axis and y =direction cosine of B with respect to [001] 
axis, 


16 Tt is often convenient to divide K into two parts: Km=mu/m: 
and K,;=ai/a;. Thus K=K,,/K;. 

17Tn general the parameter 79 will be a function of the tem- 
perature even in the range where it can be assumed to be inde- 
pendent of energy for purposes of integration over momentum 
space. However, since all the measurements which will be com- 
pared with these calculations were made at the same temperature 
(77°K), this dependence will be of no consequence. 

18 See reference 15, pp. 13-20. 
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inside the integral! so (r°)=I'(}). In the limit of 
zero magnetic field, the conductivity approaches the 
value oo=n(r) where 7=4Ne’a:(2K+1)/9x!m,, N is 
the electron concentration, and e is the electronic 
charge. In the same limit, the Hall coefficient approaches 
the value Ro=vKz({r*)/n(r)’, where v=ea;/mic and 
z= (K+2)/(2K+1). The Hall mobility uy is defined as 
Rooo, and the ratio of the Hall to conductivity mobility 
is given by uy/u=Ro/R,., where R,.= (Nec). 

When B is restricted to the [100] or [110] direction, 
the low-field values of the galvanomagnetic coefficients 
are given by” 


M =p’ BL (y/y2K)—1]= Mon= — PiooB /po 


=Mi—Min, (9) 

M = pr’ B’s*yKy/22’, (10) 
Mis=3(Mit+M)=Mi0=3(MitMin), (11) 
Miw=3M1, (12) 
My0=3Mi4M,, (13) 
P45B?/po=Mi—M;, (14) 


where y= (r)(7*)/(7°)?, y=3/(2K+1) and s=2(K -—-1)?/ 
3K. The symbol = represents equalities which hold 
only at low magnetic fields (the low-field symmetry 
relations) while the remaining equalities hold for all 
values of the magnetic field. Measurements of the two 
coefficients M; and M; suffice, with the addition of Ro, 
to determine uniquely the low-field conductivity 
matrices*!® for the magnetic field in either a (100) or a 
(110) direction. Terms of higher order than those given 
in Eqs. (9) and (10) may be calculated but this turns 
out to be useful ouly in examining the low-field behavior 
of the Hall coefficient. The terms are so complicated 
that they will not be given explicitly. Instead, when 
necessary the Hall coefficient will be represented by the 
following relations”: 


R™ = Ro(1+4)B’+a2B*+- --), 
R= Ro(1+c,B°+c.B!+-- +). 


It is also necessary to consider the energy dependence 
of the scattering time. The simplest assumption is a 
straight power law: 

(17) 


(r™)=1"(RT)™T ($+md). (17a) 


The variation of X with temperature" or resistivity 
allows in a very crude way for changes in the scattering 
mechanism as a function of either of these variables. A 
major difficulty is that when m\ > —$, the 7 averages 
diverge. 


(15) 
(16) 


T=18, 
for which: 


19H. Brooks, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, pp. 127-131. 

*® Definitions of the symbols in terms of the orientation of B 
and J are given in Table I. 
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Brooks"”® has pointed out that this divergence, 
which is of course not physical, can be removed if the 
integrals in the 7 averages are cut off at a lower energy 
limit &. Two expressions of this type will be considered 
here: 





T=T0, 0<$<&; r=168\, &<E<%, (18) 
for which 
(r")=1"(kRT)™ r($+m) 
o (-— 1) pdx orth 
} os 
a=1 (a—1)!(a+$)(a+}+mr) 
and 
t= L6}, 0<S<&; r=18>, &)9<6< wo, (19) 
for which 
(r= Dery] r+) 
@ (—1)*#n(A—3)xoet nd 
mee 19a) 





+ ~ |. 
a=t (a—1)\(a+3-+md)(a+$n+4) 


In order that the scattering function be continuous 
across &, it is necessary that ro=/6 and L=/&)—}. 
Functions of the (r”) which arise are tabulated else- 
where.!® In either of these cases, the value of X is fixed 
and the parameter xo (or &») is allowed to vary as a 
function of the resistivity or temperature. For values of 
xo<1, the convergence of the series in (18a) and (19a) 
is quite good. 


III. EXPERIMENTAL TECHNIQUES 


The apparatus, sample preparation, and procedures 
have been described previously.' Most of the 77°K 
measurements were made on samples which were cut 
from the same crystal (No. 119) and had a net impurity 
concentration of about 1.6X10" cm”. The doping 
material was antimony. For some measurements samples 
with higher and lower donor concentrations were used. 
In every case the carrier density was low enough that 
the samples were nondegenerate and high enough that 
intrinsic holes did not contribute significantly to the 
current. 

The samples used for the 300°K measurements were 
similar to those used at 77°K. Except for the purest 
samples used, intrinsic holes did not contribute sig- 
nificantly to the current. The temperature was main- 
tained constant by means of a water flow system. 
Water from a large well-stirred bath regulated by a 
mercury thermoregulator was circulated through a 
jacket surrounding the sample and its Teflon holder! by 
means of an automobile fuel pump. A cylindrical block 
of high-conductivity copper formed the base of the 
inner chamber and served to reduce transient changes 
in the temperature. The temperature was monitored by 
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a copper-Constantan thermocouple and remained con- 
stant to within +0.1C°. 

The experimental determination of the Hall coefficient 
has been discussed.! In a similar manner the other 
coefficients are determined from potential measure- 
ments made for the four conditions obtained by re- 
versing separately the current and magnetic field. The 
four voltages thus obtained are averaged so as to 
eliminate the even functions of J and the odd functions 
of B. Because of imperfect geometry (nonparallel faces 
or misalignment of the potential probes), local concen- 
tration gradients (which distort the lines of force), or 
slight misalignment of the sample in the magnetic field, 
there will be some intermingling of the magneto- 
resistance and planar Hall voltages. Since both of these 
coefficients are even functions of the magnetic field, 
this intermingling cannot be separated by the averaging 
process described above. 

In the case of the magnetoresistance, the effect of the 
intermingling will usually be small and will be neglected. 
Unfortunately, it is by no means trivial and is probably 
the largest single source of error in the measurement of 
the magnetoresistance coefficient which may be ex- 
pressed as”! 


M=(Vm/Vo)—1, (20) 


where Vy is the voltage per unit current measured 
along the direction of the current in the presence of a 
magnetic field and Vo is the voltage per unit current 
measured between the same probes with no magnetic 
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Fic. 1. Longitudinal magnetoresistance with B and J along 
the same cubic axis as a function of the magnetic field. Theoretical 
infinite-field limits for integral values of K are shown at the right 
edge of the figure. (T=77°K.) 


21Tn the experiment the current is maintained nearly constant 
but corrections must be made to allow for the slight variations 
present. It should be observed that P=2G, where G is the planar 
Hall coefficient of reference 8, 
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field. On the other hand, the potential drop between 
transverse probes in the absence of a magnetic field is 
ordinarily quite considerable. A correctidn to the planar 
Hall voltage is made to eliminate this potential which 
varies with the magnetic field due to the magneto- 
resistance effect. The corrected voltage Vp is then put 
in the formula” 


P=2V pt/IB sin26, (21) 


where / is the thickness of the sample in the direction 
perpendicular to both the current and planar Hall 
field, J is the magnitude of the current and @ is the 
angle between I and B. Because the necessary correction 
usually results in the taking of a small difference between 
two large numbers, the measurement of this coefficient 
is the least accurate of the three considered. 

As in the previously reported work,} distortion effects 
due to shorting of the sample ends by the conducting 
solder were shown to be negligible by repeating some 
of the measurements after the sample had been cut in 
half along the long axis. 


IV. RESULTS AT 77°K 
A. Field Dependence of the Coefficients 


In general, the infinite-field limit of the longitudinal 
magnetoresistance is independent of the form of the 
energy dependence of 7 as long as the form of the tensor 
is as assumed in Eq. (5). For germanium, the orientation 
in which this limit is most strongly dependent on K is the 
one where B and J are directed along the same cubic 
axis. In this case the value of the coefficient approaches 
(2K+1)(K+2)/9K. Measurements of the longitudinal 
magnetoresistance for this orientation in three samples 
of different impurity content are shown as a function 
of the magnetic field in Fig. 1. 

Although the extrapolation is not very precise on 
the log-log plot, it is clear that the curves do not 
approach the same limit. Values of K appear to vary 
from about 16 for V ~5.4X10" cm™ to about 12 or 
13 for VN ~5.2X10" cm. Unfortunately the values of 
the coefficient at the highest available fields do not 
fall on the inverse-square portion of the theoretical 
curve and a linear extrapolation such as that done for 
the Hall coefficient! is not possible. Since a calculation 
by Herring” indicates that the effect of small variations 
in the impurity concentration is to cause the measured 
value of the high-field limit to be different than the 
value calculated for homogeneous material, only 
estimates of the value of K are possible. 

Measurements of all the coefficients listed in Table I 
were made as a function of the magnetic field for 
samples cut from crystal 119. The two Hall coefficient 
curves have been previously presented* and are not 


 C. Herring (private communication). 

23 Reference 1, Fig. 5. The theoretical curves shown were calcu- 
lated for K=19 but the change to 15 does not appreciably affect 
the value of ro,(~2.4X 10~” sec, b=5X10-*B) found there, 
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Fic. 2. Magnetoresistance® and planar Hall coefficient™ as a 
function of the magnetic field for samples cut from crystal 119. 
The solid curves are calculated from the expressions of Table I 
with K=15 and b=5X10~B. Theoretical infinite-field limits for 
K=15 are shown at the right edge of the figure. (7 =77°K.) 


repeated here. The magnetoresistance coefficients M,, 
M,, and Mo; and the planar Hall coefficient P99 (nor- 
malized by the factor B*/po) are shown as functions of 
the magnetic field in Fig. 2. The solid curves are cal- 
culated from the expressions given in Table I with 
K=15 and 6=5X10~“B. The theoretical infinite-field 
limits are shown at the right edge of the figure. It can 
be seen that deviations from the theory at high fields 
increase as J and B become perpendicular. These 
deviations cannot be explained by assuming any reason- 
able power law for 7(&). The calculation by Herring” 
suggests that these deviations may be due to small 
variations in the impurity concentration. 

Measured values of the magnetoresistance coefficients 
M00, Mio, and Myjo are shown as functions of the 
magnetic field in Fig. 3. In addition, values of Mio 
and M,jzo computed from the measured values of M 100 


TABLE IV. Values of the angles ¢, ¢’, and y for 
cardinal directions of B. 
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and Pio99 are also shown. Again, the solid curves are 
calculated from the expressions in Table I for the same 
conditions as those in Fig. 2. The seven coefficients M, 
M+, Myo, Mooi, Pioo, R®, and R"° suffice to determine 
uniquely all the nonzero components of the resistivity 
tensor*:!® when B is in either a (100) or a (110) direction. 

All the coefficients for which the current is in a (100) 
direction were also determined as a function of the 
magnetic field for sample 985 which was slightly more 
pure than the group of samples from crystal 119. Similar 
results were obtained which could be fitted by using 
slightly higher values of K and ro. Again the anomalous 
behavior of the transverse magnetoresistance at high 
fields was observed. 


B. Angular Dependence of the Coefficients 


Measurements of the three galvanomagnetic coef- 
ficients as a function of the angle between the current 
and magnetic field’ were made in a magnetic field of 
10 000 gauss for the orientations listed in Tables IT and 
III. The magnetoresistance coefficients, Hall voltages”® 
and planar Hall voltages*® are shown in Figs. 4, 5, and 
6, respectively. Values of the angles ¢, ¢’, and y are 
given for cardinal directions of B in Table IV. The solid 
curves are calculated from the relations given in Tables 
II and III for 6=5 and K=15. Equation (9) of Bullis 
























3 . 
| Ze Mio 
2 ye 
4 4 
Pall 6 Mio0 
Tos 
7 
w 5 
oO 
z - 
= 3 20 
- K 
2 Mio qio 
= © 
x 
oO 
~ 
Ww - 
2 10 if 
rc} 
? MEASURED CALCULATED 
+ 
5 110 . 
js x 
110 0 
3 
100 4 
2 | 
| 
10° ! L L 1 
s 7 oS . 2 oT A : = ry 


MAGNETIC FIELD (gouss) 


Fic. 3. Magnetoresistance” as a function of the magnetic field 
for samples cut from crystal 119. The solid curves are calculated 
from the expressions of Table I with K=15 and b=5X10™“B. 
Theoretical infinite-field limits for K=15 are shown at the right 
edge of the figure. In addition the theoretical infinite-field limit 
of Mii is shown for K=10, 20, and ». The calculated values of 
M 19 and Mijo were computed from measured values of M109 and 


Pigo. (T=77°K.) 


24 In the cases where the current is always perpendicular to the 
magnetic field, the angle is defined arbitrarily as indicated in 
Table IV. 

*5 Voltages rather than coefficients are given in these cases 
because of the uncertainty in the value of the measured angle. See 
reference 1. 
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Fic. 4. Magnetoresistance as a function of the angle between current and magnetic field for samples cut from 
crystal 119. The solid curves are calculated from the expressions of Tables II and IIT with A=15 and b=5. Experi- 
mental data were taken at T7=77°K and B=10 000 gauss. (¢=a, 6’ =a—45°, y=90°—y.) 
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Fic. 5. Hall voltage (R sin@/R..) as a function of the angle between current and magnetic field for samples cut from 
crystal 119. The solid curves are calculated from the expressions of Tables IT and III with K=15 and b=S. Experi- 
mental Hlata were taken at T7=77°K and B=10 000 gauss. (¢=a, ¢’=a—45°, Y=90°—y.) 


and Krag! and Eq. (21) were used to determine the 
Hall and planar Hall voltages, respectively. 

The principal features of the experimental data are 
duplicated by the calculated curves. It is not surprising 
that the quantitative agreement between theory and 
experiment is not better because of the drastic simpli- 
fying assumptions made in assuming an energy-inde- 
pendent mean free time. Measurements of most of 
these coefficients were also made at 2000 gauss!® and 
compared with calculations made assuming b=1. 
Similar semiquantitative agreement was obtained but 
the results are not as striking at the lower fields where 
departures from the quadratic expressions are not 
pronounced. 


V. RESULTS AT 300°K 
A. Magnetoresistance Measurements 


The results of the low-field magnetoresistance meas- 
urements are summarized in Table V which also gives 
the zero-field coefficients po, Ro, and wy. In addition to 
the six samples measured in this series, the data reported 
by Pearson and Suhl’ for an 11.5 ohm-cm sample are 
also listed. The values given in Table V were derived 
from curves of M/B* extrapolated to zero field. A 
typical plot is shown in Fig. 7. Also shown in this plot 





is —Pio0/po which can be seen to depart from the 
values of M,/B*? and Moo:/B? at the higher fields. At 
still higher fields M,; and Moo; will separate.2* The 
departure of M joo from M4; (the mean between M; and 
M,,) can also be observed in Fig. 7. The data are plotted 
as a function of the zero-field resistivity in Fig. 8. It 
will be noted that there is an upswing at the high- 
resistivity end of the curve. This is consistent with the 
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Fic. 6. Planar Hall voltage (PB? sin20/2p9) as a function of the 
angle between current and magnetic field for samples cut from 
crystal 119. The solid curves are calculated from the expressions 
of Tables II and III with K=15 and b=5. Experimental data 
were taken at 7=77°K and B=10 000 gauss. (¢=a, ¢’=a—45°, 
y=90°—y.) 


26 See Fig. 2. 
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TaBLE V. Summary of low-field magnetoresistance data—300°K. M,, Mioo, and M, were derived from curves of //B? extrapolated 


to zero field. Mio, Mijo and M4; were computed from M; and M;, using Eqs. (11) to (13). 
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11.5 
44.0 108 
3.82 10° 
19.2 X10 
X10 
9.0 X10 
9.6 X10 
18.6 X10 
14.1 X10 


0.016 
0.023 
1.43 
1.95 


0.293 
0.90 


0.592 
1.80 
3.04 
12.2 
8.5 
5.0 
6.1 
11.1 
8.6 


0.66 
0.98 
1.64 
1.30 


* Samples 1498 and 1262 were very nonuniform and these values are very crude averages. 


observations of Goldberg and Davis"! who attributed a 
similar upswing above 270°K (in an 11.5 ohm-cm 
sample) to the influence of intrinsic holes. At 300°K 
approximately 3% of the carriers in sample 1184 are 
holes and in the 11.5 ohm-cm samples the hole density 
is somewhat higher.”’ 

K may be computed directly** from the measured 
values of M; and M; provided that the Hall mobility 
un is known. In Fig. 9, wy is plotted as a function of po. 
Values due to Pearson and Suhl*; Mason, Hewitt, and 
Wick,“ and Debye and Conwell”® are also shown. 
Because of the wide scatter® in the experimental 
points, a central curve and two other curves at +6% 
of the central value are drawn through the experimental 
points. The values of K computed from M,, M,, and 
the central value of uy are plotted in Fig. 10. K is about 
17.3 for resistivities higher than 0.1 ohm-cm but falls 
off at lower resistivities. Similar qualitative behavior is 
observed for the other values of uy. The strong de- 
pendence of K on the Hall mobility is demonstrated by 
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Fic. 7. Magnetoresistance® of sample 1261 at 300°K as a 
function of magnetic field. The arrows indicate the value of the 
coefficients extrapolated to zero field. 


27 Apparently the presence of a reasonably small percentage of 
holes does not affect the symmetry properties. This is indicated by 
the angular measurements (at 4000 gauss) by Pearson and Suhl® 
and by angular measurements (at 6000 gauss) taken on sample 
1184 which yielded similar results. 

*8 Reference 15, Eq. (2-43); Reference 11, Eq. (11). 

* P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 


the lower curve in Fig. 10 which was computed using 
the +6% value of uy. 

In order to interpret the data as a function of po, it is 
necessary to assume that 7 varies with the energy in 
some specified way. If the simple power law, Eq. (17), 
is assumed, the variation of \ with po is as shown in 
Fig. 11. The analysis is similar to that used in inter- 
preting data taken as a function of temperature." If 
Eq. (18) or (19) is assumed and J is taken as —0.66 to 
agree with the temperature dependence of the mobility 
found by Prince,* the resulting values of xo are as 
shown” in Fig. 12. 

From the value of \ or xo determined in this way, it 
is possible to determine other relationships involving 
the collision time. The simplest of these is the ratio of 
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Fic. 8. Low-field magnetoresistance” at 300°K as a function of 
the zero-field sample resistivity. 


% Because of the uncertainty in the precise values for K, the 
values of A (Fig. 11), xo (Fig. 12), wx/u (Fig. 13), ci and ce (Fig. 
16), and a; and a» (Fig. 17) are intended only to indicate the 
trend with resistivity. 

3M. B. Prince, Phys. Rev. 92, 681 (1953). 





Fe 
4 
ys 


GALVANOMAGNETIC EFFECTS 











HALL MOBILITY (w,) (em?/volt -sec) 








2 + ’ ew 2 


10 
RESISTIVITY (p,) (ohm - cm) 


Fic. 9. Hall mobility at 300°K as a function of the zero-field 
sample resistivity. The dashed curve is taken from the data of 
Debye and Conwell. The upper and lower solid curves are 
drawn at +6% of the central curve through the experimental 
points. Points due to Mason, Hewitt, and Wick (+) and Pearson 
and Suhl® (X) are also shown. 
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Fic. 10. Anisotropy factor A as a function of the zero-field 
sample resistivity. The solid circles were computed using the 
central value of ux. Open circles were computed using data 
derived from the curves of Figs. 8 and 9 at points which were not 
measured explicitly. The crosses were derived from the +6% 
value of uy. 


Hall to conductivity mobility, which is shown® in 
Fig. 13 for the three scattering relations. It can be seen 
that all the values are somewhat less than the value of 
about 1 reported by Morin® for very pure samples. The 
points based on Eqs. (18) and (19) fall nearly within the 
experimental error of Morin’s measurements at the 
high-resistivity end of the curve but those based on 
Eq. (17) are appreciably lower. 


B. Hall Measurements 


Curves of R®™ and R"° normalized to their value at 
zero magnetic field are plotted as a function of the field 
in Figs. 14 and 15, respectively. The dashed curves are 
the empirical relationships reported by Mason, Hewitt, 
and Wick" for 3.18 ohm-cm cylindrical samples. The 
theoretical curve in Fig. 14 was calculated from the first 
of Eqs. (4.14) of Abeles and Meiboom? using parameters 
(K=17.4, uu=3770 cm?/volt-sec) corresponding to 
samples 805a and 1184. Since this calculation is based 


2 F. J. Morin, Phys. Rev. 93, 62 (1954). 
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Fic. 11. The exponent A of Eq. (17) as a function of the zero- 
field sample resistivity. The solid points were computed using 
measured magnetoresistance data while the open points were 
derived from the curves of Fig. 8 at resistivities which were not 
actually measured. The value® of K was taken from the solid 
curve of Fig. 10. 
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Fic. 12. The reduced transition energy xo as a function of the 
zero-field sample resistivity. The solid points were computed using 
measured magnetoresistance data while the open points were 
derived from the curves of Fig. 8 at resistivities which were not 
actually measured. The value® of K was taken from the solid 
curve of Fig. 10. 
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Fic. 13. The mobility ratio as a function of the zero-field sample 
resistivity calculated from Eqs. (17), (18), and (19) using the 
parameters of Figs. 11 and 12 and the value® of K taken from 
the solid curve of Fig. 10. 


on the constant mean-free-path approximation [A= —} 
in Eq. (17)], it is clear that this assumption is not 
adequate to explain the field dependence of the Hall 
coefficient at 300°K. 

The coefficient R"° (Fig. 15) departs from its zero- 
field value at higher and higher fields as the resistivity 
decreases. This is consistent with the fact that as po 
(or r) decreases, the fields for which w*7*<<1 become 
larger. For the coefficient R™ (Fig. 14) this is no longer 
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Fic. 14. Normalized Hall coefficient R/Ry at 300°K as a 
function of the magnetic field. The theoretical curve is calculated 
from the relation given by Abeles and Meiboom? for K =17.4, 
unu=3770 cm?*/volt-sec and should correspond to sample 805a. 
The dashed curve is an empirical result of Mason, Hewitt, and 
Wick" for a 3.18 ohm-cm sample (a:=0, a2=+2.4K10~). 


true. Here the coefficients appear to depart from the 
zero-field value at lower fields as the resistivity decreases 
down to about 0.5 ohm-cm where the trend reverses and 
the behavior becomes normal. This implies that for the 
higher resistivities, a term is operating to hold R close 
to Ro even though w*r’ is not small compared to 1. 
These observations agree qualitatively with calcu- 
lations of the coefficients of Eqs. (15) and (16) made 
using the scattering laws of Eqs. (17) to (19) and the 
parameters derived from the magnetoresistance data of 
Sec. V-A. If Eq. (17) is used, the second (a2 and c2) 
and subsequent coefficients diverge and only the leading 
term can be calculated. It is found that a; is negative 
for large resistivities and becomes positive for low 
resistivities. The sign change occurs at \ ~ —0.36. On 
the other hand, c; is always positive and decreases with 
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Fic. 15. Normalized Hall coefficient R™/Ro at 300°K as a 
function of the magnetic field. The dashed curve is an empirical 
result of Mason, Hewitt and Wick" for a 3.18 ohm-cm sample 
(a= —7.9X10-", co=+1.55X 10). 
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decreasing resistivity. This monotonic decrease is noted 
in both c; and cz when Eqs. (18) and (19) are used. 
Values are shown™ in Fig. 16 together with experimental 
values derived from plots of R"° vs B*. It can be seen 
that the two sets of points follow the same trend 
although the numerical agreement is not exact. Values 
of a, and a2 are shown® in Fig. 17. The change of sign 
can be noted in both coefficients. In addition it can be 
seen that both coefficients decrease in magnitude at very 
low resistivities where the ratio w’r?:1 again becomes 
dominant. Although the data are not precise enough to 
enable experimental values of a, and a2 to be deter- 
mined, the calculated values reproduce the qualitative 
features of the curves. The numerical values are too 
high for quantitative agreement.* 

It is possible to compute values of xo, K, and wy from 
the experimental values of c; and cz. When this is done, 
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Fic. 16. Hall parameters of Eq. (16) as a function of the zero- 
field sample resistivity. The points were computed by using the 
magnetoresistance data of Figs. 11 and 12 and the scattering laws 
of Eqs. (18) and (19). The value® of K was taken from the solid 
curve of Fig. 10. The experimental points were derived from plots 
of R™ vs B?, 


low values of K (10 to 12) and very high values of xo 
and uy are required for self consistency. These results 
which are obtained with either Eq. (18) or (19) are not 
compatible with the other experimental data and serve 
to indicate the inadequacy of the assumptions made 
concerning the scattering functions. 


VI. CONCLUSIONS 


The anisotropy factor K has been evaluated from 
low-field magnetoresistance measurements at 300°K 
and from high-field longitudinal magnetoresistance 
measurements at 77°K. A value of 17.3 is found at 
300°K for samples with resistivities greater than about 
0.1 ohm-cm. This is in good agreement with the value 

% Although thermomagnetic potentials (e.g., Ettinghausen) 
could cause experimental errors in the Hall data, it is strongly felt 


that any such errors are negligible compared to those resulting 
from the approximation for 7(&). 




















of 17.2 found from pulsed high-field longitudinal mag- 
netoresistance measurements,” but it issomewhat higher 
than the low-field values reported by others.’-”** The 
wide variations in the reported values of K determined 
from low-field measurements may be attributed to the 
strong dependence of K on the Hall mobility uy which 
is difficult to measure precisely. At 77°K the value of 
K was found to decrease from about 16 to about 12 or 
13 as the impurity concentration was increased from 
5.4X10" to 5.2X10" cm. 

When determined from galvanomagnetic data, K is 
a measure of the anisotropy of the mobility (7/m). The 
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Fic. 17. Hall parameters of Eq. (15) as a function of the zero- 
field sample resistivity. The points were computed by using the 
magnetoresistance data of Figs. 11 and 12 and the scattering laws 
of Eqs. (18) and (19). The value® of K was taken from the solid 
curve of Fig. 10. 


mass anisotropy K,, has been found’ to be about 20 
at 4°K. It is reasonable to assume that this value 
changes only slightly, if at all, with temperature. It is 
therefore possible to calculate the scattering anisotropy 


4H. P. Furth and R. W. Waniek, Phys. Rev. 104, 343 (1956). 
35 M. Glicksman, Phys. Rev. 102, 1496 (1956). 
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K, with the result that K, ~1.2 at 300°K for lattice scat- 
tering (including intervalley scattering,® if present). As 
the temperature is reduced (with constant impurity 
density) or as the resistivity is reduced (at constant 7), 
the relative effect of impurity scattering increases and 
K, becomes larger as predicted by Ham.** 

These experiments further confirm the usefulness of 
galvanomagnetic measurements in studying the sym- 
metry properties of the band structure of materials by 
utilizing either the energy-independent mean-free-time 
formalism! or the low-field symmetry relations.*” In 
addition a small amount of information relative to the 
energy dependence of 7 at 300°K may be deduced from 
the low-field magnetoresistance data. The parameters in 
the assumed scattering functions behave in the expected 
way as the resistivity decreases and the relative im- 
portance of impurity scattering increases. The useful- 
ness of the transition energy concept” is demonstrated 
by the agreement with measured values of the mobility 
ratio. The quantitative inadequacy of the theory which 
arises in connection with the low-field behavior of the 
Hall coefficient is probably due to the inadequacy of 
the drastic approximations made for 7(&) coupled with 
the fact that the low-field expansion may no longer be 
valid after the initial terms when these approximations 
are used.® 
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Paramagnetic Relaxation at Very Low Temperatures* 
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A series of experiments using paramagnetic resonance at microwave frequencies and in the 1-4°K tem- 
perature range on Gdo>Mg;(NOs3)12-24H2O, KsCr(CN)¢, and Cu(NH,)2(SO,)2-6H2O indicate the following 
characteristics for their relaxation: (1) It is the lattice-bath relaxation which limits the total rate of relaxa- 
tion. (2) The spin-lattice relaxation time is several orders of magnitude smaller than the normally observed 
values of 7. (3) Breadth of the lattice modes is very much larger than the width of the resonances in diluted 
crystals, and in particular, for 1% paramagnetic concentration of the Cu salt, the breadth is several hundreds 
of megacycles/second. (4) Breadth of the lattice modes increases with increasing concentration of para- 

* magnetic centers. (5) Two nearby resonances are rapidly brought to the same effective temperature by ex- 
change of energy through the lattice modes. (6) The relaxation time 7; is dependent on crystal size. Some 


consequences of these results are also discussed. 





INTRODUCTION 


XPERIMENTAL measurements of paramagnetic 

relaxation at temperatures in the liquid helium 
range have for some time presented a number of 
puzzles—some in the rich variety of behavior which 
seems to occur, and some in apparent inconsistencies 
between the results of different experiments or between 
experimental results and any specific mechanism of 
relaxation which has been proposed. The phenomena 
involved are undoubtedly quite complex and variable, 
and will require much careful and detailed study for 
any very complete understanding. A number of pre- 
liminary experiments discussed here do, however, 
appear to help clarify the relative roles of relaxation of 
paramagnetic centers to the lattice vibrations, and of 
lattice vibrations to the surrounding constant-tempera- 
ture bath. They also suggest a particular method of 
relaxation which appears to dominate in the para- 
magnetic salts studied, and which may be rather 
common. 


DISCUSSION OF PRESENT SITUATION 


It is usually assumed that, if the paramagnetic 
centers in a crystal have only two energy levels (spin 3), 
the population difference A.V between the two levels 
approaches its equilibrium value A.Vo according to the 
equation 

d — (AN—AN») 
— A hyo (1) 
dt T; 





where 7°; is the “longitudinal” relaxation time.!:? AV 
is determined by the Boltzmann‘ distribution for the 
temperature of the bath or surroundings of the crystal. 
This implies that, at least for some sizable region in 
the crystal, all spins relax at the same rate, in an 
exponential fashion. It is furthermore expected that at 
the lowest temperatures, which would include those in 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Force Office of Scientific Research. 

1 F. Bloch, Phys. Rev. 70, 1 (1945). 

2H. B. G. Casimir and F. K. DuPré, Physica 5, 507 (1938). 


the liquid He range for most substances, the relaxation 
occurs through transfer of the energy from a single spin 
to a single vibrational mode of the crystal lattice which 
has essentially the same frequency. Systems having 
more than two levels (S>3) are somewhat more com- 
plex, but not essentially different. In its simplest form, 
the relaxation process described is assumed to be limited 
by the rate of transfer of energy from the spins to the 
lattice modes, which stay essentially at the equilibrium 
or bath temperature.’ This situation allows the pre- 
dictions** that the relaxation time should be inversely 
proportional to the temperature, should decrease with 
increasing magnetic field H, and should be independent 
of the spin concentration and crystal size. 

At least some of the relaxation measurements made 
with microwave techniques’ appear to agree with the 
above relaxation process. However, many other meas- 
urements of relaxation, particularly those using the 
magnetic susceptibility of paramagnetic crystals at 
audio-frequencies,*.’ give results which are quite incon- 
sistent with this mechanism. The dependence of relaxa- 
tion time on temperature, and on frequency (or H) is 
varied, but usually quite different from that predicted 
by the above mechanism. Benzie and Cook’ and 
Gorter ef al. have found that the relaxation time in at 
least some cases depends on the size of the crystal, 
indicating that the time required for the excited lattice 
modes to deliver their energy to the boundaries of the 
crystal may be limiting rather than the time of relaxa- 
tion of spins to the lattice. Such a dependence on sample 
size has not so far been reported from experiments at 
microwave frequencies. 

In the rate of relaxation itself, there is striking dis- 
agreement between the results of measurements at 


5 R. deL. Kronig, Physica 6, 33 (1939). 
‘J. H. Van Vleck, Phys. Rev. 57, 426, 1052 (1940). 
anne H. Eschenfelder and R. T. Weidner, Phys. Rev. 92, 869 
53). 
° Kramers, Bijl, and Gorter, Physica 16, 65 (1950). 
7F. W. de Vrijer and C. J. Gorter, Physica 18, 549 (1952). 
R. J. Benzie and A. H. Cooke, Proc. Phys. Soc. (London) A63, 
201 (1950). 
an der Marel, Van den Broek, and Gorter, Physica 23, 361 
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microwave frequencies and those at audio-frequencies. 
In the microwave range, relaxation times 7; have 
characteristically been measured by saturation of the 
sample. Bloch’s equations! give for the absorption 
coefficient 

A=Ao/(1+ (uHi/h)*TiT2], (2) 


where Ao is the absorption coefficient at very low 
power, H, is the rotating component of the applied 
magnetic field, u is the dipole moment for the transition, 
and 7» is the “transverse” relaxation time. When the 
resonance is homogeneously broadened, 7.= 1/(27Ay,), 
where Ay, is the half-width at half-maximum absorption 
for the unsaturated resonance. Characteristically, values 
of 7, measured by saturation techniques have been an 
order of magnitude or more shorter than those deter- 
mined by dielectric relaxation techniques at audio- 
frequencies.® ; 


DISCUSSION OF PROPOSED METHOD 
OF RELAXATION 


A variety of experiments using microwave tech- 
niques has been carried out on Cu(NH4)2(SO4)2-6H2O, 
K;Cr(CN). and GdaMg3(NOs)12:24H2O which appear 
to fix the most important relaxation process in these 
crystals. The experiments will be described below after 
a discussion of the proposed process, which may occur 
rather commonly in paramagnetic crystals at low tem- 
peratures. 

It is proposed that, at least for the above salts, 
relaxation of the paramagnetic centers to the lattice is 
so rapid that it is not observed in most experiments, 
the relaxation time 7; being determined by the rate 
at which energy can be conducted to the lattice 
boundaries by phonons or perhaps by spin diffusion. 
The spin relaxation to the lattice, which will be desig- 
nated 7;s, appears to be as short as about 10~° sec, 
while 7; is many milliseconds or longer. Hence the 
spins and lattice modes come very quickly to the same 
temperature. Since normally the spin system has a very 
much greater heat capacity than do the lattice modes 
with which it interacts, this temperature is essentially 
the initial temperature of the spins. The observed 
relaxation time 7; represents the time required. for the 
lattice modes to repeatedly carry energy to the crystal 
boundary and thus dissipate the stored spin energy. 
Frohlich and Heitler’® showed some time ago that 


9 Gorter, van der Marel, and Bélger (see reference 12) have 
suggested an ingenious mechanism for explaining the discrepancy 
between values of 7; obtained by microwave saturation and those 
from dielectric relaxation. At very low power levels, they suggest, 
relaxation is limited by the rate at which energy can be conducted 
to the surface by lattice modes, while at sufficiently high power 
levels one can show that relaxation from the spins to the lattice 
must necessarily become the “bottleneck,” and hence is the rate 
which 1s measured under conditions of very large saturation. 
However, detailed examination of the amount of saturation in- 
volved in the microwave experiments and comparison with the 
large observed differences in measured values of 7; seem to show 
that this explanation is not tenable. 

10H. Frohlich and W. Heitler, Proc. Roy. Soc. (London) A155, 
640 (1936). 


energy is conducted to the crystal boundaries by 
successive transfer of excitation between adjacent para- 
magnetic sites at a negligible rate except perhaps in 
some very concentrated paramagnetic materials. 

Consider now the number of lattice modes which 
interact with a given transition of the paramagnetic 
centers. It is important to note that these are not just 
those modes which have frequencies coinciding with the 
frequency distribution of paramagnetic resonances, as 
one might be tempted to assume for a single-phonon 
relaxation process. In fact, it seems quite clear that the 
lattice modes are considerably broadened by their inter- 
action with the spins. For frequencies in the microwave 
range and temperatures near 1°K, each lattice mode 
has of the order of one phonon of energy. If there are 
effectively m modes which interact with the spins, and 
each of the V spins can exchange a phonon of energy 
with the lattice in a time 7)s, then each phonon is 
interrupted in a time 


At= (n/N)T,s. (3) 


The frequency range of the lattice modes which then 
interact strongly is of the order 2Av,;=1/mAt, and 
since N/n is very large, this range 2Av; may be 
enormously larger than the width of a given spin 
resonance. 

If transverse and longitudinal polarizations of the 
lattice vibrations are assumed to have the same velocity 
v, then the number of modes per unit volume below a 
frequency y is 





Nio= 4rv*/v’, (4) 
and the number per frequency interval is 
e 127? 
“Wwe 6 (5) 
v i 


Hence if Av;<v, expression (3) becomes 


1 24rv? s Avy 
Fa Pc 2 ae 
2rAvy v N 





where NV is the number of spins per unit volume which 
give a resonance at frequency v. From (6), we have 





N # ; 
Av,={ —- ) ’ (7) 
Tis 489*v? 
or 
N \3 
an=a4x1o~-(—) , (8) 
Tis 


for the values v= 210° cm/sec, and v= 10°/sec which 
are approximately correct for most of the microwave 
experiments. Thus with V=10"/cm* and T,s=10-, 
Av,=400 Mc/sec. Ts in the above expressions actually 
represents twice the spin-lattice relaxation time in the 
limit of 0°K and WN the excess of spins in the lower state. 
If the temperature is high enough that each lattice 
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mode contains several quanta, then the spin lattice 
relaxation may be appreciably shorter than the value 
of T,s appropriate to expression (7), and N should be 
replaced by N/2 hv/kT. 

Van Vleck" pointed out in 1941 the broadening of 
the modes and quite clearly described a relaxation 
process of the general type suggested here. However, 
he rejected it primarily on the grounds that available 
experimental information indicated (a) a single relaxa- 
tion time rather than a distribution, (b) no dependence 
of relaxation on crystal size as predicted by this process. 
Since that time, Benzie and Cooke’ and Gorter et al.® 
have found clear evidence for both a distribution of 
relaxation times, and a dependence of relaxation time 
on size. Van Vleck argued further, for reasons which 
are less clear-cut, that broadening of lattice modes 
would probably not be large enough to allow relaxation 
times as short as those which are observed. Gorter, 
Van der Marel, and Bélger!?:* have also recently sug- 
gested that the lattice modes are importantly broadened 
by interaction with the spins, and that this is the source 
of certain deviations from predictions of the variation 
of relaxation time with frequency (or #7). 

Consider now further the particular numerical case 
which is taken above as an example. For a density of 
spins V=10"/cm'*, the typical breadth of the para- 
magnetic resonance is a few or a few tens of Mc/sec, 
depending on the type of hyperfine structure present, 
and hence considerably smaller than Av,. This situation 
may occur with many normal conditions, and for some 
concentrated paramagnetic materials, Avy; may well be 
appreciably larger than the microwave frequency » at 
which measurements are being made. 

If a resonance at frequency » is saturated, or partially 
saturated, by an input of microwave power, the tem- 
perature of all lattice modes in a range v+ Ay will then 
be raised, and these will bring the temperature of any 
other spin resonances in this range of frequency to 
essentially the same value as that of the resonance 
which is absorbing microwave power. 

The rate at which relaxation of the spin system occurs 
as a result of energy conducted from the interior to 
the boundaries of the crystal by phonons is difficult to 
calculate with surety because it depends in some detail 
on the frequency response of each mode. However, the 
large number of lattice modes available to transport 
energy, because Avy; may be much larger than the 
width of the paramagnetic resonance, does appear to 
remove the serious difficulty previously encountered 
(see, for example, reference 11) in understanding the 
rapidity of relaxation. 

As a first approximation, suppose that all modes 
which interact strongly with the paramagnetic centers 
can conduct phonons to the crystal surface at a speed 
corresponding to the acoustic velocity »= 2X 10° cm/sec. 
There are at least n= 249*v*Av,/v'~}X 10" modes per 


~ 11, H. Van Vleck, Phys. Rev. 59, 724 (1941). 
12 Gorter, Van der Marel, and Bélger, Physica 21, 103 (1955). 
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cm’ in good thermal contact with the 10" spins per cm’, 
so that for a crystal } cm on a side, one might expect re- 
laxation times 7; of the order 1/40 sec. If it were as- 
sumed that only modes which fall approximately within 
the width of the paramagnetic resonance could carry 
away energy, than 7; could not be shorter than about 
1 sec, in disagreement with the common observation of 
relaxation times of the order of a few milliseconds. 
Furthermore, the broadened modes allow still smaller 
values of T;. Since the spins relax in a time 7;;~10~ sec 
to lattice modes in the range v-+Av;, they may relax to 
modes covering a much wider range of frequencies in the 
longer time which is comparable to the relaxation 
time 7;. Suppose 7; is 2X10~* sec and the frequency 
response of each mode were Lorentzian. Then, in 10-* 
sec, energy would be transferred from the spins to 
lattice modes in the range v-+10Av,;, and the energy 
may be carried to the crystal boundary roughly ten 
times faster than that indicated above, indicating a 
relaxation time 7) near 1/400 sec, as has been assumed. 
Any precise calculation must take into account the 
actual frequency spectrum of each mode, and also that 
phonons will tend to diffuse to the boundary as indi- 
cated below rather than to travel in straight lines. 

Phonons in the frequency range y+ Av, will certainly 
interact strongly enough with the paramagnetic centers 
to be absorbed and re-emitted many times before reach- 
ing the surface, and hence their conduction of energy 
is not properly described above, but must be deduced 
from the diffusion equation 

Om oO 


————(AN)=D_,V'*m, 
Co) 


(9) 


where m is the density of phonon excitation (in excess 
of the equilibrium value). Dz, the diffusion constant, 
is given by v*A/, with ¢ the mean lifetime of a wave 
packet of phonons. The density of phonon excitation 
is less than that of spin excitation AN by the factor 
n/N at very low temperatures, or 2n/N(k7T/hyv)? when 
kT>hyv and T is the temperature of the spin or lattice 
system. Hence the spin excitation would decay, as a 
result of energy transfer by this group of modes, accord- 
ing to the equation 


dAN/dt= DsV2(AN). (10) 


This equation applies accurately for small changes of 
AN, assuming that the spins and lattice modes are kept 
at the same temperature by rapid spin-lattice relaxa- 
tion. Actually there is an additional term on the right- 
hand side of Eq. (10), —2Ds/AN(V(AN) ]?, which is 
assumed small in this treatment. 

From (5) and the relation Av,= (1/2r)At the diffu- 
sion coefficient is 


9 


n 12° 
Ds = —D, = ) 
N Nov 


(11) 


for hv>>kT and Ds=24v?/No(kT/hv)? for hykT. 
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The rate of decay of a distribution AN predicted by 
(10) depends on the nature of the distribution and 
boundaries. For example, a one-dimensional] distribution 


cos(ax) along the x direction decays exponentially as. 


exp(—D,a*). Any actual initial distribution may be 
expanded in Fourier series and each component would 
then have its own decay rate. Regions near the surface 
of a crystal would in general show faster decay rates 
than those in the interior. (See also Van Vleck, 
reference 11.) 

If we assume the above type of diffusion, the longest 
decay rate for spins in a crystal of diameter L cm 
would be, for hyv<kT, approximately 


) By LhNo 
T,;=— =— ————— 
3°D, 72x*(kT)? 


(12) 


For N=10/cm'*, »=2X10° cm/sec, v= 10" cps, and 
L=}4 cm, this gives T,~ (2/T) sec. 

Again, this predicted decay rate is long enough that 
the spins may give energies to modes with frequencies 
far outside the range v-t+Av,. These modes would give 
a much more rapid diffusion rate because they would 
have a much longer mean lifetime At, and may approach 
the case discussed earlier of direct flow of energy to the 
boundaries without scattering. 

It is interesting to note that expression (12) is inde- 
pendent of Av, or hence of 71s, and that it predicts the 
functional dependence of 7; on the crystal size, tem- 
perature, and concentration of spins. As indicated 
above, conduction of energy by lattice modes con- 
siderably outside the range v+Avz;, which do not suffer 
much scattering, may be quite important and may 
vitiate predictions from expression (12). 7; should be 
proportional to L’ if diffusion is the dominant method 
of energy conduction, or to L if the phonon paths are 
not interrupted in a distance comparable to L. If T; 
were essentially the same as 75, as is often assumed, 
then the relaxation time should be quite independent 
of crystal size. For cases where the lattice-bath relaxa- 
tion is limiting, 7; would probably never increase as 
rapidly as linearly with NV, but if Avz<v, T, may be 
proportional to NV} since the number of modes carrying 
energy to the crystai surface is proportional to NV? and 
the amount of energy to be so dissipated is proportional 
to N. If Avz>>v, then the number of modes in thermal 
contact with the spins is proportional to (Avz)* rather 
than to Avz, and 7; would be expected to vary as 1/N}. 
Any spin diffusion, that is, transfer of energy between 
adjacent spins, would also tend to give shorter relaxa- 
tion times with increasing N. The dependence of 7; 
on N is further complicated by variations with N of the 
effectiveness of energy exchange between adjacent 
resonances, a process which will be discussed below in 
connection with experimental results on Cu(NH,)2- 
(SO4)2°6H,0. 

As noted above, a relaxation process involving diffu- 
sion will exhibit a variety of relaxation times rather 
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than a single one. This may be the source of the distri- 
bution obtained’:* from low-frequency measurements of 
relaxation times. It may also explain some, but probably 
not all, of the difference between values of 7; measured 
by this technique and those measured by microwave 
saturation. As Benzie and Cooke have pointed out,’ 
the former method tends to emphasize the longer 
values of 7; in any distribution, and the latter method 
emphasizes the shorter values. 


EXPERIMENTAL OBSERVATIONS 


Relaxation times were measured by two different 
types of techniques employing microwaves of frequency 
near 9000 Mc/sec. The first was the well-known satura- 
tion method mentioned briefly above. The second 
involved various ways of saturating the spins by pulsed 
or cw microwave energy, and measuring the rate at 
which equilibrium was restored by observing the ab- 
sorption of a small microwave signal as a function of 
time after the saturating energy was removed. The 
small microwave signal was too weak to produce of 
itself an appreciable saturation. This method gives a 
very simple and direct measurement of 7; and is also 
useful for examining whether the decay is strictly 
exponential. 

One convenient method for such “decay time” obser- 
vations was obtained by synchronously sweeping the 
frequency of two different klystron oscillators past the 
paramagnetic resonance. If, for example, the frequency 
is swept at a rate of 10000 Mc/sec, and the two oscil- 
lators differ in frequency by 100 Mc/sec, then they pass 
through the resonance at times which differ by 10 milli- 
seconds. The sweep is ordinarily repeated at a rate 
slow compared to the relaxation time 7). If the oscil- 
lator which just reaches the resonance is sufficiently 
powerful to saturate it, the second oscillator may be 
used as a probe of the extent to which equilibrium has 
been restored by relaxation. To make signals from the 
second oscillator more prominent, power from the first 
oscillator may be decreased after saturation has occurred 
by application of a square wave to its repeller. The time 
difference between saturation and probing may of 
course easily be varied by changing the frequency 
difference between the two oscillators or by changing 
the rate of sweep. This technique and a number of 
variants were used to obtain 7; from decay rates. 

In most of the cases examined, the ‘‘decay time” 
type of measurement yielded values of 7, remarkably 
close (within a factor of three) to those obtained by 
saturation measurements, assuming expression (1) and 
that T,=1/(2rAvs), where Avs is the half-width of the 
line at half-maximum. This was particularly surprising 
in the case of crystals with paramagnetic centers diluted 
more than one thousand-fold by nonparamagnetic 
atoms. In these cases the resonances were several or 
more oersteds wide, presumably because of hyperfine 
structure, and the average field produced at one para- 
magnetic center by the surrounding atoms was of the 
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TABLE I. Line breadths of the —$—$ resonance in 
Gd2Mg;(NOs) i2°* 24H.0. 








Line breadth (total width 
in oersteds at half- 
concentration maximum intensity) 


10% 3.240.3 
1% 2.0+0.4 
0.1% 18+0.4 


Nominal 











order of one-hundred times smaller than this width. 
The present experiments were begun with the expecta- 
tion that for such dilute salts the resonances would be 
far from “homogeneously” broadened, and that 7» 
would have to be roughly one-hundred times longer 
than values deduced from the entire resonance width in 
order to satisfy Eq. (2). 

Evidence that the lines were broadened by hyperfine 
structure, rather than by spin-spin interaction is given 
not only by a calculation of spin-spin interaction, but 
also from an examination of line width as a function of 
concentration. An example is given in Table I. It is 
evident that at least for concentrations below 1% 
nominal the line breadth is nearly independent of 
concentration and hence not due to spin-spin inter- 
action. 

Actual concentrations were measured roughly from 
the intensity of absorption, and found to be less than 
the nominal values by somewhat more than a factor of 
10 for the cases listed in Table I. However, absorption 
intensities indicated that the relative abundances are 
correctly given by the nominal concentrations. The 
nominal concentrations are those of the liquid from 
which the crystals were grown. Evidently Gd does not 
deposit readily in the crystals containing a large 
majority of La so that a large difference in concen- 
tration between the crystal and the liquid occurred. 
No such large differences appeared in the other materials 
examined. Another peculiarity of the Gd crystals which 
was probably connected with the same difficulty was an 
extremely broad and weak background of paramagnetic 
absorption superimposed on the rather sharp resonance 
lines. This background va ‘ied from case to case, but 
was usually as wide as one-thousand oersteds, and 
appeared to contain in toto appreciably more spins than 
the sharp resonance lines. The background is thought 
to be due to paramagnetic ions which are either not 
randomly distributed or not in their normal positions 
in the crystal lattice. 

Measured relaxation times 7; for a given substance 
varied by factors of two or somewhat more with the 
particular transition and crystal involved, and with the 
temperature and concentration used. No very system- 
atic study was made to isolate these several variables, 
except in the cases noted below, and therefore all 
details of the specific values found will not be listed 
here. However, typical values of 7; obtained for a 
temperature of 1.3°K are listed in Table II, along with 
typical values of line widths. Line widths were also 
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found to vary from one transition to another by about 
a factor of two, and to vary slightly with concentration 
in the range of concentrations used. These variations 
have not been carefully studied and are not very sig- 
nificant for the present discussion. 

It will be noted from Table II that values of 7, 
obtained from saturation measurements and those from 
decay times agree fairly well. For the Gd salt, relaxation 
times obtained were rather variable, and it is not certain 
that the saturation value is significantly longer than 
that from decay times. For the Cu salt, 7; given by 
saturation is clearly shorter than that from decay 
times. All cases are quite inconsistent with assuming 
that 7: is given by spin-spin interaction. 

The apparent “homogeneous” broadening which 
occurred in all these resonances was further confirmed 
by failure of all attempts to “burn a hole’’™ in one of 
the resonances. This might have been expected to 
be particularly easy in the case of highly diluted 
Cu(NHs3)2(SO4)2-6H2O where the line breadth was 
rather large, and the relaxation time quite long. 

In terms of the relaxation process discussed above, 
the apparent “homogeneous” broadening is an immedi- 
ate consequence of the lattice modes being broader in 
frequency than the paramagnetic resonances, and in 
their being at essentially the same temperature. In this 
case, the usual derivation of Eq. (2) does not apply, 
since the saturating microwaves act at a given time on 
only a small group of paramagnetic centers which differ 
in frequency from the existing radiation by not much 
more than 1/(27r7T2s), where T25s is the value of T2 pro- 
duced by spin-spin interaction. In the dilute salts 
considered, 1/(27rT2s) is of the order of one-hundredth 
of the total resonance width. However, one can show 
that when the microwave field is not too large, the 
energy given by the field to this small group of spins, 
if one assumes a long T»25, is the same as what would be 
given to the entire group of spins, assumed ‘to be 
homogeneously broadened and hence with a much 
smaller value of Ts. From this fact and the assumption 
that the energy thus taken from the microwave field is 
shared with all spins involved in the resonance line, 
Eq. (2) can be justified with T,=1/(2rAvs) and 7; the 
same as the decay time. Thus the proposed mode of 
relaxation predicts observed features of the apparent 
homogeneous broadening. 

In the case of the Cu salt, an accurate measurement 
of T; by saturation techniques was difficult with the 
particular experimental arrangement used because of 
the very small power level at which the Cu resonances 
saturated. However, the value obtained by assuming 7; 
is given by the line width was appreciably smaller than 
the values from decay-time measurements, and in 
contrast to the much closer agreement found for the 
other two salts. This behavior is not unexpected from 
the proposed mode of relaxation. If saturation of one 


18 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
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of the Cu resonances immediately saturates an addi- 
tional seven neighboring resonances, then the effective 
line width may be considered to be approximately 
eight times that of a single resonance, and the value of 
T, used in expression (2) should be one-eighth that 
deduced from the line width. This would increase 7; by 
a factor of eight to 16 sec, which is more nearly com- 
parable with the values obtained from decay-time 
measurements. Thus, if measurements are made with 
sufficient refinement, the differences between values of 
T, obtained by saturation and by decay-time techniques 
should allow a determination of approximately how 
many spins are saturated by excitation of a single line. 

This suggests another possible reason why saturation 
measurements have usually yielded shorter relaxation 
times than does examination of paramagnetic relaxation 
at low frequencies. The latter is a nonresonant technique 
which is assumed to act on all spins at the same time. 
The former has in the past been assumed to saturate 
only one particular resonance. If there are nearby 
resonances of roughly equal intensity, then these reso- 
nances may also be saturated through action of the 
phonons, and the measured value of 7; will be too 
small by a factor n. 

The case of Gd, where the saturation relaxation time 
is slightly longer than the value from decay-time 
measurements, is not very clear. Experimental results 
were much more erratic for Gd than for the other two 
salts, presumably because of the broad background of 
absorption. The long relaxation time obtained from 
saturation might be interpreted as a slight tendency 
of the line to saturate inhomogeneously. More probably, 
the line is broadened ‘‘homogeneously,” but the values 
of 7, obtained from each type of measurement are 
strongly affected by the broad background of absorp- 
tion. Thus if the decay-time measurement were made 
by an initial saturation of too short a duration, spins 
involved in the broad background would not have had 
time to be fully saturated, and their later absorption of 
energy would have produced an apparent 7, which is 
too short. On the other hand, the value of 7; obtained 
from saturation measurements is also shortened as the 
result of a process similar to that indicated for the Cu 
case with both the broad paramagnetic absorption and 
additional resonances contributing to the energy loss. 
It is very difficult to know which of these effects which 
modify 7; would dominate for the particular experi- 
mental conditions. 

Considerable effort was made to “‘reverse” spins by 
adiabatic fast passage in order to obtain a two-level 
solids tate maser." To achieve and detect such a 
reversal, the two synchronously swept klystrons were 
again used. It was expected that spin reversal would 
occur when the first or saturating klystron was swept 
through the resonance in a time as short as about 725 


14 Combrisson, Honig, and Townes, Compt. rend. 242, 2451 
(1956). 
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TABLE II. Typical values of line width and relaxation times 71 
at a temperature of 1.3°K. 








AH 
(Total 
width in 
oersteds 
at half- 
maximum 
intensity) 


Tifrom 171 from 

decay satura- 
time tion 
(sec) (sec) 


Substance and transition 
(In each case the para- 
magnetic ion was diluted Diluting 
by 1% or more.) ion 





Gd2(Mg)s(NOs)12-24H20 La 2.0 7X10 15X10 
M 2-1/2 


=—1/ 
4X10 


K:Cr(CN)s Co 12 3 X1072 


M=-—1/2-1/2 
Cu(NH4)2(SO«)2-6H20 7 20 20 
/ 


A =1/2-1/2 
M1 =3/2-43/2 





and produced a field strength H; sufficiently large that 
h/wH, was smaller than this time. For a very rapid 
sweep through one of the Gd lines it was found, as 
expected, that the resonance appeared to saturate as 
power output of the first klystron was increased to near 
the field strength calculated to be necessary. That is, 
absorption of energy from the first klystron reached a 
limit. However, under these conditions the second 
probing klystron detected essentially no difference in 
the absorption from that observed in the normal equi- 
librium condition, even at times as short as one milli- 
second after adiabatic fast passage or saturation by the 
first klystron. This is in contrast with the decay time of 
many milliseconds which had been measured under 
more static conditions. If the sweep was slowed until 
the first klystron passed through the resonance in a 
time longer than about 10~° sec, saturation was easily 
and normally detected by the second klystron, and it 
decayed in the normal times of about 10~? sec. The 
microwave field strength used was about 0.1 oersted, 
so that an individual hyperfine component of the Gd 
resonance, which had a total width of 2 oersteds, was 
excited during a time of about 10~® sec for this sweep 
rate. 

The observed very fast relaxation appears to be the 
spin-lattice relaxation time Ts, which is near 10~* or 
10-® sec as assumed in the initial discussion of the 
relaxation mechanism. A saturation or reversal of a 
group of spins in a time shorter than 10~® sec can occur 
without an effect during that time on the other spins 
of nearby frequency. However, for any excitation 
occurring during a time longer than 10~ sec, the spins 
have an opportunity to relax to the lattice modes, which 
then saturate other spins. A similar experiment on 
Cu(NH4)2(SO4)2-6H2O was done by fixing the klystron 
frequency at the cavity resonance and sweeping the 
magnetic field. Again, excitation due to a rapid sweep 
through a single resonance decayed very rapidly while 
that due to a slower sweep decayed at the normal rate, 
with 7,= 10 sec. In this case, the value of 7s obtained 
from the sweep rate at which an appreciable residual 
saturation began to appear was 2X 10~ sec. The larger 
value of 71s for the copper salt is reasonable in view 
of the longer relaxation time 7). A very rapid sweep 
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through all eight resonances, in contrast with that 
through a single one, gave a large residual saturation 
which decayed at the normal rate. 

In the case of Cu(NH,)2(SO4)2-6H20, the spin excita- 
tion produced during a fast sweep through a single reso- 
nance is undoubtedly divided after a time appreciably 
greater than 7,5 among the eight resonances. For Gd, 
the cavity response was somewhat narrower than the 
paramagnetic resonance. Hence the excitation energy is 
probably transferred partially to other spins in the 
same resonance, partially to spins in the very broad 
background absorption noted above, and partially to 
some of the six nearby resonances of somewhat different 
frequency. With the energy thus far divided, the 
resonance would show a response within about 10% of 
the normal value any time much longer than 7); after 
the initial adiabatic fast passage, and this small residual 
effect would not have been noticed in the experiments 
mentioned. A rapid sweep through all eight Cu lines 
should, of course, be expected to produce a large 
residual saturation because all spins are excited by the 
sweep. 

In addition to a very rapid spin-lattice relaxation, 
two alternative explanations suggest themselves for 
the short lifetime of the excitation produced by a fast 
passage. One possibility would be a loss of energy by 
radiative damping and the other the exchange of energy 
between two nearby spins which are not necessarily in 
the same local field, resulting in a “diffusion” spreading 
of excitation energy to all parts of a given resonance 
line. A rough calculation of the diffusion process shows 
that it is much too slow. Consider, for example, the 
case where a central part of a resonance is saturated 
over a width AH, the entire line width is AH, and the 
field produced at a given spin by its paramagnetic 
neighbors is approximately AH,=yuN, where N is the 
spin density and yw the Bohr magneton. The time 
required for the energy to spread by diffusion a distance 
AH, in both directions is approximately 


(AH»)?(AH)* 


16x2(AH;)%y 


where vy is 2.8X 10° (cycles/sec)/oersted. For a typical 
paramagnetic substance diluted to 0.1% and with 
AH»o=1 oe, AH=15 oe, this expression gives a time 
constant of about 8 sec, which is of course much longer 
than the observed 10~* sec during which the excitation 
energy was dissipated. This calculation is also pertinent 
to our failure to “burn a hole” in any of the resonances 
observed, which might be also attributed to diffusion 
if the rate of diffusion were sufficiently fast. 

The rotating component of magnetization for a 
system of spins subject to its own radiation field and to 
spin-spin interaction decays with the damping time’ r, 
which is analogous to a relaxation time. Radiative 


16S. Bloom, J. Appl. Phys. 28, 800 (1957). 
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damping is apparently also too slow to account for the 
very short lifetime of the excitation produced during 
fast passage. 

For the special case of negligible spin-spin interaction 
(T,= ©), the radiation damping time is 


Secu | hae 1/(2ryQfM»), 


where f is the filling factor of the microwave cavity in 
which the material is located, Q its quality factor, and 
M, the magnetization at the beginning of radiation. 
In the experimental situation described, f~8X10-, 
N=2.8X10!7/cc, O~5X 108, and Myo» Su?H/kT, where 
uw is the Bohr magneton and T=1.3°K. This yields 
7~1X10-" sec, which is considerably larger than the 
value 2X10-* obtained for 7, from the line width. 
Now when 7:<r,, it can be shown that the total 
fractional change in M, due to radiation damping is 





AM, 2 
=——(1—cos*), 
My 2Te0 


where @ is the initial angle between Mo and the z axis. 
This gives AM,/Mo~7o, indicating that radiation 
damping cannot play a major role in decay of the excita- 
tion in this case. Furthermore, no appreciable radiation 
of energy from the paramagnetic material was observed 
experimentally. 

That each resonance appears to be homogeneously 
broadened has already been indicated and discussed. 
What seems to be an even more striking manifestation of 
the same phenomena occurs in Cu(NH4)2(SO4)2-6H,O, 
where saturation of a single resonance almost immedi- 
ately produces saturation in other resonances which are 
nearby in frequency. There are two equivalent sites for 
Cut* ions in this crystal which, except for special 
orientations of the crystal with respect to the magnetic 
field, give two distinct resonance frequencies. Each of 
these is split by hyperfine structure into four more or 
less equally spaced and equally intense components. 
In some cases additional hyperfine components appear, 
due to breakdown of selection rules. Hyperfine com- 
ponents of the two Cu isotopes are largely overlapping, 
and do not produce important doubling. For crystals 
of 10°, concentration, saturation of any one of these 
eight components results in a roughly equivalent 
amount of saturation in all the other eight lines—which 
of course includes those due to the second set of Cut+* 
ions. This phenomenon is particularly easy to observe 
in Cu(NH,)eo(SO,4)2°6H2O because the relaxation time 
T; is as long as 20 sec, so that immediately after satura- 
tion of one resonance and elimination of the saturating 
radiation, the magnetic field may be varied for examina- 
tion of saturation and relaxation of the other reso- 
nances. The time required for energy to be transferred 
to resonances other than the one being excited was too 
short to be detected, or hence appreciably less than one 
second. It is possible that similar effects occur in the 
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Fic. 1. Relative positions and widths of resonances for Cu(NH4)2- 
(SO,)2-6H,0 for a particular crystal orientation. 
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other salts examined, but the experimental arrange- 
ment did not allow examination of more than one 
resonance within their shorter time of relaxation. 

More detailed examination of this “cross saturation” 
between resonances for various concentrations yielded 
other interesting observations. For concentrations of 1% 
and less, an asymmetry was evident in the behavior of 
the two different Cu** sites. Most observations were 
made with crystal orientations such that one set of 
Cut* ions gave a series of four lines separated by about 
100 oe, and the second set of ions produced four more 
closely spaced lines on the low-frequency side of the 
first series with relative spacing as indicated in Fig. 1. 
For a concentration of 1%, saturation of the resonance 
labeled as 5 in this figure would saturate almost com- 
pletely all lines. Saturation of 1, 2, 3, or 4 would saturate 
completely all lines in the same group, but the amount 
of saturation of 5 and other resonances was small. This 
is the asymmetry referred to above. Similar asymmetry 
was observed between each of the last four lines and 
the first group of four, with excitation of 5, 6, 7, or 8, 
being more effective in saturating 1, 2, 3, and 4 than 
these latter were in saturating 5, 6, 7, or 8. The effective- 
ness of one resonance line in saturating another was also 
found to vary noticeably and systematically with their 
separation in frequency for concentrations of 1% and 
less. For 1% concentration the separation between lines 
which strongly saturated each other was limited to 
about 400 oe or 1100 Mc/sec, and for 0.1% concentra- 
tion the maximum separation over which strong cross 
saturation occurred was smaller by a factor of 2 or 3. 
One set of pertinent experimental observations on 
cross saturation is given in Table III. 

The presence of cross saturation can be easily under- 
stood in terms of the suggested relaxation mechanism, 
and seems to afford evidence that the lattice modes are 
excited in a wide band, and to the same temperature 
as the spins. The frequency spread of the interaction 
(~2200 Mc/sec for the 1% concentration) is a measure 
of Av ,, but is probably of the order of ten times as 
large as Av, since cross saturation can probably occur 
in times as long as one second rather far into the wings 
of the frequency distribution of the excitation. The rate 
of decrease with decreasing N of the frequency spread 
for cross saturation is in reasonable agreement with the 
expectation that Av, is proportional to NV}. Further- 
more, the observed magnitude of Av, is consistent with 
a value of 71s near 2X10~ sec, which is the experi- 
mental value obtained above. 

The observed asymmetry can occur whenever there 
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TABLE III. Experimental observations on cross saturation in 
Cu(NH4)2(SO,)2-6H2O diluted to 1% Cu** ions by Zn*t*. (Lines 
may be identified by number from Fig. 1.) 











Lines which 
were not 
noticeably 
saturated 


3,0, 458 


,1,8 
,8 


Line 
saturated 
by micro- 

waves 


Lines which 
were partially 
saturated 


Lines which 
were saturated 
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is a fixed rate of transfer of energy between two lines, 
but one releases energy to the bath more readily than 
the other. Thus if lines 1, 2, 3, and 4 interact somewhat 
less strongly with the lattice modes than do lines 5, 6, 7, 
and 8, they will interact with somewhat fewer modes 
and relax more slowly. This means that a fixed rate of 
transfer between, say, lines 4 and 5 asa result of phonon 
action may saturate line 4 when energy is flowing in 
the opposite direction. An attempt was made to measure 
separately the relaxation time for line 4 and line 6 in 
the most dilute (0.1%) crystal where interaction was 
minimized. The result showed the relaxation time of 4 
to be 1.5 times as long as that for 6, which is roughly 
what was expected. However, the measurement was not 
sufficiently accurate to be compietely conclusive. It may 
be noted that lines 4 and 6 are produced by Cu** ions 
which are situated equivalently in the lattice. However, 
their surroundings are not oriented in the same way 
with respect to the applied magnetic field, and hence 
their spin-lattice interactions need not be identical. 

It is instructive to compare relaxation and Av, for 
the three crystals mentioned here with these charac- 
teristics of paramagnetic impurities in Si. The latter 
seems to be an example where the spin-lattice relaxation 
Ts is the limiting time in the relaxation process. For 
10'¢ impurities per cm* in Si, let 715 7,= 10 sec, which 
is approximately the observed value of the relaxation 
time. Then Av;~3X10* cycles/sec from (8). Actually 
Av, should be even smaller than the value given 
by (8), since this expression assumes that every spin 
interacts with every lattice mode, or that Avz is larger 
than the resonance line width. In any case, dissipation 
at the crystal surface may produce a lattice mode 
width of the order of 10° cycles/sec, so that such a 
value is reasonable for the present example. In the 
range of 8 Mc/sec which is the width of the para- 
magnetic resonance, there are about 3X10! modes, 
which can carry 6X10'’ phonons per second to the 
boundaries of a crystal nearly one centimeter in 
diameter. Hence the-lattice-bath relaxation is very 
rapid compared with 7s for the spin-lattice relaxation. 
This situation is consistent also with experimental 











GIORDMAINE, ALSOP, 


310 
observations for these resonances of holes “‘burned”’ 
with widths somewhat less than one Mc/sec.?® 

Several alternate explanations of cross saturation 
were considered. One supposed a very rapid relaxation 
between hyperfine components for each set of Cut* 
ions, and an approximate coincidence of one of the 
forbidden hyperfine transitions of one set of ions with 
a transition of the other set. However, calculation 
showed that any near coincidence of this type is 
impossible. Furthermore, such rapid nuclear relaxation 
appears quite unlikely except possibly through quad- 
rupole coupling, which would have produced noticeably 
stronger interaction between alternate lines than be- 
tween adjacent ones. 

A second possible explanation of cross saturation 
involved exchange of energy between two different lines 
as a result of a slight overlap of the wings. That is, it 
might be assumed that one resonance extended far 
enough toward a second resonance so that spins 
precessing at the frequency of the second resonance 
could excite transitions in and hence saturate the first 
resonance. To investigate the validity of such an 
assumption, an attempt was made to saturate one of the 
lines by intense microwave radiation which differed in 
frequency by various amounts from that of the reso- 
nance. Such experiments were carried out on a crystal 
with 0.1% concentration. It was found that a micro- 
wave field of 0.16 oe at a frequency 140 Mc/sec from 
the resonance frequency produced a rather small 
saturation. This is to be compared with the field of 
about 0.01 oe produced by all spins having the fre- 
quency of an adjacent line which is about 280 Mc/sec 
away from the resonance frequency. This appears to 
rule out cross saturation due to a direct interaction 
between the spins in adjacent lines, since it cannot be 
supposed that spins in the adjacent line produce a 
complete saturation by direct spin-spin interaction 
while the considerably larger microwave field which is 
also closer to the rescnance frequency fails to do so. 

As an additional check on the proposal that lattice- 
bath relaxation is the limiting process for the crystals 
examined, the relaxation time was measured for different 
sizes of crystals of the same material. The relaxation 
time for a crystal of Cu(NH4)2(SO4)2-6H2O with 107 
concentration and measuring near 4 mm on a side was 
found to be approximately 10 sec. This crystal, and 
some others grown at the same time, were then broken 
up into small pieces no larger than about 1 mm on a 
side, held together in a small open plastic sack, and 
inserted in the microwave cavity for a measurement of 
the relaxation. As in all experiments reported here, the 
cavity contained liquid helium, which surrounded the 
individual crystals. The resonance observed was a broad 
smear of width equal to the total spread of the previous 
eight lines, since the orientation of each individual 
crystal was random. The relaxation time 7; for the 


16 G. Fehr (private communication). 
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collection of small crystals was 0.7 sec, showing a very 
distinct dependence of relaxation on crystal size. The 
crystal sizes and shapes were not sufficiently well known 
to test whether the relaxation time varies as L or L’ for 
this salt in accordance with the two extreme cases 
discussed above. However, some other experiments 
where relaxation was measured before and after a single 
crystal was sawed into several pieces indicate that the 
relaxation time varies with size more slowly than L?. 

No specific test was made of the dependence of relaxa- 
tion time on V. An examination of the various measure- 
ments accumulated during the course of the above 
experiments suggests that, for the three salts studied, 
the relaxation time does increase with increasing NV as 
expected. However, no definite conclusions can be drawn 
because when \ was varied, the shape and size of the 
sample also varied. In most of the experiments, the 
total number of spins used was kept constant in order 
to give the absorption signal a certain fixed strength. 
Since the number of spins is proportional to VL’, and 
for diffusion the relaxation time should be proportional 
to NV L*, it is not surprising that no very large differences 
in relaxation time were noted except in the experiment 
with many small crystals, which was specifically de- 
signed to test a dependence on L. For some salts there 
is information in the literature showing variations of 7; 
with concentration, and indicating that in rather con- 
centrated salts 7, usually decreases with increasing 
concentration.!7 Hence presumably Av,>v for these 
cases. The expected dependence of 7; on NV is compli- 
cated and variable enough, that a satisfying test of these 
expectations will require more complete examination of 
parameters for the particular crystal involved. 

The dependence of relaxation time on crystal size 
and shape should be remembered in any comparison of 
relaxation times for various concentrations and for 
various techniques. It is possible that still another of 
the reasons why microwave saturation measurements 
have appeared in the past to give shorter relaxation 
times than have dielectric relaxation measurements is a 
consistent use of smaller samples in the former case. 


IMPLICATIONS OF RELAXATION 
PROCESS FOR MASERS 


Although the salts examined have a rather long 
relaxation time 7), they are not very favorable for use 
in a two-level maser" if the spin-lattice relaxation is as 
short as indicated, since any negative temperature 
which is produced would decay at a rate given by the 
spin-lattice relaxation T,s and not 7;. This would not 
prevent oscillation of a 3-level maser under close to 
the same conditions expected for a homogeneously 
broadened line and with 7;s;=7 ;. However, it could 
considerably narrow the band width of the 3-level 
system as a maser. Even though an entire resonance line 


17 See, for example, R. J. Benzie, Proc. Phys. Soc. (London) 
A64, 507 (1951). 
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may appear to be homogeneously broadened, the driving 
microwave field would produce negative temperatures 
over a band width given by the spin-spin interaction or 
by the field strength, and any part of the line which 
extended beyond this band width would be saturated 
and at a large positive temperature rather than at a 
negative temperature. Thus the band width for amplifi- 
cation may be limited to approximately the width of 
spin-spin interaction or of the driving field. 


SUMMARY 


The results discussed above appear to show that, 
for relaxation of the paramagnetic resonances ia 
GdeMg3(NOs3) 12° 24H,0, K3Cr(CN)g, and Cu(NHs4)o- 
(SO4)2:6H,O at liquid helium temperatures : 


1. It is the lattice-bath relaxation which limits the 
total rate of relaxation. 

2. The spin-lattice relaxation time is several orders 
of magnitude smaller than the observed values of 7), 
and is of the order of 10~* sec for the Gd and 10~ for 
the Cu case. 

3. Breadth of the lattice modes is very much larger 
than the width of the resonances in the diluted crystals, 
and in particular for 1% paramagnetic concentration 
of the Cu salt, the breadth is several hundreds of mega- 
cycles/second. 

4. Breadth of the lattice modes increases with in- 
creasing concentration of paramagnetic centers. 


5. Two nearby resonances are rapidly brought to the 
same effective temperature by exchange of energy 
through the lattice modes. 

6 The relaxation time 7, is dependent on crystal size. 


It is also suggested that 

1. The lattice-bath relaxation is rather commonly 
the limiting process for relaxation of paramagnetic 
salts, and for such cases: 
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2. The broadening of lattice modes by spin-lattice 
interaction is sufficient to remove the previous difficulty 
in understanding the rapidity of observed relaxation at 
liquid He temperatures. 

3. The relaxation time will increase with increasing 
density of paramagnetic centers for many substances 
which have rather long relaxation times, and decrease 
with increasing density for those which relax more 
rapidly. 

4. There is a distribution of relaxation times because 
diffusion or other forms of transport of phonons to the 
crystal surface is involved. 

5. Much of the apparent discrepancy between relaxa- 
tion times obtained by saturation methods and those 
from paramagnetic relaxation at low frequencies can be 
explained by the distribution of relaxation times, the 
dependence of relaxation on crystal size, and saturation 
of more than a single resonance line at one time by 
phonon action. 


The present preliminary observations suggest a num- 
ber of additional experiments and refinements which 
should be interesting and valuable for a more detailed 
and quantitative examination of the relaxation process. 
It seems probable that more detailed investigation of a 
variety of substances will reveal a variety of situations 
where different relaxation processes dominate. How- 
ever, the type of situation which seems to occur in the 
cases examined here is probably normal for many 
similar salts. 
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The operation of a solid-state maser amplifier at 2800 Mc/sec is described. A dual-frequency cavity con- 
taining paramagnetic potassium chromicyanide in an isomorphous cobalt diluent is used at 1.25°K. The 
experimental observations of the maser both as an amplifier and as an oscillator are compared with theory. 





I. INTRODUCTION 


SOLID-STATE maser of the type proposed by 

Bloembergen! has been operated both as an 
amplifier and as an oscillator at 2800 Mc/sec, using 
K;Co(CN)¢ containing 0.5% Cr as the paramagnetic 
salt. This material is particularly suited for maser 
application by virtue of its unusually long spin-lattice 
relaxation time, which was found to be 0.2 sec at 1.25°K 
by resonance saturation techniques. 

The upper three of the four energy levels of the Cr+*+* 
ion were used, with the energy level spacing suitably 
adjusted by means of the magnitude of the dc magnetic 
field and its orientation with respect to the crystalline 
electric field of the salt. Spin state populations were 
inverted by saturating the resonance absorption at 
9400 Mc/sec. 

The amplifier, regenerative in nature, has as a result 
much narrower band width than one would expect from 
a casual consideration of the circuit Q’s involved. For 
simplicity the measurements reported below were made 
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ENERGY LEVEL DIAGRAM K, Cr (CN)g 


Fic. 1. Energy level diagram K;Cr(CN)¢ with orientation 
of magnetic axes as parameters. 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with Massa- 
chusetts Institute of Technology. 

1N. Bloembergen, Phys. Rev. 104, 324 (1956). 


with a relatively high Q reflection cavity. To achieve 
the large band widths inherent in the width of the para- 
magnetic resonance line without sacrificing gain, a very 
low Q structure, e.g., a slow wave structure, containing 
a much larger volume of the paramagnetic salt would 
have been necessary. In spite of its band-width limita- 
tion, however, the present circuit shows that a solid- 
state maser can be made to operate in reasonable 
agreement with the theoretical predictions. 


II. ENERGY LEVELS 


Baker, Bleaney, and Bowers® have interpreted the 
paramagnetic resonance spectra of K;Cr(CN)¢as arising 
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Fic. 2. Energy level diagram K;Cr(CN). rotation about b axis. * 


from two magnetically similar but differently oriented 
complexes per unit cell, with the spin Hamiltonian 


H=6H-g-S+D[S/—3S(S+1) ]+E(S2—-S,’), 


where for cobalt as the diluent, D=0.083 cm~!, E=0.011 
cm“, and g is approximately isotropic and equal to 1.99, 
The direction cosines between the magnetic axes (x, y, 
and z) and the pseudo-orthorhombic crystalline axes 


? Baker, Bleaney, and Bowers, Proc. Phys. Soc. (London) B69, 
1205 (1956). 
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(a, b, and c) are given as 


x z 

a 0.104 0.994 

b +0,994 0.104 

c 0 0 
Several energy level diagrams computed from this spin 
Hamiltonian are shown in Figs. 1 and 2. Within experi- 
mental accuracy, our preliminary measurements agree 
with these curves both in the 3 cm and 10 cm wave- 
length regions. 

As these data indicate, several combinations of 
magnetic field and crystal orientation can be chosen 
which will permit operation at the selected frequencies, 
2800 Mc/sec and 9400 Mc/sec. The combination which 
gave the best results in the initial investigation, and 
which was used for the measurements reported below, 
is shown in Fig. 3. The desired splitting was achieved 
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Fic. 3. Energy level diagram K;Cr(CN)¢. showing 
point of maser operation. 


by means of a slight rotation, about the a axis, of the 
c axis from the dc magnetic field. 


Ill. APPARATUS AND METHOD 
A. Microwave Apparatus 


Because of its essential simplicity, a fixed-tuned, dual- 
mode coaxial microwave cavity was employed. Minor 
adjustment of the splitting of the energy levels to 
correspond to the resonant frequencies of the cavity was 
done by small shifts in crystal orientation. The cavity 
is one-half wavelength long at 2800 Mc/sec when 
operated in the TEM mode with the sample in place 
and with the remainder of the cavity volume filled with 
liquid helium. At 9400 Mc/sec, the cavity operated in 
the TE\:3 mode, which was especially chosen to reduce 
cross coupling of 9400-Mc/sec power into the coaxial 
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Fic. 4. Dual-frequency maser cavity. 


line employed for 2800-Mc/sec operation. The cross 
coupling was further reduced by means of low-pass 
filters in the external coaxial line. The resulting mag- 
netic field configurations and cavity features are shown 
in Fig. 4. Saturating power was coupled to the cavity 
by means of a section of silver-plated stainless steel 
wave guide terminated by a magnetic coupling hole. 
The size of this hole was adjusted to give approximately 
critical coupling when the paramagnetic resonance was 
saturated. The 2800-Mc/sec coaxial line was coupled 
to the cavity by means of a loop. The extent of coupling 
could be adjusted both by rotation and depth of 
immersion of the loop in the cavity. 

The low-temperature head, Fig. 5, was installed in a 
suitable"double Dewar system. Thermal isolation of the 
cavity provided by the stainless-steel wave guide and 
coaxial line was sufficiently good to permit several 
hours of operation at 1.25°K with approximately one 
liter of liquid helium. 


B. Sample Preparation 


Single crystals were grown from an aqueous solution 
of amounts of cobalt and chromium potassium cyanide 
appropriate to the chromium concentration desired. 
Crystals were prepared with chromium concentrations 
of from 0.1% to 2%. Standard crystal-growing tech- 
niques were employed to produce crystals of more than 
one square centimeter in cross section by three to five 
centimeters long. 


C. Crystallography 


The single crystals had two principle growth habits, 
as indicated in’ Fig. 6, one which produced a crystal 
form elongated in the c-axis direction with prominent m 





314 A. L. McWHORTER 
faces {110}, the other which produced flat hexagonal 
plates with prominent a faces {100}. The correct 
orientation was determined from goniometric measure- 


ments on the well-formed faces. 


IV. EXPERIMENTAL RESULTS 
A. Amplifier Characteristics 


The operation of the maser as an amplifier was in- 
vestigated by applying the input power to the cavity 
through a directional coupler as illustrated in Fig. 7. 
This arrangement permitted gain-band-width measure- 
ments on the reflection cavity type amplifier through 
its single coaxial coupling line without the use of a 
circulator. The gain was determined by the amount of 
attenuation needed in the maser output line to maintain 
a constant signal amplitude at the spectrum analyzer. 
This additional attenuation in the output line, together 
with the ferrite isolator, served the additional purpose 
of keeping any power reflected from the spectrum 
analyzer from reaching the maser and being reamplified. 

The band width was taken as the total frequency 





Fic. 5. Low-tem 
perature head and 
double Dewar sys- 
tem. 


3 P. Groth, Chemische Kristallographie (W. Engelmann, Leipzig, 
1906), Vol. 1, p. 422. 
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deviation required to reduce the amplifier power output 
to one-half its midband value. Band widths were meas- 
ured on the spectrum analyzer after calibrating its 
frequency axis with the modulating scheme shown in 
the block diagram. 

The results of the gain-band-width measurements are 
shown in Fig. 8. Parametric curves of both gain and 
band width are plotted as a function of 9400-Mc/sec 
power for two different values of 2800-Mc/sec ex- 
ternal Q, which was adjusted by means of the degree of 
coupling. With still higher external Q it was possible to 
achieve gains of 30 db or more with only 1 mw of 
saturating power, although the maser would then 
oscillate at the larger saturating powers. Stable gains 
of 37 db with 25 kc/sec band width were also possible. 
In all of these cases the band widths were limited by 
the Q of the associated circuitry and not by the intrinsic 
band width of the paramagnetic resonance, which here 
was in the 30-50 Mc/sec region. 

Observations of the gain as a function of input 2800- 
Mc/sec power revealed the expected decreased gain as 
the difference in populations established by the satu- 
rating power is affected by the signal power. There was 
no change in gain when the signal power was increased 
from 10-'! to 10-” watt, but thereafter the gain 
diminished and the band width increased. 


B. Oscillator Characteristics 


The initial investigation of the maser as an oscillator 
was made by using a frequency-modulated probing 
signal applied to the coaxial coupling line. The fre- 
quency of the probing oscillator is swept by the time 
base of the oscilloscope and the power reflected from 


























Fic. 6. Typical growth habit and crystal forms, 
K;Co(CN)s—K;Cr(CN)6. 
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the cavity is displayed on the y axis as a function of 
frequency. In Fig. 9(a) we see the absorption resulting 
from the 2800-Mc/sec microwave resonance centered 
in the klystron mode pattern. With the magnetic 
field adjusted for paramagnetic resonance, the power 
reflected from the undercoupled cavity increases, 
[ Fig. 9(b)]. The application of 9400-Mc/sec power 
[ Fig. 9(c) ] shows how the negative resistance produced 
by maser action improves the Q of the cavity, which in 
turn improves the coupling although no changes were 
made in the coupling loop adjustments. Further increase 
of saturating power enhances this effect [Fig. 9(d) ], 
and in Fig. 9(e) the maser is beginning to produce power 
at 2800 Mc/sec. In Fig. 9(f) the beat signal between 
the output of the oscillating maser and the frequency- 
modulated probe signal is clearly seen with the video 
detector system. 

The output of the oscillating maser was also ob- 
served on a spectrum analyzer in the absence of an 
input 2800-Mc/sec signal. Maser power out as a func- 
tion of saturating input power is shown in Fig. 10. The 
efficiency, Po (2800 Mc/sec)/P; (9400 Mc/sec) is also 
given. The maximum efficiency obtained as operated 
here was — 28.5 db, or 0.14%. 

The realization of an oscillator with such small 
amounts of saturating power demonstrates the useful- 
ness of chromium cobalticyanide as a maser material by 
reason of its advantageously long relaxation time. The 
relaxation time is not so long, on the other hand, that 
the maser will not handle reasonable signal input powers 
as an amplifier. 
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C. Relaxation Times 


The product of the phenomenological relaxation 
times, spin-lattice 7, and spin-spin T:, were measured 
using the power saturation of paramagnetic resonance 
technique.‘ Values for T; were then obtained from line 
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4 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) ; 
A. M. Portis, Phys. Rev. 91, 1071 (1953); A. H. Eschenfelder and 
R. T. Weidner, Phys. Rev. 92, 869 (1953). 
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width measurements, and values of 7, subsequently 
obtained. Data were taken for the three crystalline 
axes, a, b,c, and the three Am,=1 transitions at 1.25°K. 
Although the spin-spin relaxation time varied con- 
siderably, the value of 7; remained 0.2 second to within 
experimental error for all three transitions along the 
principal axes. T; meanwhile took on values from 
4X10 sec to 9X10~* sec and was largest for the 
—}—++ transition at all orientations. The sample 
contained 0.5% chromium concentration. 


V. DISCUSSION 


The gain of a reflection-cavity type maser amplifier, 
connected with directional couplers and ferrite isolators 
as was done here for measurement purposes, or with a 
circulator as would be used for the practical amplifier, 
is simply the ratio of the reflected to the incident power. 
In terms of the external and total cavity Q’s, the gain 
can therefore be expressed as 

G=[(1/Q.—1/0.)/(1/Q.+1/0.) }, (1) 
where 


1/Q.=1/Qu+1/Qm (2) 


gives the total cavity Q in terms of the unloaded Q and 
the magnetic Q resulting from the paramagnetic reso- 
nance. The magnetic Q is positive for resonance absorp- 
tion and negative for stimulated emission, and the 
unloaded Q includes all other losses such as those in 
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Fic. 9. Oscillo- 
scope display of 
maser oscillator op- 
eration 


the cavity walls, and the dielectric losses in the salt. 
At low temperatures, (),, will generally be so large that 
it can be neglected in the gain formula. (Our meas- 
ured Q,, was 23 000 at 1.25°K.) When one makes this 
approximation and uses the absolute value of the mag- 
netic Q, the gain is 


G=[(Q.+|Qa|)/(Qe— |Our!) }. (3) 


The band width of the amplifier is given by the 
operating frequency f divided by the loaded Q, which 
with the above approximation gives 


B= f(1/Qe—1/|Qm!|). (4) 


Consequently, 
GIB= f(Qe+ |Qa|)/Qe|Oue| . (5) 


For a high-gain amplifier one adjusts the coupling so 
that Q, almost equals |Q4|. Under this condition 


GIB= 2f/Q.= 2f/|Qm|. (6) 


Hence, as was pointed out by Strandberg, the square 
root of the gain times band width should be approxi- 
mately a constant for a given volume of the salt in a 
given cavity configuration. Experimentally, this relation 
is obeyed very closely, the value being about 1.8 10° 
sec. By decreasing the external Q, gain can be traded 
for band width, but at a considerable sacrifice of the 
former. Since the first part of Eq. (6) shows that the 


5M. W. P. Strandberg, Phys. Rev. 106, 617 (1957). 
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band width of the loaded cavity without the magnetic 
material is reduced by G!/2 when it is operating as an 
amplifier, it is apparent that heavy coupling is required 
for even modest band width. 

Equation (3) shows that the gain of a high-gain 
amplifier is very sensitive to small relative changes of 
Q, and Qy. As a result, slight changes in coupling or 
degree of saturation can change the gain and band 
width by large amounts even though G'B remains 
sensibly constant. This characteristic also indicates 
that the designer of a pulsed-type two-level maser will 
have to exercise considerable ingenuity to prevent wide 
excursions of gain and band width during the amplifying 
period. 

An expected theoretical value for the G+B product 
can be calculated approximately in the following way: 
Expressing the magnetic Q in terms of the cavity 
volume V,, the average rf magnetic field (H,”), the 
operating frequency v2, and the magnetically absorbed 
or emitted power Py, we have 


1/|Ox| =4P y/v3(H.?)V-, (7) 


where, in Bloembergen’s! notation, 


NA? v32 f WoiV21— W32¥32 ' 
Py (8) 


W3atWe1 


3kT 


in the approximation that one has full saturation at 
frequency v:3 and small power at the amplifying fre- 
quency v2. The formula for W32, as given by Bloem- 
bergen, Purcell, and Pound,‘ is 


Ws2=47*(Hi/2)°g(v)(S+M)(S—M+1). (9) 


At the operating temperature of 1.25°K, the density of 
spins in the upper three levels of the chromium quartet 
is approximately 10'°/cm*. Assuming the w’s are equal, 
as experimental results indicate, using approximately a 
10% filling factor’ and the relation g(v)max=272 
(T2=6X10~ sec), we have for the GB product a value 
2.6X10® sec, which is in reasonable agreement with 
the experimental value, 1.8 10° sec~!. 

It is also possible to compare the power output of 
the maser oscillator with the theoretically predicted 
output. Assuming full and homogeneous saturation of 
the resonance at v3;, and a large signal amplitude at v3», 
the magnetic power is given by’: 


Py = (Nh? v3e 3k T) (woyvo1 ~~ W32V32) ° (10) 


Taking VN=3.9X10", the population of the upper three 
levels at 1.25°K, and wo;=w32.+1/27;, we obtain the 
value 8.7 microwatts, which is to be compared with the 
experimentally obtained four microwatts. Cavity and 
coupling losses will account for much of the discrepancy 
between the two values. 

It should be pointed out that a long spin-lattice 
relaxation time, which permits amplification with low 
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Fic. 10. Power output characteristics of maser oscillator. 


saturating power, limits in a like manner the maximum 
output of the maser as an oscillator. 

The operation of a solid state maser of this type places 
somewhat stringent requirements upon the paramag- 
netic material. At least three energy levels are necessary, 
and the paramagnetic ion must be in a field of sufficient 
asymmetry to produce mixed states and allow Am,=2 
quantum jumps. Not only should the interionic dis- 
tances be great enough to reduce the spin-spin inter- 
action to a point where saturation is practicable, but 
also there must be a sufficient number of spins partici- 
pating in the maser action to overcome the cavity and 
coupling losses. Moreover, the residual orbital mo- 
mentum should not be too great in order to assure a 
long spin-lattice relaxation time at low temperatures. 
Further, one would like substantial control over the 
separation of the energy levels by means other than 
changing the magnitude of the dc magnetic field 
(e.g., by varying the orientation of the magnetic field 
relative to the crystalline electric field), in order to 
have more freedom in the choice of both saturating and 
operating frequencies. These requirements severely 
limit the choice of a maser salt among paramagnetic 
substances with characteristics reported in the litera- 
ture.®’ Of the two working substances investigated in 
detail by us, zinc fluosilicate containing a small per- 
centage of Ni*+ and potassium cobalticyanide con- 
taining a small percentage of Cr***, only the latter 
could be used for successful operation of the maser 
described here. 

The other paramagnetic salt mentioned by Bloem- 
bergen, gadolinium ethy] sulfate, was not tried because 
it offered much less flexibility of choice of saturating 
and operating frequencies. Moreover, as outlined by 


*B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1953), Vol. 16, p. 108. 

7K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 
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Scovil, Feher, and Seidel,*® the relaxation time between 
the upper two levels had to be drastically altered in 
order to produce oscillations. This further limits the 
frequency flexibility. Because of previous experience 
with the salt,® zinc fluosilicate containing a small per- 
centage of Ni*+* was first tried by us in a maser designed 
to operate at 1400 Mc/sec while saturating at 9000 
Mc/sec. We were unable to get this maser to operate 
for two main reasons: first, because the spin-lattice 
relaxation time is of the order of 10~* sec, considerable 
power is required to saturate the resonance; secondly, 
the line width in the diluted salt was inhomogeneously 
broadened by a distribution of crystalline electric fields. 
As a result of the inhomogeneous broadening only 
T;*/T2 of the paramagnetic spin concentration was 
available for participation in the maser action, where 
T;* is the time associated with the total width of the 
inhomogeneous line. 

An attempt to improve the probability of operation 
by going to a higher amplifying frequency, 2800 Mc/sec, 
was also unsuccessful. 

The nickel ion is still attractive, however, from other 
points of view. Because it is a spin triplet without 
nuclear magnetic moment, ions need not be sacrificed 
by distribution over unused energy levels. Its integral 
spin S=1 leaves one level, m,=0, unchanged by the 
application of the external magnetic field, thereby 
enhancing its tunability. Further work is in progress to 
find a suitable salt and diluent for the nickel ion, as 
part of a more general program which includes the 
paramagnetic resonance spectroscopy of other materials. 
Published paramagnetic resonance data reveal few 


§ Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957). 
9]. W. Meyer, Ph.D. thesis, University of Wisconsin, 1955 
(unpublished). 








AND J. W. 





MEYER 


salts which appear to be suitable materials for maser 
operation. The cyanides were especially attractive be- 
cause the reduction of line width by dilution is not 
limited by the proton magnetic moment as it is in the 
hydrated salts. In the latter case, lines of a few oersteds 
width can only be achieved by deuteration. Moreover, 
the spin-lattice relaxation time is long, which when 
combined with a reduced spin-spin interaction requires 
little power for saturation of the resonance. 

Thus far, no experimental measurement of the noise 
figure of this maser amplifier has been made, but work 
is in progress to evaluate this most important charac- 
teristic.t 
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Measurements of the spin-lattice relaxation times of arsenic donors in a doped silicon crystal at 8500 
gauss and 1.3°K are reported. The relaxation times for the stable As?> were measured by using adiabatic 
fast-passage techniques to observe the relative amplitudes of the electron resonance signals as a function 
of time. The relaxation times for the radioactive As”* were measured by observing the formation and decay 
of the nuclear alignment. F»r the As”, of which there are 2.8 X 10" atoms/cm’, the direct electron relaxation 
time is 6.5+0.5 minutes and the relaxation time for simultaneous spin-flips of the nucleus and the electron 


is 4.7+1 minutes. For the As’, of which there are 3X10” 


atoms/cm, the direct electron relaxation time 


is 442 minutes and the relaxation time for simultaneous spin-flips of the nucleus and the electron is >75 


minutes. 


INTRODUCTION 


OON after it was reported by Fletcher ef al. that 
arsenic-, phosphorus-, and antimony-doped silicon 
crystals with a concentration of 4X10!’ donors per 
cm* showed resolved hyperfine structure, Honig? re- 
ported an experiment in which he supposedly observed 
transient nuclear polarization. It was soon realized 
both in this laboratory and elsewhere that the suggested 
explanation by Kaplan’ was incorrect, but that the 
observed effects might be interpreted‘ by postulating 
that the spin-lattice relaxation time for simultaneous 
spin flips of the electron and nucleus was less than the 
spin-lattice relaxation time for processes in which the 
electron only flips its spin. In this paper the relaxation 
time for processes in which the electron and nucleus 
flip their spins simultaneously so that the component 
of the total angular momentum along the axis of 
quantization remains constant will be called the cross 
relaxation time. The explanation of the Honig experi- 
ment in terms of the cross relaxation time suggested 
several legitimate schemes for obtaining nuclear polar- 
ization similar to the original proposal by Overhauser.® 
Subsequent investigations at the Bell Telephone 
Laboratories by Feher® and co-workers showed that 
the cross relaxation time was much longer than the 
direct relaxation time in phosphorus-doped silicon. It 
was also suggested by Feher that the effects observed 
by Honig may have been due to the manner of obser- 


* This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission, the Milton Fund, and the Society of Fellows, 
Harvard University. 

t This paper is based partially on a thesis submitted by one of 
the authors (J.W.C.) to Harvard University in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 

t National Science Foundation Predoctoral Fellow 1955-1957. 
Now at the Physics Department, University of Oklahoma, 
Norman, Oklahoma. 

1 Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
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vation of the resonances.’ Feher showed that adiabatic 
fast passage offered the most easily interpreted method 
of observation. It was also discovered at the Bell 
Telephone Laboratories* that the direct electron re- 
laxation time was a very rapidly varying function of 
concentration. It was concluded that only at concen- 
trations of less than 4X10!® donors per cm* did the 
relaxation processes approach some degree of concen- 
tration independence. 

Early experiments at this laboratory on silicon 
crystals doped with 2.8X10'* arsenic atoms per cm* 
indicated that in arsenic-doped silicon the cross re- 
laxation time might be comparable to the direct 
relaxation time. Failure to observe the Overhauser 
polarization of radioactive As’* in the same crystal led 
us to doubt these observations. Independent measure- 
ments by Abragam and Combrisson’ on another sample 
of arsenic-doped silicon showed that, at 3000 gauss, the 
cross relaxation time was half as long as the direct 
electron relaxation time. 

Since there was still no explanation of the failure to 
observe the Overhauser polarization in the radioactive 
material, a more complete investigation of the relaxation 
times of the stable isotope was undertaken. Calculations 
for various experimental situations were made on the 
Harvard Univac and the data fitted to them to test the 
model and determine the relaxation times precisely. 
About the same time, Pines, Bardeen, and Slichter!® 
published their paper on the impurity-spin relaxation 
processes in silicon. Their paper contains a thorough 
discussion of other results on the stable isotopes. 

Subsequently, the radioactive arsenic was aligned by 
the saturation of the forbidden transitions."' This made 
it possible to measure the various relaxation times for 
the unstable isotope. This was of particular interest 
since the As’* had a concentration of only 3X 10" atoms 


7A, Honig and J. Combrisson, Phys. Rev. 102, 917 (1956). 

§ Feher, Fletcher, and Gere, Phys. Rev. 100, 1784 (1955). 

9A, Abragam and J. Combrisson, Compt. rend. 243. 576 (1956). 

0 Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957). 

uF. M. Pipkin and J. W. Culvahouse, Phys. Rev. 106, 1102 
(1957); F. M. Pipkin and J. W. Culvahouse, Phys. Rev. (to be 
published). 
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per cm*, Thus, ‘it could furnish a test of the concentra- 
tion-independent aspects of the model. This paper re- 
ports the results of measurements on these two isotopes. 


APPARATUS 


The apparatus used in this experiment has been 
described elsewhere." The only addition was a Polaroid- 
Land camera with which to record the scope traces 
showing an individual adiabatic fast passage. All 
measurements were made at 24000 Mc/sec in a field 
of 8500 gauss. The temperature was measured by the 
helium gas pressure. The stable As” doping, as measured 
by comparing the radioactivity induced in the sample 
with that induced in a known weight of As2O3;, was 
2.8X10'* donors per cm*. The samples used in both 
measurements on the stable and the radioactive isotope 
had been bombarded with neutrons. The samples were 
always annealed 4 to 5 hours at 1100 to 1200°C to 
remove radiation damage. No indication of cumulative 
damage was obtained. 


GENERAL RELAXATION MODEL 


In this section the structure of the relaxation model 
will be briefly considered. First, however, we wish to 
point out a possible ambiguity concerning the definition 
of the relaxation time which can arise in regard to the 
interpretation of measurements made where the Boltz- 
mann factor is large. 

Consider the simple spin } system shown in Fig. 1 
If the transition probability W which is the same for 
3——} and —}->} transitions is introduced, the equa- 
tions for the relaxation of the system can be written in 


the form 
ny — ¢ HoH /kT eho /kT nN, 
=W ( . 3 
n " e HoH /kT — eXoH | kT N» 
The equations can also be written in the form 


2,+n».=constant, 


(2) 





1 Mold 
ny—Nho= --| (n\— M2) — (m1-+m2) tanh) 
T kT 


Equation (2) can be used to define the conventional 
relaxation time T or the relaxation probability W’. In 
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general, 


1 boll 
—=2W'=2W cosh(““), (3) 
T kT 


In the ensuing discussion all three equations will be 
used. 

The Hamiltonian” for an arsenic donor atom in its 
electronic ground state in a magnetic field is 


KH=—gsuo(J-H)—gmu,(1-H)+A(I-J), (4) 


where gy is the electron gyromagnetic ratio, g; the 
nuclear gyromagnetic ratio, and A the hyperfine inter- 
action constant. The quantity g, is negative for the 
electron and 4 is positive for a positive nuclear moment. 
It will be assumed that the relaxation can be described 
by a set of equations of the form 


P(ms,m1)= X W(mzs,mr\my'mr’) 


mI,mJ 


Em, my— Emy’ ymy 
x | exp] — -(- —_—_— oo) (my',m1’) 
Emy’ ym’ —Emy, mI 
—exp om oe “) Ie (my, mt, () 
AT 


where P(m,,my;) are the occupation probabilities of the 
various states, and the W(m,,m;\m,',mz7') are the 
transition probabilities per unit time corresponding to 
the various relaxation modes. The hyperfine contri- 
bution to the energy will be ignored and the Boltzmann 
factors written as 


boll 
= exn| ———(m;—my’) | (6) 
kT 











For the donors used in this experiment, the hyperfine 
energy is one percent of the total separation. The 
relaxation will in general be due to the superposition of 
several mechanisms. Only the following three will be 
considered ; these formulas apply only to the case J = 4 
(1) Pure electron relaxation, 
W (my,m1 |m_y’ my’) = w dmz,mz’(1 —dmy,my’). (7) 
(2) The cross relaxation due tc the simultaneous spin 
flips of the electron and nucleus produced by modulation 
of the hyperfine interaction, 


W (my,mr| my’ mz’) = we(I1myz'p| 111m)? 
X (1—bmy,my’)bmrtmy.m'+m'y. (8) 
The squared symbol is a Clebsch-Gordan coefficient. 
(3) Quadrupole nuclear relaxation, 
W (my,mz| my’ mz’) =w;3(12my'u| 121 myz)*%myz,my’. (9) 


12.N. F. Ramsey, Nuclear Moments (John Wiley and Sons, Inc., 
New York, 1953), Chap. III, pp. 51-8 
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Fic. 2. Energy level diagram for As” in a large magnetic field. 
The arrow with an H indicates the order in which the lines are 
displayed as a function of magnetic field for a fixed oscillator 
frequency. 
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The three constants, w;, we, and w; are a measure of the 
relative strengths of the relaxation mechanisms. Since 
the two arsenic isotopes relax in a quite different 
manner, the two cases will be considered independently. 


STABLE As® 


Early experiments showed that in As’® the cross 
relaxation time, 7;, is of the same order of magnitude 
as the direct relaxation time, 7,. Consequently, in 
order to understand the time behavior of the relaxation 
it is necessary to solve the complete set of simultaneous 
differential equations describing the populations. There 
are three initial situations which can easily be attained 
experimentally. First, the recovery of the lines after 
the levels are inverted ; second, the development of the 
lines after the magnetic field is turned on; and third, 
the recovery of the lines after they have been saturated 
for an extended period of time. A computation was made 
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Fic. 3. Results of the Univac calculations for the development 
of the resonance signals as a function of time after the levels have 
been inverted. The signals have been normalized so that their 
full value is 0.57. Number 1 is the low-field transition (4, $)—> 
(—4, 3); number 2 is the transition (4, )->(—}4, 4); number 3 
is the transition (4, —$)—+(—4, —4); and number 4 the high-field 
transition (4, —3)—(—4, —#). 


for these three situations on the Harvard Univac for 
various ratios of 7,/T,. An energy level diagram for 
As’® together with the relative relaxation probabilities 
for mechanisms 1 and 2 is shown in Fig. 2. The param- 
eter \ has been introduced to represent the relative 
magnitude of the two mechanisms. The equilibrium 
populations of the various sublevels are in the ratios 


ns 
— == —— = e(—2H0H/kT) =a, 


N, N7 


(10) 


where the abbreviation a=e~°#0#/*7 has been intro- 
duced. For 1.3°K and 8500 gauss, a=0.43. The de- 
velopment in time of the populations is described by 
the coupled set of differential equations. 
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Fic. 4. Photographs showing the development of the As” lines after all the levels have been inverted. The 
figures below the pictures are the times in minutes after the inversion. The magnetic field increases from right 


to left. 


The results of the calculation for the recovery of the 
levels after they have been inverted for A=1 and A=2 
are shown in Fig. 3. In this figure the strength of the 
resonance signals, which are proportional to m;— nz, etc., 
have been plotted as a function of time. The most 
characteristic feature of the lines is the pronounced 
asymmetry between the inner pair and the outer pair. 

In Fig. 4 are shown a series of photographs of the 
lines taken after the levels had been inverted. These 
experiments were performed in the following manner. 
The magnetic field was first set so that it was above the 
resonance value and 15 to 30 minutes allowed for the 
system to relax. The magnetic field was then moved 
down through the resonance value at such a rate as to 
satisfy the conditions for adiabatic fast passage and 
hence invert the levels. A variable period of time was 
then spent below the resonance field value, and at the 
end of this period the magnetic field was run back up 
through resonance and a photograph taken of the 
signals on the scope. The cycle, including the initial 
period of relaxation, was then repeated. 

It is clear from the photographs that there is quali- 
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Fic. 5. Plot versus d of the ratio, R, of the average zero crossing 
time after inversion of all levels for the two end lines to the 
average of the same times for the two middle lines. The points 
at A=1 and \=2 were calculated on the Univac; the point at 
A=5 was derived from a condenser analogue. 








tative agreement between the calculated recovery and 
the experimental data. The apparatus introduces an 
asymmetry in the signals of the opposite sign; conse- 
quently, a quantitative comparison of theory and 
experiment over the whole range is impossible. The 
experimental and theoretical times at which the signals 
are zero can be compared however. In Fig. 5 is plotted 
the ratio, R, of the average zero crossing time after 
inversion of all levels for the two end lines to the 
average of the same times for the middle lines as 
calculated with the Univac for \=1 and \=2 and by 
a condenser analog for \=5. Table I gives a detailed 


TABLE I. The experimental and calculated values for the zero 
crossing times. The calculations were made for a= e~0#/4T =().43., 
The calculated values are for T./[(1+a)7,], where T. is the 
zero crossing time. 


Calculated 


Experimental T/{(+a)Te] 


zero crossing time 


Transition Te (min) A=2 A=1 

(4, —3)-(-3, -—%) 34 0.29 0.36 
(4, —3)—(—34, —}) 1.7 0.15 0.23 
(4, 4) (—3, 4) 1.4 0.15 0.23 
(4, $)—>(—4, 3) 2.5 0.26 0.33 





comparison between the observed zero crossing times 
and the calculated ratios for A= 1 and A= 2. From these 
observations, it is concluded that at 1.3°K and 8500 
gauss 


A¥=1,9+0.3, T,7>=7+0.4 min. 


In Fig. 6 are shown a series of photographs of the 
lines after the system had relaxed at zero field. For this 
situation the initial populations of all levels were equal. 
These data were taken by rolling the magnet away so 
that the system was in zero magnetic field for several 
minutes. With the microwave power turned off, the 
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magnet was then rolled back in, the magnetic field set 
above the resonance value, and the microwave power 
turned on again. After a varying length of time, a 
photograph was taken to record the signal amplitudes 
when the field was swept through the lines. Since the 
signals are all of one sign, they can be so normalized 
that the long-term gain fluctuations cancel out; conse- 
quently, a detailed comparison of theory and experi- 
ment can be made. The results of such an analysis are 
shown in Fig. 7. It can be seen that the short-term 
behavior is well represented by the theory. The agree- 
ment is not so good, however, for the long-term be- 
havior. Also the data are represented better by the 
\=1 curves than the A=2 curves. The fit of these 
curves yields the values \=1, 7,7°=6 min. 

For understanding the Overhauser polarization, it is 
essential to observe the recovery of the system after all 


Fic. 6. Photographs 
showing the develop- 
ment of the lines as a 
function of time after 
the sample has relaxed 
at zero field. The num- 
bers below the pictures 
are the time in minutes 
since the field was turned 
on. The magnetic field 
increases from left to 
right. 
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Fic. 7. Comparison of experiment and theory for the deve!op- 
ment of the lines as a function of time after the magnetic field has 
been turned on. Only the points at 3.5 minutes and 5.0 minutes 
were renormalized to fit the curve for the high-field line. The 
fit for \=1 is better than that for \=2. 


the transitions have been saturated for an extended 
period of time. The photographs in Fig. 8 show the 
growth of the four lines after the system has been so 
saturated. Two experimental procedures were used to 
obtain these data. First, the magnetic field was moved 
back and forth over the resonances for periods of 30 to 
60 minutes while saturating microwave power was being 
applied to the cavity. At the end of this period the 
amplitude of the lines was observed as a function of 
time. The main objection to this method was that 
there might also be some saturation of the forbidden 
A(m;+m,)=0 transitions which would destroy the 
polarization. To eliminate this possibility a check was 
made in which the individual lines were saturated one 
at a time but the magnetic field was moved from one 
to another at frequent intervals. The results were the 
same. In Table II a comparison is made between the 
initial growth of the observed lines and the growth as 
calculated on the Univac for \=2. The lines become 
equal to one another too soon for the complete polar- 
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Fic. 8. Photographs showing the development of the lines 
after they have been saturated for 30 minutes. The numbers 
below the pictures represent the time in minutes since the satu 
ration ceased. The magnetic field increases from left to right. 


ization to be present. The results can be explained by 
the introduction of a nuclear relaxation time which 
destroys the polarization. 

Observation of the zero crossing times was also made 
at 4.2°K. The results are shown in Table III. From 
these data on As’® it is concluded that at 4.2°K and 
8500 gauss, 

A*~1, 
and at 1.3°K and 8500 gauss, 
A*®=1.5+0.5, T,%=6.5+0.5 min, 

RADIOACTIVE As’ 


Once the As’® had been aligned," it was clear that 
the nuclear relaxation time was very long. This simplifies 


T#—1 min, 


T,”°=4.7+1 min. 


AND *. M. PIPKIN 

the relaxation problem. Also the fact that alignment 
rather than resonance signals is being observed in this 
case introduces simplification. 

The relevant part of the nuclear decay scheme" of 
As’® is shown in Fig. 9. In the experiments on As’® 
the change in the number of gamma rays emitted in a 
direction perpendicular to the magnetic field when the 
nuclear populations are changed is observed. The 
number of gamma rays emitted at an angle @ with 
respect to the magnetic field is given by" 


N (0) =2[1— (15/7) N2feBeP2(cos#) 


—~ 5.N4f4B4P4(cos8) ], (12) 
where 
ji j? 
N = . ‘ N 4s= ° 
27:—1 (7i—1)(29;—1) (27-3) 
- 1 e , 
feo= ; 42. Mo? Amo — 4 jo( jo+1) |, 
jo mo 
(13) 
1 1 
f= i ze mo'amy——(6j0°+6jo—5)(X MyAmo) 
jo mo / mo 


3 
+ fol u-1) jo 1) Ju 2)}. 
JO 


TABLE II. Recovery of the lines after an extended period of 
saturation as compared with the Univac calculation. The Univac 
calculation was made for \=2, T=1.3°K, and H=8500 gauss. 
In analyzing the data T, was taken to be 7 minutes. Values are 
given for times of 0.25 and 3.5 minutes after saturation ceased. 




















0.25 min 3.5 min 
Calcu- Experi- Calcu- Experi- 
Theoretical lated mental lated mental 
expression value value value value 
(m7—mns)/(ni—ne) 0.075 0.21 0.07 0.65 
(ns—mng)/(ni—Ne2) 0.16 0.53 0.12 0.85 
(m3—m4)/(mi—n2) 0.39 0.85 0.30 0.95 





TABLE III. Experimental zero crossing times obtained 
for 4.2°K and 8500 gauss. 








Zero crossing time 








Transition in seconds ii 
(4, —})—(-}, —}) 31 
(4, —4)—>(—4, —4) 23 





(4, 3)>(—4, 9) 29 


The amo are the occupation probabilities of the nuclear 
sublevels of the 8-emitting nucleus normalized so that 
Ymo dmo=1, ji is the spin of the state emitting the 
quadrupole y ray and jo is the spin of the initial 
6-emitting nucleus. B, and By, are coefficients which 





13 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, and van Lieshout, Atomic Energy Commission Report, 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 


1955). 
4 J. A. M. Cox and H. A. Tolhoek, Physica 19, 673 (1953). 
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depend upon the form of the beta-ray emission. If 
Eq. (12) is written in terms of the deviation from 
isotropy, it becomes 


5(0)=3LN (6) —2]= — (15/7) N2f2B2P2(cos6) 


—5N4fsByPs(cos8). (14) 


To determine the relaxation times, the time behavior 
of the f;, must be investigated. 

To determine the electron relaxation time consider 
the situation shown in Fig. 10. In this case a strong 
radio-frequency field is applied to saturate the forbidden 
transition,'® (3,0)—(—43,1). The equations for the 
populations as a function of time are 


a | any 1 0 Ns 
fie]  3| @ —(§+1) é ne 
rin| V0 | 0 §& —(Ea) n;|? (19) 
ths! 0 a — Ng 


where the notation is as for As” and the parameter 
denotes the relative radio-frequency induced transition 


76 
As - Se 


0) 
Fic. 9. Relevant part of the nuclear decay scheme of As”®, 


Beta and gamma rays which do not concern us here have been 
omitted from the diagram. 


probability. Now introduce the new variables 
Na=netnz, N_=ne—nz. 
If &>1, 
N_=0, 
and Egs. (15) reduce to 
ns “—— } 0 ns 
niet n7| = Wa-} a —}(1+a) 1 Net nz i 
Ng 0 sa —1 Ng 


(17) 


There exist solutions to Eqs. (17) of the form e** for 
hi =0, 
he= —4(1+a)Wa-t= — W cosha}, 
A3= — (1+a)Wa-?= —2W coshai. 


(18) 


However, for the initial conditions of this problem, 
the 3 term does not appear. Consequently, the devi- 
ation of the counting rate from isotropy can be written 


16 C. D. Jeffries, Phys, Rev. 106, 174 (1957). 
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Fic. 10. Schematic representation of the production of orien- 
tation by the saturation of the (—},1)—(+4,0) forbidden 
transition. For 7=1.3°K and H =8500 gauss, a=0.43. 


exactly as 


S=S(e)(1— ge"), (19) 


where 7, is the direct electron relaxation time. The 
experimental counting rate curve for saturation of the 
(4, 0)—>(—3, 1) transition is shown in Fig. 11. From 
these data it is concluded that for As”® 


T,’6=4+2 min. 


In order to see how to measure the nuclear relaxation 
time, it is necessary to take a closer look at the theory. 
Since the direct electron relaxation time is much shorter 
than the nuclear relaxation time, it is useful to introduce 
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Fic. 11. Plot of counting rate versus time for saturation of the 
(—4, 1)—+(+4, 0) forbidden transition. 
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(d) AFTER SECOND DOUBLE RESONANCE 
SEQUENCE 


Fic. 12. Schematic representation of the production of orien- 
tation by two double adiabatic fast-passage sequences. In each 
sequence the level pair ($,0) and (—},0) are inverted and the 
low-frequency field is swept from a high to low value so as to 
cyclically permute the populations of the (— 4, m7) levels. 


the auxiliary variables 
P*(m)= P(3,m)+P(—3,m), 


raar-re-~Pae. 


If the electron relaxation time is very short compared 
with the nuclear relaxation time, then for the time 
domain of interest 


P-(m)=0. (21) 


If this is assumed to be true, the general relaxation 
Eqs. (5) reduce to the simple form 


P+(m)=> W(m|m’)LP*(m’)—P+(m)]. (22) 


This system of equations has been considered by 
Abragam and Pound’* in their treatment of disturbed 
angular correlations. They show that solutions of the 
form e~* exist for which 

p= aL1— (27+1)W ILRI; 1) j, (23) 
where W is a Racah coefficient, a a constant which 


4s A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
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depends upon the strength of the interaction, J the 
nuclear spin of the state, and L the multipolarity of 
the relaxation mechanism. The corresponding eigen- 
vectors are 


Vm” = (Lkm0| IkIm). (24) 


The coefficients of the expansion of a vector representing 
a general set of nuclear populations in terms of these 
eigenvectors are, to within normalization constants, 
the /;, of the nuclear orientation studies. Consequently, 
the general expression for the change in time of the 
deviation from isotropy due to nuclear relaxation is 


S(0) = — (15/7) N2Bo foe P2 (cos) 


—5SN Ba fae MtP4(cos@). (25) 


For relaxation via modulation of the hyperfine inter- 
action, the two decay constants are 





3d 
Ae ’ (26) 
87, cosh? (uoH/kT) 
5A 
(27) 





X= 3 
“AT, cosh? (soH/kT) 


The normalization has been so chosen that the relative 
transition probability for the (3, —2)-(—}, —2) 
transition and the (3, —2)—>(—3, 1) transition is given 
by the parameter ) as in the case of As”. For relaxation 
via the nuclear quadrupole coupling, the decay con- 


stants are 
(28) 


A= 10ws, 


X= 173. 


In this case no attempt has been made to relate the 
constants to other time scales; only the relative magni- 
tude is relevant. 

Since the normal alignment produced by saturation 
of a forbidden transition is too small to permit obser- 
vation of the decay over a long period of time, a series 
of double adiabatic fast passages’? were used. The 
theoretical sequence of level populations is shown in 
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Fic. 13. Plot of counting rate versus time showing the formation 
of orientation by two double fast-passage sequences and the 
subsequent decay in time of the orientation. 


17G, Feher, Phys. Rev. 103, 500 (1956). 
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Fig. 12. First the level pair (3,0)—(—}3,0) were 
inverted and the low-frequency oscillator swept from 
51 to 48 Mc/sec. This produced a cyclic permutation 
of the populations of the (— 4, mr) levels. The system 
was then allowed to relax. The same process was then 
repeated. The counting rate as a function of time is 
shown in Fig. 13. From these data it is concluded that 
the relaxation can be represented by a single time 
constant of 200+-20 minutes. 

In order to obtain a quantitative estimate of the 
relative contribution of the two time constants, not 
only the mechanism by which the alignment is produced 
must be known but also the mixture of angular mo- 
menta carried off by the beta ray. In this case no such 
detailed analysis will be attempted; instead a lower 
limit will be assigned to the relaxation time. From Eqs. 
(26) and (27), it is clear that the shortest relaxation 
timé is obtained by assuming that all the alignment is 
due to f, and that f/f, is zero. If this is assumed, then 
for the hyperfine coupling case, the value 


T,=T,/A>75+10 minutes 


is obtained. Further experiments performed under 
circumstances where the f2 or fs coefficient can be 
emphasized would make it possible not only to deter- 
mine the relaxation time more precisely but also to 
distinguish between hyperfine and quadrupole relaxa- 
tion. 


DISCUSSION 


In their paper on the relaxation processes in doped 
silicon’? Pines, Bardeen, and Slichter calculate the 
following expression for the cross relaxation time, 


4rh?s*p K . 
Ah 08 (29) 
werkTylTA? feTIA? 


T 


where K is a constant fer a given type of impurity 
center, fo is the frequency of the transition, A is the 
hyperfine splitting, T is the absolute temperature, J is 
the nuclear spin, p is the density of Si, and y is a 
multiplicative factor of order 10 to 100. Table IV sum- 
marizes the experimental values obtained by various 
observers together with the calculated constant K, 
where 

K=T,f¢TIA’. (30) 
K should be the same in all cases. It is difficult to say 
how good the agreement of theory and experiment is 
since the measurement of 7, is difficult and some of the 
reported measurements were not assigned errors. The 
most striking disagreement is for the two isotopes in 
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TABLE IV. Summary of the investigations of the relaxation 
times in arsenic-doped silicon due to various observers together 
with the calculated product K=T7,/f(?TIA?. T, is the cross 
relaxation time in minutes, fo the frequency in Mc/sec of the 
electron resonance at the magnetic field where the measurements 
were made, T the absolute temperature in °K, J the nuclear spin, 
and A the hyperfine splitting in Mc/sec. The concentration is 
expressed in donors/cm*. 7, is the direct electron relaxation 
time in minutes. 


Concen- 


tration 


gator T. K(X107-8) 


9000 20 
9000 

24 000 

24 000 





Abragam* 1017 1.0 
Feher> 3.5 K1016 
Present 2.8 X1016 

authors 3 X10! 


® See reference 9. 
> See referece 10, 


this experiment. Equation (29) leads to the expected 
ratio for the cross relaxation times of 

re. t= (Iz 'T78)(A7z5/A 76)" 3. 
The experiments, however, give the ratio 

T,"/T 82> 715/4.1-=16. 

Also, for the As’® isotope the relaxation time is so long 
that it may not be justified to neglect the quadrupole 
contribution. 

On the other hand, the direct relaxation time, 7,, 
is to within experimental error the same for the two 
isotopes. Since the (3, })—>(—3, 3) transition for As” 
occurs at nearly the same magnetic field" as the As*® 
(3, —1)—(—}, —1) transition, there may be some 
exchange between the two isotopes which perturbs the 
measurement of the direct electron relaxation time. It 
is conceivable that for the radioactive isotope the direct 
electron relaxation time is also very long and that the 
(my, —1) and the (my, +1) levels relax through spin- 
spin coupling to the stable As’° which has a shorter 
spin-lattice relaxation time. This would cause the 
formation of the alignment to have a multiple time- 
constant behavior. No such evidence was obtained. 
Also measurements using double resonance experiments 
in which the transition (3,0)—(—}, 0) was inverted 
and the time between the microwave fast passage and 
the nuclear fast passage varied were consistent with a 
6-minute relaxation time for the (3, 0)—(—3, 0) 
transition. 
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Structure of Solid Helium by Neutron Diffraction 


D. G. HENSHAW 
Chalk River Laboratories, Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 


(Received September 26, 1957) 


Neutron diffraction patterns for six samples of polycrystalline solid helium have been measured over the 
angular range 5° to 62° using 1.06, A neutrons. Four of these specimens were held at 1.1;°K and 66 atmos- 
pheres while the other two were maintained at 1.8;°K and at 66 and 69 atmospheres, respectively. The diffuse 
scattering was small at low angles and increased with increasing angle up to 45° beyond which the intensity 
decreased in much the same way as observed in the scattering patterns from liquid helium. Six lines were 
observed in the patterns recorded at 1.1,;°K and 66 atmospheres. The positions of the lines are fitted by a 
hexagonal close-packed structure in which a9=3.53+0.03 A and co=5.76+0.05 A. Within experimenal 
error no difference is observed between the patterns at 1.8;°K and 1.1;°K. The calculated density of solid 
helium at 1.1;°K and 66 atmospheres is 0.214+-0.006 gram/cc. The mean isothermal compressibility of the 
solid at 1.1;°K between the solidus and 66 atmospheres is (3.1-0.8) X 10-* atmosphere“. 


INTRODUCTION 


N connection with investigations of the structure of 
liquid helium under pressure, and of the structures 
of the liquids of other inert gases, the structure of solid 
helium has been measured by neutron diffraction. The 
structure of solid helium has previously been measured 
by Keesom and Taconis! using x-rays. They observed 
diffraction spots belonging to two Debye-Scherrer rings. 
On the basis of the spacings and the intensities of the 
reflection spots and on the basis of the expected density 
for solid helium, they concluded that solid helium at 
1.45°K and at about 37 atmospheres crystallizes in a 
hexagonal close-packed structure with spacing between 
nearest atoms of 3.57 A corresponding to a solid density 
of 0.205 gram/cc. 

The angular distribution of 1.06, A neutrons scat- 
tered from polycrystalline samples was measured for 
solid helium at 1.1;°K and 1.8;°K. The patterns con- 
sisted in lines superimposed on a diffuse background. 
The diffuse background was low at small angles, maxi- 
mum in the region of 45°, and at larger angles decreased 
with increasing angle in much the same way as that 
observed for the scattering from liquid helium. The 
positions of the observed lines are consistent with the 
structure proposed by Keesom and Taconis! although 
there is some difference in the measured d spacings 
which may be accounted for on the basis of difference 
in densities. The relative intensities of the measured 
diffraction lines varied from sample to sample, indi- 
cating that the solid samples were not powders but 
were probably polycrystalline. 


APPARATUS 


The angular distribution of the scattered neutrons 
was measured using one of the Chalk River neutron 
spectrometers. The measurements were recorded with 
the arm in the parallel rocking position. The full width 
at half-maximum given by powdered solids whose lines 
appeared in the region of the main diffraction lines of 
solid helium, was 1.3°. This was taken as the resolution 


Ww. H. Keesom and K. W. Taconis, Physica 5, 161 (1938). 


of the spectrometer in the region of the main diffraction 
lines of solid helium. The solid helium was held in a 
1-in. diameter aluminum cassette* having walls 0.065 
in. thick for a height of 23 in. at the level of the neutron 
beam. The cassette was attached to the base of the 
helium chamber of the cryostat by means of an indium 
seal. A 3-in. diameter bar of aluminum on one end of 
the cassette extended into the helium bath for a dis- 
tance of 10 in. in order to insure good thermal contact 
between the liquid used as a coolant and the cassette. 
A carbon resistor’ cemented into the cassette with 
Araldite, was used as a temperature-sensitive element. 
The solid helium was formed by cooling the cassette 
containing liquid helium‘ at about 20 atmospheres to 
1.1;°K, then increasing the pressure in the cassette 
in steps of approximately 10 atmospheres to about 66 
atmospheres while the liquid helium in the coolant 
chamber of the cryostat was continuously pumped. 
Producing the solid helium by other means apparently 
produced large crystals. Before operating the spec- 
trometer, the temperature and pressure of the solid 
were allowed to reach equilibrium. 


MEASUREMENTS 


The diffraction patterns for six specimens were 
recorded at about 210 equally spaced points in the 
angular range 5° to 62°. Four of these specimens were 
maintained at 1.15°K and 66 atmospheres while the 
fifth and sixth were held at 1.8:°K and 66 and 69 
atmospheres, respectively. 

The diffraction pattern observed for one specimen 
of solid helium at 1.1;°K and 66 atmospheres is shown 
in Fig. 1. The upper curve shows the observed pattern 
while the middle curve shows the background measured 
with the cassette evacuated and at 4°K. The lower 


2 This cassette was also the one used for the measurement of the 
structure of liquid helium under pressure [D. G. Henshaw (to be 
published) ]. 

3J. R. Clement and E. H. Quinnel, Rev. Sci. Instr. 23, 213 
(1952). 

‘ The liquid helium was formed in the cassette from gas sup- 
plied by the Matheson Company Incorporated, East Rutherford, 
New Jersey. 
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Fic. 1. The scattering of 1.06, A neutrons by solid helium at 1.1;°K and 66 atmospheres. The upper curve shows the 
pattern uncorrected for background while the middle curve shows the background from the evacuated aluminum cassette 
at 4°K. The lower curve shows the pattern corrected for background and multiple scattering. The curve has been broken 
in the region of the intense background lines from the aluminum cassette where the accuracy of the measurements is low. 


curve is the diffraction pattern corrected for background 
and for multiple scattering of neutrons in the solid 
helium alone. In correcting for background, allowance 
was made for the effect of absorption due to the helium 
in the cassette. No correction was made for the multiple 
scattering processes which involve both the solid helium 
and the walls of the container. This scattering is 
probably isotropic and is about 5% of the scattering 
at large angles as estimated from the diffraction pat- 
terns of liquid helium.’ The statistical accuracy of the 
measurements may be estimated from the scatter of 
the points. The background given by the middle curve 
shows high scattering at small angles, and at larger 
angles a low but uniform scattering on which are super- 
imposed intense lines from the aluminum cassette. The 
positions of these lines corresponded closely to that 
calculated from the known d spacing of aluminum, 


corrected for thermal expansion between room tem- 
perature and liquid helium temperature.® This was used 
as a check on the accuracy of the measurements. 

The lines in the corrected pattern given by the lower 
curve are superimposed upon an angular dependent 
background which is presumably associated with the 
thermal diffuse scattering. This diffuse scattering is low 
at small angles, increases with increasing angle for 
angles up to 45° beyond which it decreases with in- 
creasing angle in much the same way as that observed 
in liquid helium® which indicates that the scattering at 
large angles is similar to the scattering from free helium 
atoms. The curve has been broken in the region of the 
intense aluminum lines where the accuracy of the 
measurements is small. 


5 Figgins, Jones, and Riley, Phil. Mag. 1, 747 (1956). 
6D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 
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TABLE I. Measured and calculated d spacings for solid helium. 








Calculated spacing 
for hexagonal structure 
ao =3.53 A; co=5.76 A 


Spacing 
3.06 


2.88 
2.70 


Measured 
spacing hkl 

3.054 100 

2.86 002 
2.70 101 
2.09 102 2.07 

1.765 110 1.767 
103 1.64 


Position 
number 





DISCUSSION 


The intensity of the observed lines decreases rapidly 
with increasing angle because of the large zero-point 
motion of the atoms in helium.’ On the basis of the 
simple Debye model, the quantity’ e-?” gives that 
fraction of the scattering power available for coherent 
scattering while 1—e~*” represents the diffuse scat- 
tering. The calculation for a Debye temperature of 
26°K shows that the fraction available for coherent 
scattering is 5% of the total scattering at 40° and falls 
to 0.03% for scattering at 70°. This shows that the 
expected intensity of diffracted lines at large angles is 
smal! while nearly all the scattering at large angles will 
be diffuse as is observed in the diffraction pattern. 

All the diffraction curves recorded at 1.1;°K were 
similar in form but differed in detail. In particular the 
intensities of the diffracted lines varied from sample 
to sample but their positions did not change by more 
than 1%, well within the resolution of the spectrometer. 
The lack of reproducibility of the intensities indicated 
that the samples were not fine powders. The two 
patterns recorded at 1.8s°K at 66 and 69 atmospheres 
were similar to those recorded at 1.1;°K but the in- 
tensities deviated somewhat more from the averages 
of the curves at 1.15°K indicating that larger crystals 
had formed. The positions of the lines also differed 
somewhat more from the mean than did the lines of the 
four curves obtained at 1.1;°K. This was taken as 
evidence in support of the supposition of large crystal 


7 D. G. Henshaw and D. G. Hurst, Can. J. Phys. 33, 797 (1955). 

* W=(B sin*¢/2)/d*, where B is a function of temperature and 
a characteristic temperature ©, ¢ is the scattering angle, and 
is the wavelength of the incident neutrons. See R. W. James, 
The Optical Principles of the Diffraction of X-rays (G. Bell and 
Sons, London, 1948), Chaps. I and V. 
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formation. Because of this, these curves were not used 
to determine the structure of the solid. 

Six diffraction lines were observed. The spacings 
corresponding to the average positions of the observed 
lines have been listed in Table I for the four curves 
recorded at 1.1;°K and 66 atmospheres. Lines 1, 2, 3, 4, 
and 6 were observed in all the patterns and line 5 in 
three patterns. The maximum deviation of any indi- 
vidual line position from its corresponding mean was 
1.2% while the average deviations was considerably 
less. The d spacings for a hexagonal structure with 
ao= 3.53 A and co=5.76 A are also listed. The maximum 
difference between the measured and calculated spacing 
is 2%. The measured spacings 3.05 A and 2.70 A cor- 
respond closely to 3.07 A and 2.75 A reported by 
Keesom and Taconis.! In view of this and in view of the 
close agreement between the measured and calculated 
spacings, it is concluded that the crystal structure of 
solid helium at 1.1;°K and 66 atmospheres is hexagonal 
close-packed with ao9=3.534+0.03 A and co=5.76+0.05 
A. The error was estimated from an inspection of the 
data. Since the forms of the curves at 1.8;°K are similar, 
it is concluded that there is no change in the structure 
for temperatures in the range 1.15°K to 1.8:°K. 

The density of the solid at 1.1;°K and 66 atmos- 
pheres corresponding to the proposed structure is 
0.214+0.006 gram/cc. This value is in agreement with 
the value of 0.216 gram/cc for solid helium at 66 
atmospheres and 0°K deduced from the data of Dugdale 
and Simon.’ For calculation of the mean isothermal 
compressibility of the solid at 1.1;°K between the 
solidus and 66 atmospheres, the density of the liquid!” 
at the solidus was taken as 0.17 gram/cc while the 
change in volume" during the solid-liquid transfor- 
mation was estimated to be 2.1 cc/mole. Hence the 
mean isothernal compressibility of the solid at 1.1,;°K 
between the solidus and 66 atmospheres is (3.1+0.8) 
X10 atmosphere. This value is considerably larger 
than the value of 1.7X10-* atmosphere for solid 
helium at 0°K and 66 atmospheres interpolated from 
the data of Dugdale and Simon.’ 


9J. S. Dugdale and F. E. Simon, Proc. Roy. Soc. (London) 
A218, 291 (1953). 

1 W. H. Keesom, Helium (Elsevier Publishing Company, 
Amsterdam, 1942). 

11. C. A. Swenson, Phys. Rev. 86, 879 (1952) ; 89, 583 (1953). 
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The anisotropy parameter K=K»/K,=(mj\/m) (7\|/71)~ 


is determined from magnetoconductance 


measurements in the temperature range 45°K to 300°K. If one uses the cyclotron resonance value for the 
mass ratio K,, the magnetoconductance measurements give K,=1.0 for lattice scattering and K,>1 for 
moderate amounts of impurity scattering. For strong impurity scattering, the data show that the scattering 
cannot be represented by a simple relaxation-time tensor model. 


1. INTRODUCTION 


HE observed anisotropy of magnetoresistance in 

n-type germanium’ is due to the anisotropy 
of the energy surfaces®’ and the anisotropy of the 
relaxation time.* Herring and Vogt* have shown that 
under some circumstances the anisotropy can be 
described by a single anisotropy parameter which can 
be obtained from magnetoresistance measurements. 
This anisotropy parameter is the ratio of a mass 
anisotropy parameter to a relaxation-time anisotropy 
parameter. Since the mass anisotropy parameter is 
known for m germanium from low-temperature 
cyclotron resonance experiments,’ low-temperature 
magnetoresistance measurements can be used for an 
experimental determination of the relaxation-time 
anisotropy parameter. 

In this paper we report measurements of certain 
galvanomagnetic effects in the temperature range 45°K 
to 300°K. These measurements permit the calculation 
of the anisotropy parameter for the case where lattice 
scattering is the only significant scattering mechanism 
and also for the case where both lattice and ionized- 
impurity scattering are important. In order to make 
quantitative conclusions about the relaxation-time 
anisotropy parameter it is necessary to assume that 
the mass anisotropy parameter in this temperature 
range is the same as that measured at liquid helium 
temperature. With this assumption we find from our 
data that, if one uses the relaxation-time tensor of 
Herring and Vogt, (a) the relaxation time is isotropic 
for lattice scattering; (b) the relaxation time becomes 
anisotropic for moderate amounts of impurity 
scattering; and (c) the Herring and Vogt model fails 
for strong impurity scattering, i.e., the data cannot be 
described by a single anisotropy parameter of the 
Herring-Vogt type. 

1G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

2C. Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954). 

3 C. Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956). 

4M. Glicksman, Phys. Rev. 100, 1146 (1955). 

5R. M. Broudy and J. D. Venables, Phys. Rev. 105, 1757 
sy Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

7M. Shibuya, Phys. Rev. 95, 1385 (1954). 

8C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956); C. 
Herring, Bell System Tech. J. 34, 237 (1955). 


® Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
10 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 


2. MAGNETOCONDUCTANCE AND 
MAGNETORESISTANCE 


The relation between current density and electric 
field in the presence of a magnetic field can be given by 


i(H,E) =S(H)-E, (2.1) 
or 


E(H,i)=T(H) i, 


where the elements of the conductivity tensor § and 
the resistivity tensor T are functions of the direction 
and magnitude of the magnetic field and, obviously, 
S=T-, 

Whether one measures conductivity or resistivity 
depends on sample geometry. If current is passed 
through a long thin sample so that the current is 
parallel to the long dimension, then measurements of 
different components of the electric field give directly 
the elements of the resistivity tensor T. This long, thin 
sample geometry is what is used for measurement of 
the Hall, planar Hall, and magnetoresistance effects. 
Conversely, if the electric field is applied across a short, 
wide sample so that the electric field remains parallel 
to the short dimension, then the measurements of the 
different components of the current give directly the 
elements of the conductivity tensor S. Such a geometry 
is shown in Fig. 1. In such a sample the field will 
always be normal to the electrodes if the sample is 
thin compared to its other dimensions. 

In the next section it will be shown that for the 
analysis of our data, we shall be interested in the 
determination of the diagonal elements of S. If the 
magnetoresistance sample geometry is used, we can 
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Fic. 1. Sample geometry used for direct measurement of 
magnetoconductance. The shaded areas indicate the electrodes. 
(General discussion is in Sec. 2 and the details of sample prepara- 
tion are in Sec. 4.) 
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determine the elements of T and invert mathematically 
to obtain the desired element of S. Alternatively, using 
the other sample geometry we may determine the 
desired element of S directly. Determination of an 
element of S by direct measurement is more accurate 
than by mathematical inversion of elements of T 
simply because the latter technique usually requires 
two or more experimental measurements, while the 
former is, of course, determined by one measurement. 
Further, in performing the mathematical inversion of 
T it is necessary to take combinations of elements of T, 
and the measurements of the different elements of T 
do not depend upon the same sample dimensions. 
Thus, relative errors in the determination of sample 
dimensions can cause an error in the determination of 
the conductivity-tensor element that is different for 
each element of the conductivity tensor. On the other 
hand, an error in the measurement of the sample 
dimensions will cause the same relative error in all the 
diagonal elements of S if these elements are measured 
directly and the ratio of one element to another will 
not be affected by the accuracy of the measurement 
of the dimensions. 

A sample with the geometry shown in Fig. 1 can be 
used only to measure the diagonal elements of S. The 
off-diagonal elements cannot be measured directly 
because the components of the current density trans- 
verse to the field cannot be measured. The most that 
can be determined is the set of elements of the sym- 
metric part of S. 

The coordinate system in which the elements of the 
tensors § and T are most conveniently described is one 
consisting of the cubic axes of the crystal with the 
subscripts 1, 2, and 3 referring to the [100], [010], 
and [001 ] axes, respectively. Superscripts will be used to 
indicate the crystallographic direction of the magnetic 
field. With this coordinate system, e.g., S:2"° refers to 
the effect of an [010] electric field and a [110] magnetic 
field upon the current density in the [100] direction. 


3. MAGNETOCONDUCTANCE ACCORDING TO 
THE HERRING-VOGT MODEL 


In order to use Boltzmann transport theory to evaluate 
the elements of the conductivity tensor, it is necessary 
to have a model that describes how the scattering 
mechanisms tend to restore thermal equilibrium when 
electric and magnetic fields are applied. The model 
described in this section is essentially that of Herring 
and Vogt* who represent the electron scattering by 
means of a relaxation-time tensor with the same 
symmetry as the energy surface. 

The results of cyclotron resonance experiments’ 
indicate that the energy surfaces for electrons in 
germanium are ellipsoids of revolution about the [111 ] 
axes. Near a given minimum the correct form for the 
electron energy in terms of electron momentum is 


e=3[ (Pu?/my)+ (P2/m) ], (3.1) 
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where the subscripts refer to the directions parallel 
and perpendicular to the appropriate [111] axis in 
momentum space. Equation (3.1) suggests the defini- 
tion of the mass anisotropy parameter, 


(3.2) 


The most recently published cyclotron resonance data” 
give K,,=20.0+0.4. 

Using an ellipsoid model, let us consider an energy 
shell in momentum space. When the crystal is in 
thermal equilibrium the electrons in this shell will carry 
no net current. When electric and magnetic fields are 
applied, the crystal will no longer be in thermal equi- 
librium and the electrons in this shell will carry a net 
current dj. We define a tensor relaxation time so that 
71, is the time constant for the rate of decay (due to 
scattering) of the component of dj parallel to the axis 
of revolution and 7, is the time constant for the rate 
of decay of the component of dj perpendicular to this 
axis of revolution. The above says that 


Kn=m/m,. 


(adj /At) seat = —7!. dj, (3.3) 
where 
dji m™ O O 
dj= Pal a [® 7 | R (3.4) 
djx2 0 On 


Equation (3.4) suggests the definition of the relaxation- 
lime anisotropy parameter, 


K,=t/11. (3.5) 


In this paper it will be assumed that while 7,, and 7, 
may be energy-dependent, the parameter K, is in- 
dependent of energy. 

It can be shown that with the Herring-Vogt scattering 
model there will be no longitudinal magnetoconductance 
in a single ellipsoid when the electric and magnetic 
fields are parallel to a principal axis of the ellipsoid. 
The conductivity of the crystal as a whole, however, 
consists of contributions from each of the ellipsoids. 
Since the ellipsoids are oriented along the [111] axes, 
there is no crystallographic direction which is a principal 
axis for all ellipsoids simultaneously and thus the 
crystal will exhibit some longitudinal magnetoconduc- 
tance for any arbitrary orientation of the fields. 

It can be shown" that the absence of longitudinal 
magnetoconductance for a single ellipsoid leads to the 
following weak magnetic-field relation when the 
conductivities of the individual ellipsoids are properly 
summed : 

2(T 12)" 


———-|=1, 3.6 
(AT1,)™ _— 


lim 
H—0 








where A7\;=73;(0) —T1:(H). This relation, sometimes 
called the symmetry relation, has been previously 
expressed in the literature*** as a relation between 


1 R. W. Keyes (private communication). 











RELAXATION 


certain magnetoresistance coefficients and has been 
experimentally verified for fairly pure n-type 
germanium. If the data did not agree with (3.6), this 
would be evidence that the Herring-Vogt model was 
inapplicable. 

If the Herring-Vogt model is used to evaluate the 
elements of the conductivity tensor, it is found®* that 
for arbitrary values of magnetic field, 





SuQ)—Su(Z)” _(ASu) _ 2(K—1) (32) 
Si1(0)—Si(A)™  (ASu)™ = (2K+1)(K+2) 
where K, the anisotropy parameter, is : 
K=K,,/K,. (3.8) 


The quantity (A4S;;) is the change in conductance 
when the electric and magnetic fields are parallel and 
thus is a longitudinal magnetoconductance. Similarly, 
(AS;:)™ is a transverse magnetoconductance. Equation 
(3.7) thus indicates that the anisotropy parameter 
can be calculated from a measurement of the ratio of a 
longitudinal to a transverse magnetoconductance. 


4. SAMPLE PREPARATION 


The samples that were used were half-inch diameter 
disks of germanium. Figure 1 shows the cross section 
of such a disk. The measured magnetoconductance ratio 
was independent of the disk thickness for thicknesses 
varying from 0.5 to 1.0 mm, indicating that the 
diameter-to-thickness ratio was large enough to 
eliminate any edge effects. 

When using a sample with the geometry of Fig. 1 
to measure S,;, it is necessary to measure both the 
current and the electric field in the [100] direction 
since $,,;=1,/E,. The current 7; can be measured by 
an ammeter in the external circuit. It is necessary to 
measure the voltage across the whole crystal including 
the electrodes in order to find Z, and for this reason 
it is necessary that the contact resistance between the 
electrode and the crystal be very low. Furthermore, the 
electrodes must be put on the crystal in such a way that 
the contact is uniform over the crystal face. 

To meet the above electrode specifications, tin was 
put on the crystal faces by use of an ultrasonic soldering 
iron. The ultrasonic technique was used to obtain 
100% wetting. The crystal was then heat treated at 
450°C for about ten minutes. This results in a small 
‘amount of tin-germanium alloying and gives the 
desired low-resistance contact. We are convinced that 
the contact resistance is negligible since the measured 
resistance of the disks (which would include any 
contact resistance) had the same temperature de- 
pendence in the range 45°K to 350°K as the resistivity 
of germanium samples with conventional magneto- 
resistance geometry with which contact resistance is 
eliminated. 
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Fic. 2. Temperature dependence of the magnetoconductance 
ratio. The values of the anisotropy parameter shown on the right 
are calculated from Eq. (3.7). The number of carriers per cubic 
centimeter of samples A, B, and C are approximately 4X10", 
3X10", and 6X 10", respectively. 


5. MAGNETOCONDUCTANCE RATIO MEASURE- 
MENTS AND DISCUSSION 


Figure 2 gives the measured values of the magneto- 
conductance ratio obtained for samples with three 
different impurity concentrations. On the right-hand 
side of the figure are given the values of the anisotropy 
parameter corresponding to the values of the magneto- 
conductance ratio on the left-hand side. [See Eq. 
(3.7).] 

Sample A is of high purity and the effect of impurity 
scattering should be slight throughout most of the 
temperature range used. The effect of impurity scatter- 
ing on the properties of sample B, which is of inter- 
mediate purity, should be slight at high temperatures 
and moderate at low temperatures. The effect of. 
impurity scattering on the properties of sample C, 
which is the most impure, should be moderate at high 
temperatures and strong at low temperatures. (We 
realize that the adjectives slight, moderate, and strong 
are relative and have not been rigorously defined 
here. We are using these terms for convenience only, 
however, and rigorous definitions are not necessary 
for our present purposes.) 

For sample A, the effect of intrinsic holes can be seen 
above 230°K. Below this temperature the magneto- 
conductance ratio varies by only a few percent. Starting 
at 48°K, the magnetoconductance ratio slowly increases 
with increasing temperature and decreasing importance 
of impurity scattering. Between 130°K and 230°K, 
the ratio is essentially independent of temperature. 
If there was any effect due to impurity scattering, it 
would be temperature-dependent so it is concluded that 
the value of the magnetoconductance ratio found 
for this pure sample in the range 130°K to 230°K is 
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Fic. 3. Experimental test of the symmetry relation (3.6). 
The data indicate that (3.6) is approximately correct for moderate 
amounts of impurity scattering but is incorrect for strong impurity 
scattering. 


characteristic of lattice scattering and is unaffected 
by impurity scattering. 

In the temperature range from 130°K to 230°K all 
magnetoconductance ratio measurements on sample A 
are in the range (ASj;)!/(AS,;)"=0.798+0.002. 
Equation (3.7) gives K=K,,/K,=19.8+0.2 for this 
magnetoconductance ratio. 

The cyclotron resonance value” of K,,=20.0+0.4 
was obtained from measurements at liquid helium 
temperatures. If it can be assumed that this mass 
anisotropy parameter has the same value in the 
temperature range 130°K to 230°K, than K,=1.01 
+0.03. This means that for lattice scattering the 
relaxation time is essentially isotropic. The theories of 
Herring and Vogt* and Dumke” indicate that for 
acoustical-mode scattering the relaxation time should 
be more isotropic than the energy surfaces. According 
to these theories, however, that the relaxation time 
should be exactly isotropic (K,=1.0) would be 
fortuitous. 

Our experimental results for samples B and C show 
that increasing the amount of impurity scattering 
increases the anisotropy of the relaxation time with 
K,>1. This is in qualitative agreement with the 
theoretical work of Ham™ who finds K,~12 for im- 
purity scattering. 

However, our data on samples in regions of strong 
impurity scattering cannot be analyzed in terms of a 
relaxation-time tensor. The basis for this statement will 
be discussed in the next section. 

Some previously published data** indicate that the 
anisotropy parameter K is relatively independent of 
temperature and has a value of approximately 12. 
The reasons for the discrepancy between these earlier 
results and those shown in Fig. 2 are not clear. However, 


2 W. P. Dumke, Phys. Rev. 101, 531 (1956). 
3 F,S. Ham, Phys. Rev. 100, 1251(A) (1955). 
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the earlier measurements were magnetoresistance 
measurements and the magnetoconductance ratio was 
obtained by mathematical inversion, so that it would 
be expected that the data shown in Fig. 2 would be 
more accurate than the more indirect results of the 
earlier work. (See discussion of this point in Sec. 2.) 
Furthermore, the values of K reported in the earlier 
work depend on zero-field extrapolations of magneto- 
resistance and Hall coefficient measurements. These 
extrapolations can also cause appreciable error especially 
at the lower temperatures. Broudy and Venables® have 
calculated K from magnetoresistance and Hall coeffi- 
cient measurements in a way that eliminated the 
necessity for zero-field extrapolations, and their data 
are in agreement with Fig. 2. 


6. APPLICABILITY OF THE HERRING-VOGT 
MODEL TO THE CASE OF STRONG 
IMPURITY SCATTERING 


As indicated in Sec. 3, the symmetry relation (3.6) 
is a test of the applicability of the Herring-Vogt model. 
This relation can be checked experimentally by measur- 
ing the planar Hall coefficient* Goo" and the transverse 
magnetoresistance coefficient® M oo! since 


2(T 12)" 2G 109!” 
(AT) | | Mioo™ 


Previous measurements’ indicated that Eq. (6.1) 
was valid from 77°K to 300°K for a sample with a 
carrier concentration of approximately 10% cm”. 
Figure 3 shows measurements of | 2Gio0!"°/Mio0™'| for 
less pure samples. It can be seen that at the higher 
temperatures where the impurity scattering is moderate, 
the data approximate the symmetry relation (3.6). 
As the temperature is lowered and the impurity 
scattering increases, the symmetry relation is invalid 
and, hence, the Herring-Vogt model is inapplicable. 

As Keyes" has pointed out, if the energy surfaces are 
given by (3.1), deviation of the left-hand side of (3.6) 
from unity must be due to the existence of longitudinal 
magnetoconductance for a single ellipsoid when the 
fields are parallel to one of the principal axes of the 
ellipsoidal energy surfaces. The relaxation-time model 
used here could give no such longitudinal magneto- 
conductance. 

From magnetoresistance measurements on samples 
with high carrier concentrations, Glicksman" has also 
found a failure of the symmetry relation (3.6). How- 
ever, his measurements do not agree with ours since 
he finds that the ratio plotted in Fig. 3 is greater, not 
smaller, than unity. If this ratio is actually greater 
than unity and the energy surfaces are given by (3.1), 
the longitudinal magnetoconductance in an ellipsoid 
must be opposite in sign to that which one usually 
finds, i.e., Glicksman’s data indicate that 5,,(H) 
> S1:(0). 


14M. Glicksman, Phys. Rev. 108, 264 (1957). 
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We do not yet understand the origin of longitudinal 
magnetoconductance in a single ellipsoid. However, 
our work provides clear-cut evidence for the failure of 
the Herring-Vogt model for the case of strong impurity 
scattering.* 


* Note added in proof.—Recent magnetoresistance measure- 
ments by the author in collaboration with W. E. Howard indicate 
that the deviations from the symmetry relation are small for 
samples with carrier concentrations as high as 3X 10'* and that 
the deviations reported in Sec. 6 are probably due to small sys- 
tematic errors. A report of this new work is being prepared for 
publication. 
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Precise measurements of lattice expansion of high-purity 
copper held near 10°K during deuteron bombardment were made 
using a rotating single-crystal method. An expansion of (4.10.2) 
<10-%! per 7-Mev deuteron/cm? was found. No broadening 
of the Laue-Bragg intensity around the (4,0,0) reciprocal lattice 
point occurred. These effects are broadly consistent with the 
introduction of small point centers of dilatation. On the assump- 
tion that the damage consists of Frenkel defects, published cal- 
culations for the volume expansion due to interstitial atoms and 
vacant lattice sites in copper and the observed expansion lead 
to a concentration of defects which is only 0.08 to 0.22 of that 
predicted by the simple theory of displacement. Several independ- 
ent measurements of inhomogeneity of the damage indicated 
an E-' variation of the probability of lattice-atom displacement 


I. INTRODUCTION 


OPPER is a particularly interesting crystal for 

radiation damage study.':? Extensive theoretical 
calculation has been carried out for this metal; most 
bulk physical properties are well known; it is readily 
worked; and it is obtainable in relatively pure form. 
On the other hand, liquid-helium temperatures are 
required in order to prevent immediate thermal re- 
covery of the damage produced by irradiation.’ The 


* Supported in part by the U. S. Atomic Energy Commission. 

+ Based upon a dissertation submitted by R. O. Simmons in 
partial fulfillment of the requirements for the Doctor of Philosophy 
degree at the University of Illinois. 

1 For a recent review of radiation effects in solids see F. Seitz 
and J. S. Koehler, in Solid State Physics (Academic Press, Inc., 
New York, 1956), Vol. 2, p. 305. 

2 Other recent surveys include J. W. Glen, Advances in Physics 
(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 381; G. H. 
Kinchin and R. S. Pease, Repts. Progr. in Phys. 18, 1 (1955); 
A. H. Cottrell, Metallurgical Reviews 1, 479 (1956); Action des 
Rayonnements des Grande Energie sur les Solides edited by Y. 
Cauchois (Gauthier-Villars, Paris, 1956); H. Brooks, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), 
Vol. 6, p. 215; G. J. Dienes and G. H. Vineyard, Radiation Effects 
in Solids (Interscience Publishers, Inc., New York, 1957). 

’ Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 


with deuteron energy, £, in agreement with the simple theory. 
The ratio of resistivity increase (as determined by Cooper et al.) to 
lattice expansion is 7 X 10~ yohm-cm for such deuteron irradiation. 
Use of the empirical defect concentrations then gives a value for 
the resistivity of 1% of Frenkel defects as 2.1 to 5.6 wohm-cm. 
Thermal recovery of the expansion in the temperature range 
10-302°K was measured. It was strikingly similar to the recovery 


_ of electrical resistivity changes produced by deuteron irradiation. 


About 55°% of the recovery occurred in a range below 42°K and 
the recovery was essentially complete at 302°K. Whatever the 
activating mechanism may be in each stage of recovery, the 
observed recovery appears predominantly due to mutual annihila- 
tion of interstitials and vacancies. 


necessity of working at such low temperatures makes 
damage and annealing studies difficult. 

In recent years a few helium-temperature investiga- 
tions of irradiated copper have been carried out using 
electrons,‘ neutrons,’ and deuterons.*? While electron 
irradiation under suitable conditions is thought to 
produce the simplest disarrangement of the crystal 
lattice, the relative inefficiency of electron bombard- 
ment in producing atomic displacements has limited 
the variety of measurable effects and prevented the 
production of defect concentrations greater than. 
chemical impurity concentrations. In nuclear reactors 
conditions are complicated by the incident-neutron 
energy spectrum, possible anisotropies in the neutron 
scattering cross section, gamma- and beta-ray flux, 
nuclear transmutations, and, most important, the large 
mean energy transmitted to the initially struck lattice 
atom. Cyclotron irradiations do not produce the simplest 


‘Corbett, Denney, Fiske, and Walker, Phys. Rev. 104, 851 
(1956). 

* Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957); Coltman, Blewitt, and Noggle, Rev. Sci. Instr. 28, 
375 (1956); Blewitt, Coltman, Holmes, and Noggle, in Creep and 
Recovery (American Society for Metals, Cleveland, 1957), p. 84. 
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type of damage, but experimental conditions are more 
strictly defined and direct access to the specimen being 
studied is possible during irradiation. In addition, such 
experiments produce a relatively high concentration 
of defects and hence a variety of effects which can be 
measured accurately. 

Most previous experiments on irradiated copper at 
helium temperature have measured changes in electrical 
resistivity. Estimates of crystal defect concentration in 
copper made from electrical resistivity changes are 
unreliable at present since there is a wide theoretical 
disagreement about the resistivity per defect." The 
situation may be better in the case of lattice expansion 
where the expansion per defect appears fairly well 
established.!2-* Macroscopic volume changes which, of 
course, are closely related have been observed in 
deuteron-bombarded copper held near liquid-nitrogen 
temperature™ and are currently being studied in this 
laboratory near helium temperature.*® At the present 
time a unique physical model for radiation damage and 
its thermal recovery cannot be deduced from experi- 
mental results on copper and there is a clear need for 
further measurements of other properties. 

No x-ray measurements of lattice expansion in 
irradiated copper have been reported. Investigations 
of changes in x-ray scattering of crystals resulting from 
nuclear reactor irradiation at room temperature and 
liquid-nitrogen temperature have been reported for 
several other materials and this technique holds 
promise of revealing information concerning the 
structural nature of the imperfections. The present 


6D. L. Dexter, Phys. Rev. 87, 768 (1952); R. J. Potter and 
D. L. Dexter, Phys. Rev. 108, 677 (1957). ; 

7P. Jongenburger, Phys. Rev. 90, 710 (1953); Appl. Sci. 
Research B3, 237 (1953); Nature (London) 175, 545 (1955). 

8 F, Abeles, Compt. rend. 237, 796 (1953); F. J. Blatt, Phys. 
Rev. 99, 1708 (1955). 

® Laura M. Roth, Bull. Am. Phys. Soc. Ser. II, 2, 214 (1957); 
Ph.D. thesis, Radcliffe College, Cambridge, Massachusetts, 1956 
(unpublished). 

1 A. W. Overhauser and R. L. Gorman, Phys. Rev. 102, 676 

1956). 
; 11 W. A. Harrison (to be published). 

2H. B. Huntington, Phys. Rev. 91, 1092 (1953); Acta Met. 
2, 554 (1954). 

13H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 

4. Tewordt, Phys. Rev. 109, 61 (1958). 

15 G. J. Dienes, Phys. Rev. 86, 228 (1952). 

16 Pp. H. Miller, Jr., and B. R. Russel, J. Appl. Phys. 24, 1248 
(1953). 

17 J. Teltow, Ann. Physik 12, 111 (1953). 

18 J. D. Eshelby, J. Appl. Phys. 24, 1249 (1953) ; 25, 255 (1954) ; 
Solid State Physics (Academic Press, Inc., New York, 1956), Vol. 
3, p. 79. 

i F. Seitz, Revs. Modern Phys. 18, 384 (1946). 

” K. Huang, Proc. Roy. Soc. (London) A190, 102 (1947). 

2C. W. Tucker, Jr., and J. B. Sampson, Acta Met. 2, 433 

1954). 
bd W. Cochran, Acta Cryst. 9, 259 (1956); W. Cochran and G. 
Kartha, Acta Cryst, 9, 941, 944 (1956). 

23 J. B. Sampson and C. W. Tucker, Jr., Phys. Rev. 105, 1117 
(1957). 

™ Ww. R. McDonnell and H. A. Kierstead, Phys. Rev. 93, 247 
(1954) ; 98, 1870 (1955); H. A. Kierstead, ibid. 98, 245 (1955). 

25 R. W. Vook and C. A. Wert (to be published). Preliminary 
results of this work appear in reference 1, p. 405. 
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x-ray study of irradiated copper was designed to 
measure: (1) crystal lattice expansion as a function of 
integrated deuteron flux near liquid-helium tempera- 
ture, (2) thermal recovery of the expansion upon sub- 
sequent warming, and (3) changes in x-ray scattering 
resulting from the damage. 


Il. EXPERIMENTAL 


The expected small size of the effect to be measured 
dictated a refined experimental technique, adapted to 
the awkward conditions peculiar to cyclotron irradia- 
tion experiments near helium temperature. In addition, 
a single-crystal foil specimen of high initial perfection 
and purity was desired. Hence, the experimental 
methods employed are described in some detail. 


1. Method and Apparatus 


Precise measurements of small lattice expansions 
were made using a rotating single-crystal back-reflection 
x-ray diffraction method.”* From the Bragg law, 


Ad/d=AX/d—A8 cotd, 


where @ is the Bragg angle, d the interplanar spacing, 
and ) the wavelength. For a closely constant spectral 
distribution AA~0 and for large 4 the shift in angle, A@, 
becomes a sensitive measure of lattice expansion. In the 
present experiment Co Ka; radiation and a {400} re- 
flection were used. At 10°K, @= 83°10’ and tan@= 8.345; 
this choice of reflecting planes and characteristic radia- 
tion affords the highest sensitivity readily available for 
copper at low temperature. 

A top view of the experimental arrangement is shown 
in Fig. 1. The linear dispersion at the film position, 
Ad/d per cm, was near 7.7X10~, lattice expansions 
producing horizontal displacements of the single Laue- 
Bragg line in direction e. During film exposures the 
rigid combination of x-ray source and film was rotated 
1° by an electric motor about a vertical axis passing 
through the crystal in order to eliminate difficulties 
arising from small changes in crystal orientation or 
from macroscopic bending of the specimen foil. A slit 
collimator 0.010 in. wide and 0.080 in. high having 
maximum angular divergence 0.42X3.37° was used on 
the x-ray tube. The recorded trace of the diffracted line 
was a circular arc about 2.5 cm high having a large 
radius of curvature. The width of the Laue-Bragg 
reflection for @>80° is principally due to the spectral 
width of the Ka; emission line, even when a large 
collimator of rather generous angular divergence is 
used.”” The combination of large collimator and low 


26 The method depends on developments originated by M. 
de Broglie, Compt. rend. 157, 924 (1913), U. Dehlinger, Z. Krist. 
65, 615 (1927), and H. Braekken, Kgl. Norske Videnskab. 
Selskabs, Forth. 1, 192 (1929). The authors are indebted to Pro- 
fessor T. A. Read for showing them an unpublished Ph.D. thesis 
by D. J. Murphy, Columbia University, New York, 1952, in which 
a related method is employed. 

27 H. Ekstein and S. Siegel, Acta Cryst. 2, 99 (1949). 





DEUTERON-IRRADIATED Cu 


crystal temperature permitted a film exposure time 
<20 minutes. Therefore, fogging of the film by the 
background radioactivity near the cyclotron and the 
influence of temperature variations during exposures 
taken in the recovery study were minimized. 

The asymmetry in tube and film placement was 
chosen to maximize measuring sensitivity (by increasing 
specimen-to-film distance) and minimize exposure time 
(by reducing tube-focus to film distance). The particular 
dimensions were adopted after an extensive set of 
experimental trials; ‘‘defocusing” due to differing 
distances of tube focus and film from the crystal was 
found to be slight. Further, the mechanical rigidity of 
the arrangement was improved considerably by placing 
the heavy x-ray tube close to the center of rotation. 

The crystal was maintained at low temperature in 
vacuum by attachment to the specimen tail of a helium 
cryostat of special design.* All other parts of the diffrac- 
tion apparatus were in air at room temperature. The 
apparatus had good mechanical rigidity; the recorded 
position of the lowest temperature Laue-Bragg line 
was found to be independent of any previous tempera- 
ture cycle of the specimen, mechanical shocks, or gross 
movements of the entire apparatus and cryostat. The 
apparatus included precise adjustments for putting the 
axis of rotation in the plane of the specimen and making 
the intended plane of incident and diffracted x-ray 
beams contain the crystal (100) direction. 

The profile of the crystal reflection curve for the Ka 
doublet was obtained using a scintillation counter 
detector of 2.2-cm diameter aperture. Point by point 
measurements were made using a modified fixed-count 
method. Angular positions were set using a vernier 
accurate to 0.5’ of arc. A single-channel pulse-height 


Fic. 1. Schematic hori- 
zontal] section of apparatus. 
The x-ray tube, collimator, 
and film are rigidly con- 
nected and rotate about 
vertical axis “a” passing 
through the specimen crys- 
tal. d=deuteron path, c 
=deuteron collimators, v 
=cryostat vacuum jacket, 
r=80°K radiation shield 
also serves as Faraday cup 
to measure integrated deu- 
teron flux, p-p defines plane 
of specimen and dummy 
foils, b=block at <5°K, 
t=trapdoor, m=0.2-mm 
thick Mylar polyester film 
window, sc=scintillation 
counter position, /=film 
cassette with provision for 
accurate film fiduciary 
marks, e= measuring direc- 
tion, x=x-ray tube and 
collimator, w=0.013 mm 
thick copper window. 


TOP VIEW 
(SCHEMATIC) 


28D. E. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 
(1955). The mechanical design is essentially the same as described 
in this paper but additional precautions have been taken during 
cyclotron irradiation and subsequent recovery studies as described 
in the text. 
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analyzer separated the x-ray quanta counter pulses 
from the photomultiplier tube noise and higher energy 
pulses from cyclotron radioactivity. 

All measurements, with the exception of preliminary 
thermal-expansion studies, were made with the cryostat 
attached to the target chamber of the Illinois cyclo- 
tron.” The cryostat and cyclotron vacuums were 
separated by a 0.025-mm thick Duralumin diaphragm 
which effectively excluded cyclotron oil and, most im- 
portant, greatly reduced adsorption of gas from the 
cyclotron arc on the cryostat. In previous experiments*® 
the evolution of such gas had led to a large and rapid 
temperature rise of the specimens during annealing 
following irradiation. A high-speed diffusion pumping 
system was incorporated in the cryostat. The inte- 
grated deuteron flux was calculated to an estimated 
accuracy of 4% from the known area of the grounded 
collimator and the total accumulated charge measured 
by an electronic current integrator. 

Accurate alignment of the specimen in the cyclotron 
beam is critical in this type of experiment where the 
specimen height is comparable to the half-width of the 
vertical intensity profile of the deuteron beam. Ac- 
cordingly the entire cryostat and x-ray apparatus were 
mounted on a telescoping stand which could be driven 
up or down during operation of the cyclotron. A 
bellows provided the necessary flexible connection to 
the cyclotron target chamber. This equipment allowed 
the specimen to be set precisely in optimum position 
in the beam. 


2. Error Analysis 


The accuracy required in determining the instru- 
mental constants can be analyzed by putting Ad/d=é 
=Aé@ cot@. For small angular changes 2A9=<x/], where 
x measures the change in position of the Laue-Bragg: 
reflection on the film and / is the specimen-to-film 
distance. Then the relative error in determining the 
lattice expansion is 


6&/£= (21 tand)—6x+1-8/+- csc sech60. 
For the present apparatus this becomes 
6&/E= (7.6X 10->/mm) F6x+ (1.3 10-*/mm)d/+ 8.568. 


The value of @ can be inferred accurately from 
known thermal-expansion and room-temperature lattice- 
parameter values, while / can be measured easily to 
better than 1 mm. Hence 6/ and 6@ errors contribute at 
most a residual 1% relative error, independent of the 
expansion. Film shrinkage effects due to processing 
were appropriately corrected using measurements on 
a known array of fiduciary marks. 


2 P. G. Kruger e al., Rev. Sci. Instr. 15, 333 (1944). The 
cryostat and diffraction apparatus were located at position B of 
Fig. 5 of this paper. 

*® A modified version of a device described by H. T. Gittings, 
Jr., Rev. Sci. Instr. 20, 325 (1949). 





338 RB, 

The subjective errors in measuring line position are 
mostly random. A systematic one, viz., measuring to a 
region of maximum blackening versus measuring to the 
mean blackening, was negligible since only small incre- 
ments x were measured and all lines had the same 
appearance. Random errors in observing the line posi- 
tion can be evaluated in several ways. The distance x 
was measured using an X cross hair with low magnifica- 
tion on the cursor of a vernier film reader graduated 
directly to 0.05 mm. Repeated readings by the same 
observer and by different observers on the same film 
were examined for consistency. For any given film the 
mean absolute deviation of individual readings from 
the mean for a single observer was less than 0.03 mm, 
while the mean values for different observers varied 
by an average 0.05 mm. It is concluded that a reason- 
able value for 6x is 0.06 mm, which corresponds to an 
expansion §=5X10-*. 

Several systematic errors are very small because @ is 
near 90°. These include eccentric placement of the 
specimen and of the incident x-ray beam relative to the 
axis of rotation, finite specimen height, and absorption 
in the specimen. Those systematic errors which do not 
vanish at 6= 90°, such as uncertainty in the wavelength 
standard and refraction in the specimen, are unim- 
portant because only small changes in 6 were measured. 

Any rotation of the specimen crystal about an axis 
perpendicular to the (100) direction used will produce 
a displacement of the diffracted line perpendicular 
to the measuring direction, because the collimator 
permits vertical divergence of rays from the source 
(see Fig. 1). Displacements of this type were observed 
but were found to be sufficiently small so that resulting 
shifts in the measuring direction could be neglected. 

The problem of temperature measurement is localized 
at the specimen. All other parts of the diffraction 
apparatus are at room temperature, and normal varia- 
tions in room temperature produce negligible dimen- 
sional changes in the apparatus. Variations in lattice 
parameter due to specimen temperature changes are 
negligible at low temperatures because even at 30°K 
the linear thermal-expansion coefficient is less than 10~° 
per degree. Recovery studies following bombardment 
were carried to higher temperatures and knowledge 
of specimen temperature and thermal expansion is 
required in order to allow separation of the dilation due 
to the recovery of the damage from the lattice expansion 
due to heating; the type of cryostat used does not 
permit pulse annealing with measurements at a fixed 
reference temperature. The same technique was em- 
ployed for making thermal-expansion measurements 
and for recovery studies. A detailed report of the 
thermal-expansion measurements has appeared else- 
where.* Film exposures of 20 minutes were made (with 
1° crystal rotation) as the specimen warmed con- 
tinuously following exhaustion of the liquid helium from 


31R. O. Simmons and R. W. Balluffi, Phys. Rev. 108, 278 
(1957). 


SIMMONS AND R. W. 


BALLUFFI 


the cryostat. The temperature assigned to each ex- 
posure was the temperature of the crystal at the 
known time the intensity maximum was registering 
on the film. The resulting temperature errors are all 
smali because as the temperature, and hencé the 
thermal-expansion coefficient, increased the temperature 
increment during measurement decreased. The largest 
error of this type corresponded to a lattice expansion 
of only 1X 10~®. The influence of temperature gradients 
in the specimen is believed to be negligible because of 
the high thermal conductivity of the material. 

From the above analysis it is believed that the total 
error in any single lattice-expansion measurement is 
less than 110-5. 


3. Crystal Preparation and Mounting 


The high-purity single-crystal copper foil used in this 
investigation was prepared by secondary recrystalliza- 
tion of heavily cold-rolled sheet possessing a special 
deformation texture. This method was chosen in 
preference to others because it was desired that the 
resulting very thin crystal be undeformed and of a 
predictable orientation. 

The starting material was American Smelting and 
Refining Company continuously cast copper rod.*? A 
rectangular ingot was cast in vacuum by solidification 
of a melt from one end. The high-purity end of the 
ingot which solidified first was treated to reduce the 
grain size below 0.1mm. A final heavy reduction of 
98% by cold rolling then produced sheet of the desired 
0.089 mm thickness and deformation texture.* Speci- 
men foils were cut out of sheet material prepared in this 
manner and were clamped at one end between blocks of 
A. S. and R. copper held tightly together by an A. S. 
and R. copper screw. This assembly was then im- 
mediately placed in a vacuum furnace for the final 
heat treatment. Continuous slow heating at 10°/hour 
in vacuum to a final temperature 950°C then produced 
in some cases very large crystals of suitable orientation 
at the free end of the foil. The heavy clamp permitted 
handling of the very easily damaged foils. Excellent 
heat conduction from foil to clamp, which was necessary 
to prevent overheating during bombardment, was 
obtained since a substantial area of metal to metal 
contact developed by sintering during the final high 
temperature treatment. A separate foil of the same 
material, subjected to the identical cycle of deformation 
and heat treatment, served to monitor the purity of the 
final crystal. The residual resistivity of the relevant 
monitor foil was 5.4 10-* ohm-cm. 

® Smart, Smith, and Phillips, Trans. Am. Inst. Mining Met. 
Engrs. 143, 272 (1941). This material has a residual resistivity 
<1.3X10~* ohm-cm, a stated purity of about 99.999%, and is 
quite coarse-grained. 

% Heating this sheet to above 300°C for a suitable time produces 
polycrystalline cube texture sheet by recrystallization. This 
cubically aligned copper is the material in which very large 
“secondary” grains of highly preferred orientation may grow. 


See, for example, M. L. Kronberg and F. H. Wilson, Trans. Am. 
Inst. Mining Met. Engrs. 185, 501 (1949). 
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Crystal perfection of similar large crystal sheets 
produced by this method was studied by using an x-ray 
monochromator technique.**~** These measurements in- 
dicated that the material had a dislocation density of 
order <1X10'/cm?*, characteristic of well-annealed 
high-purity recrystallized copper. 

The angle between the normal to the (400) planes 
whose interplanar spacing was studied and the direction 
of the incident deuterons was about 49°, and the 
deuteron path lay only approximately in the plane 
defined by (100) and (110) directions. Hence the 
incident deuteron path was inclined about 5° to the 
close-packed (110) direction. This condition is believed 
to be a representative choice in view of possible small 
anisotropic effects during bombardment. 

The clamp holding the foil was screwed to the upper 
inside face of a heavy hollow OFHC copper block 
(hereafter called block) which was attached to the 
specimen tail of the cryostat by screws and General 
Electric 7031 adhesive as shown in Fig. 2. The crystal 
under study occupied the extreme end of the specimen 
foil for 3.5 mm. Between the crystal and the clamp, 
small crystals of 0.1-mm diameter and less were present. 
The x-rays were incident on a 2.5-mm high by 1.0-mm 
wide region centered on the extreme tip. Thus, the 
boundary between irradiated and unirradiated regions 
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Fic. 2. Vertical section of specimen block assembly. c=tail of 
cryostat, b>=OFHC copper block, d=cross section of deuteron 
beam, s= region on specimen crystal studied by x-rays, ¢= dummy 
foil thermocouple, = platinum resistance thermometer. The block 
has front and back faceplates as thermal radiation shielding for 
the specimen; the deuteron and x-ray ports subtend only about 
a/3 steradian. 


% Lambot, Vassamillet, and Dejace, Acta Met. 1, 711 (1953); 
Acta Metallurgica 3, 150 (1955). 

35 T. S. Noggle and J. S. Koehler, Acta Met. 3, 260 (1955). 

36 The authors are indebted to Dr. G. S. Baker for taking these 
photographs. 
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of the foil lay in the fine-grained region well separated 
from the crystal being studied. 

With this type of mounting there was a question 
whether the rigid clamp would restrain the irradiation- 
induced lattice expansion at the region of interest 
near the foil extremity. A separate study was therefore 
carried out to determine the constraining effect of the 
clamp. Two large scale models of the irradiated part of 
the specimen foil, in which all dimensions were scaled 
up by a factor of twelve, were prepared of copper and 
one end of each soldered to the sides of a brass cylinder. 
One model was flat and the other had an initial curva- 
ture in order to test for buckling effects. Strain gauges*” 
were glued to the model foil ends and the brass cylinder 
was then compressed longitudinally, thereby producing 
a compressive strain in the base of the model foils. This 
procedure approximated the restraint experienced by 
the actual specimen. For applied strains >6X10~ at 
the base of the foil, strains at the tips never exceeded 
2X10~*. It thus appears certain that the region of the 
irradiated crystal studied by x-rays was essentially 
unconstrained by the clamp which supported and 
cooled the foil. Considerations using elasticity theory 


. also support this conclusion. 


4. Temperature Measurement 


The actual crystal foil was, of course, much too 
delicate to allow direct temperature measurements to 
be made on it. Such measurements were therefore made 
using a dummy of identical dimensions and character- 
istics with a fine copper-constantan thermocouple spot 
welded at the free end. The thermocouple leads were 
0.10-mm diameter copper and 0.25-mm diameter con- 
stantan and a considerable lead length was coiled 
around the inside of the cold block cavity in order to 
minimize errors due to heat conduction through the 
leads. The specimen and dummy foils received essen- 
tially identical exposures to the deuteron beam which 
tends to fan out horizontally as it leaves the cyclotron 
target chamber. 

The thermocouple assembly was first annealed and 
was then calibrated against the block resistance 
thermometer in final position in the block by enclosing 
the entire block assembly within an isothermal copper 
container suspended in a conventional glass helium 
cryostat. The reference thermometer was a platinum 
resistance thermometer calibrated by the National 
Bureau of Standards down to 10°K. Between 4.2 and 
10°K an interpolation method was used. These calibra- 
tions are believed to be accurate to 0.1 of a degree 
above 7°K. Particular care was taken to keep the 
thermocouple lead wires undeformed and to approxi- 
mate the thermal gradients expected in the bombard- 
ment cryostat. 

The average deuteron beam current of 0.053 wa/cm? 
raised the dummy temperature to the vicinity of 10°K. 





37 Baldwin-Lima-Hamilton Company SR-4 Type A-7. 
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Fic. 3. Crystal lattice expansion under deuteron irradiation 
near 10°K. Changes in (400) interplanar spacing of single-crystal] 
copper for incident deuteron energy near 7 Mev. 


For a constant value of cyclotron current the dummy 
temperature gradually rose during the course of the 
entire irradiation. This rise is attributed to a steady 
decrease of thermal conductivity of the irradiated 
copper. The cyclotron current was limited so that the 
dummy temperature never exceeded 12.5°K during 
irradiation. 


III. RESULTS 
1. Lattice Expansion and x-ray Line Broadening 


The first quantity of interest is the change of lattice 
parameter, a, as a function of irradiation near 10°K. 
From Fig. 3, Aa/a= (4.1+0.2) X 10-*! per deuteron/cm?, 
taken from the slope of a straight line drawn through 
the experimental points. This value applies to a 
deuteron energy of 7 Mev since the measurements 
of lattice expansion were made on the foil face 
from which the deuterons emerged.** Thermal re- 
covery data for temperatures below 90°K, taken 
during continuous warming and corrected for thermal 
expansion,” are shown in Fig. 4. The warmup rate was 
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Fic. 4. Thermal] recovery of irradiation-induced lattice expansion. 

38 The deuteron energy is degraded about 800 kev from an 
original 12 Mev by the Dural and copper windows before striking 
the inclined specimen foil. 
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an average 4 degrees per hour in the range 10 to 50°K 
and less than 3 degrees per hour above 50°K. The rate 
was variable, having a maximum at about 30°K, since 
it represented the natural warmup of the cryostat 
after the liquid helium was exhausted, as complicated 
by the release of adsorbed gas. Two further recovery 
points at maximum annealing temperatures of 227 
and 302°K were measured, with the specimen again 
cooled each time to below 10°K where thermal-expan- 
sion corrections were unnecessary. At 227°K, 25% of 
the initial lattice expansion remained while at 302°K 
only 3% (or Aa/a=9X10~-* which is about the esti- 
mated error) remained. 

The appearance of the Co Ka; (400) line below 10°K 
as a function of irradiation and annealing is shown 
in Fig. 5 by typical microphotometer records of films. 
The intensity units are arbitrary. No broadening was 
detectable; the half-width at half-maximum intensity 
is constant within the measurement error of 2%. 





Fic. 5. Diffraction line width on film. Typical microphotometer 
records of films taken below 10°K before irradiation (I), after 
irradiation (II), and after irradiation and annealing at 302°K 
(III). No apparent line broadening is produced by an irradiation 
of 6.3X 10'* deuterons/cm?. 


Spectral width of the x-ray emission line accounts for 
about 65% of the observed line width. 


2. Inhomogeneity of Damage 


In the present experiment it was expected that a 
slight macroscopic bellying of the specimen would occur 
as a result of the inhomogeneity of damage through the 
foil thickness. Several x-ray effects were found which 
gave clear evidence that such bending did occur. 
Displacement and lengthening of the Laue-Bragg reflec- 
tion perpendicular to the measuring direction were 
observed where the final displacement corresponded to 
an inclination of the crystal tip by 18’ of arc and the 
final lengthening amounted to 17%. Independent sub- 
stantiation of the bellying of the specimen foil as a 


3 A previous direct measurement was made in alpha-particle 
bombarded germanium by W. H. Brattain and G. L. Pearson, 
Phys. Rev. 80, 846 (1950). 
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result of irradiation was given by an 18% broadening 
of the reflection curve for the Ka doublet taken with 
the diffractometer below 10°K (Fig. 6). The angular 
measure ® represents the crystal orientation relative 
to the incident x-ray beam. Macroscopic bending con- 
tributed to broadening of the diffractometer profile 
because of the finite width of the x-ray beam incident 
on the specimen and the large counter aperture. The 
areas under the reflection curves have been normalized 
for comparison. 

The radius of curvature, R, of the bellied foil may 
be calculated from these measurements. The inclination 
of the crystal tip and effective length of foil irradiated 
give R=114+20cm. The width of the x-ray beam 
striking the crystal was 0.10 cm so that from the ob- 
served profile broadening of 3.7’ of arc, R=93+10 cm. 
Further, the profile broadening and film-line vertical 
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Fic. 6. Before and after irradiation. The diffractometer profile 
of the (400) Co Ka doublet near 10°K. Initial profile (solid line) ; 
final profile (dashed line). Here 6=@—6o, where @ is the Bragg 
angle (about 83°) and @ is an arbitrary reference angle. The 
profile shows 18% broadening due to macroscopic bending of the 
specimen crystal. The bending agrees with that predicted by dis- 
placement-theory calculations of inhomogeneity of damage 
through the thickness of the crystal. 


lengthening were the same on a percentage basis. The 
absence of line broadening on the films showed, in 
addition, that the x-ray measurement was made in a 
small homogeneously damaged volume adjacent to 
the specimen surface, as desired. 


IV. DISCUSSION 
1. Bombardment Expansion 


It appears that temperatures near 10°K are ade- 
quately low to suppress thermal recovery of the defects 
produced initially in copper. Variations in bombardment 
temperature of a few degrees may possibly have a small 
effect on the defect pattern for deuteron irradiation,’ 
but apparently do not for electron irradiation.‘ No 
recovery of irradiation effects is observed if the copper 
is maintained below 10°K for an extended time, and 
thermal recovery does not begin until the material is 
warmed to about 15°K. Presence of the process termed 
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“radiation annealing,” as indicated by a curvature of 
the bombardment curve, is not detectable within the 
accuracy of the present experiment. The experimental 
accuracy of a single point in Fig. 3 is about 1X10~, 
and all measurements lie within this value for either a 
suitable straight line or a line of curvature similar to 
that observed in electrical resistivity experiments.’ 

The possibility of anisotropy of the expansion is not 
excluded by this experiment, which measured changes 
in (400) interplanar spacing only. It is considered 
likely that this effect would be small for cubic metals. 

Various possible models for the defects produced by 
irradiation have different contributions to electrical 
resistivity changes and lattice expansions, and an ex- 
perimental value for Ap/(Aa/a) is therefore of interest. 
Electrical resistivity changes during similar bom- 
bardment have been measured on 0.13-mm diameter 
copper wires of somewhat lower purity.* The measured 
resistivity change was 2.1X10~* ohm-cm per (deu- 
teron/cm*) as taken from a suitable average slope of 
the bombardment curve extending to the integrated 
flux of the present experiment. Correcting for the inho- 
mogeneity of the damage, one obtains 9.5 Mev as the 
equivalent deuteron energy. If deuterons of 7 Mev had 
been used the resistivity change would have been 
larger, viz., Ap= 2.8X 10-* ohm-cm per (deuteron/cm?). 
Therefore, for the type of defects produced by deuteron 
bombardment near 10°K, 


Ap 
=7X10~ ohm-cm, 
Aa/a 


to about 20%. This experimental number is independent 
of any theoretical model but does depend on the E~ 
dependence of damage on deuteron energy E which 
appears to be verified in this work. 


2. Thermal Recovery of Expansion 


The entire course of the thermal recovery of the 
lattice expansion is shown in Fig. 7. In the narrow 
temperature range 15—42°K (Stage I) about 55% of the 
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Fic. 7. Thermal recovery of deuteron damage in copper. © The 
present lattice expansion measurements ; —— electrical resistivity 
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residual expansion annealed out. Between 42 and 227°K 
(Stage IT) a further 20% disappeared, and in the range 
227-302°K (Stage III) the remaining amount essen- 
tially recovered. The diffraction line breadth remained 
unchanged during recovery. The apparent slight hump 
in the thermal-recovery curve between the bombard- 
ment temperature and 20°K, while probably lying 
within experimental error, is reminiscent of the initial 
behavior of tempering curves for nuclear-reactor in- 
duced expansion of artificial graphite.” 

Recovery of electrical resistivity changes measured 
under similar conditions’ is strikingly similar to the 
recovery of lattice expansion. The results indicate 
that the ratio Ap/(Aa/a) is approximately constant 
throughout all stages of deuteron damage and thermal 
recovery. Differences in behavior in Stage I can be at 
least partly ascribed to the five times more rapid 
warmup rate during the resistivity measurements. 

Some justification is required for the present method 
of correcting thermal-recovery data after irradiation 
using the thermal expansion of the well-annealed 
material. While the introduction of localized static 
defects undoubtedly changes somewhat the frequency 
distribution of lattice vibrations,“ the evidence on 
actual crystals as to the nature and magnitude of the 
change is fragmentary and inconclusive. Some changes 
in the temperature dependence of electrical resistivity 
have been reported for copper bombarded and copper 
cold worked at liquid-nitrogen temperature,“ but other 
work indicates that only very small changes in the 
temperature-dependent part of the resistivity of copper 
remain after Stage I recovery, for a deuteron bombard- 
ment comparable to the present one.**** It should be 
noted that thermal corrections to the expansion become 
appreciable only after Stage I. 

Earlier measurements on deuteron-irradiated copper 
in the range 120-290°K indicate that U’/Ap is about 1.7 
cal/gram per wohm-cm, where U’ is the stored energy 
released upon warming.” For deuteron bombardment, 
it appears therefore that U/(Aa/a)~ 10° cal/gram. On 
the other hand, neutron-irradiated copper has been 
reported as having U/Ap<0.8 cal/gram per wohm-cm 
for warming from 17 to 50°K.® It is to be noted that 
neutron damage may be qualitatively different from 
deuteron damage and also that the two experimental 
values are not necessarily in disagreement in view of 
the expected experimental accuracy of such difficult 
stored-energy measurements. 


“” Woods, Bupp, and Fletcher, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Paper No. P/746. 

41 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955) ; 
102, 72 (1956). 

® M. Lax, Phys. Rev. 94, 1391 (1954). 

4 R. J. Elliott, Phil. Mag. 1, 298 (1956). 

44D. Bowen and G. W. Rodeback, Acta Met. 1, 649 (1953). 

45 Magnuson, Palmer, and Koehler (to be published); Bull. 
Am. Phys. Soc. Ser. II, 2, 356 (1957). 

46 A. W. Overhauser, Phys. Rev. 90, 393 (1953). 

47 A. W. Overhauser, Phys. Rev. 94, 1551 (1954). 


A detailed postulation of atomic processes to account 
for each thermal-recovery stage observed here appears 
inappropriate at present. The limited number of 
critical experimental measurements performed on 
copper does not yet permit assignment of a unique 
scheme. The tempering curve of the present experiment 
has qualitative significance but it is not useful in 
elucidating the kinetics of the annealing. If, as appears 
probable, a spectrum of activation energies is present 
for annealing (even in Stage I), the determination of 
frequency factors and orders of reaction would require 
a very detailed combination of measurements of a 
suitable physical property.** 


3. X-Ray Scattering Effects 


Treatments of the x-ray scattering by imperfect 
crystals have been presented elsewhere.”~-™: *-* Point 
defects, for example vacancies and interstitials. produce 
changes in scattering analogous to thermal effects. 
The positions of the Laue-Bragg intensity maxima 
are shifted but the maxima are not broadened; a reduc- 
tion of intensity of certain maxima occurs and patches 
of diffuse scattering of characteristic shape appear. 

Observed lattice expansions can be related quite 
directly to the number of defects if the solid is regarded 
as an isotropic elastic continuum containing spherically 
symmetric centers of dilatation. A mole fraction 
p of defects, randomly distributed, produces an 
apparent isotropic strain Aa/a= A p.'*-* The constant 
A=4nc(1—«¢)/v(1+0¢), where c is the strength of the 
centers of dilatation, o is Poisson’s ratio, and 2 is the 
atomic volume; here correction has been made for the 
effect of the free surface of a finite crystal.!7"*-2?.5 The 
constant ¢ must be evaluated from a detailed calculation 
of atomic positions around each type of defect. This has 
been done for interstitials and vacancies in copper.!?~!® 
Lattice distortions are more pronounced around an 
interstitial atom than around a vacant lattice site, 
hence an observed lattice expansion of a crystal con- 
taining Frenkel defects is primarily due to the interstitial 
atoms. For interstitials and vacancies in copper A has 
been estimated as 1.0 and —0.2, respectively.!? 
These values, as absolute magnitudes, should probably 
be regarded as upper limits. The appropriate lower 
limit for cubically symmetric interstitials is about 0.5"; 
also it has been argued that there should be very little 
lattice relaxation around a vacancy,* which gives zero. 
If the defects are indeed clusters or are composed of 
small relatively amorphous regions, then the present 
investigation has determined the product pc for these 


48 W. Primak, Phys. Rev. 100, 1677 (1955). 

* H. Ekstein, Phys. Rev. 68, 120 (1945); W. H. Zachariasen, 
Theory of X-ray Diffraction in Crystals (John Wiley and Sons, 
Inc., New York, 1945). 

5 T. J. Matsubara, J. Phys. Soc. Japan 7, 270 (1952). 

51H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957); J. Phys. 
Chem. Solids 2, 107 (1957). 

52 A. Seeger and H. Bross, Z. Phvsik 145, 161 (1956). 
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defects where p is the fraction of atoms involved in 
defects. 

The apparently complete absence of line broadening 
in the present experiment indicates that the crystal 
defects produced by deuteron bombardment are indeed 
randomly distributed imperfections such as point centers 
of dilatation. In addition the diffractometer profiles 
(Fig. 6) show that the Cauchy-type shape of the crystal 
reflection curve is unchanged. A virtue of the present 
work is the exclusion of any spurious line-broadening 
effects due to specimen constraint. 

The present x-ray study was restricted to a very 
small volume of reciprocal space around (4,0,0) because 
the primary purpose of this investigation was a precise 
measurement of lattice expansion under the most favor- 
able conditions. No study of the diffuse x-ray scattering 
or the dependence of Laue-Bragg intensity upon the 
indices of reflection has yet been made. It has been 
predicted that observation of these effects in copper 
requires a higher concentration of defects than was 
obtained here.?* Further information on the structural 
nature of the defects may come from such an extended 
x-ray investigation.® 


4. Inhomogeneity of Damage 


The present experimental results involving the 
macroscopic bellying of the foil can be used to find the 
dependence of rate of damage on deuteron energy. On 
the assumption that the damage varies approximately 
linearly through the thin specimen, an elasticity calcu- 
lation shows that the residual stress at the foil surface 
is very nearly zero, so that all portions of the foil have 
expanded freely. The thickness, /, and radius of curva- 
ture, R, of the bellied foil and the expansion of the 
convex (back) face, Aa/a, are known. Hence at the end 
of bombardment the front face has expanded only 
(1—f) as much as the back face, where f=¢/[R(Aa/a) ] 
=(0).33+0.05. From the effective sample thickness 
t/cos 30°~0.10 mm and the known range-enerzy 
relations™ the deuteron energy, /, at the back is 
0.61~(1—f) that at the front. Hence the damage rate 
varies inversely with / within about 15%. 

For nonrelativistic Coulomb encounters, the prob- 
ability of displacement of a lattice atom by a particle 
of energy E varies as E~'.' Further, if the atoms are 
treated as rigid spheres, the number of (secondary) 
atoms displaced by the initially displaced lattice atom 
(or primary) is nearly independent of £ for the changes 
in £& present in this investigation. The result is not 
greatly changed by the presence of displacement spikes in 
the limited numbers estimated for cyclotron irradiation.®® 

The above results prove, therefore, that (1) the rate 
of damage varies inversely with E, as predicted by 





53 C, W. Tucker, Jr., and P. Senio, Phys. Rev. 99, 1777 (1955). 

5 Aron, Hoffman, and Williams, University of California Radia- 
tion Laboratory Report UCRL-121, 1949 (unpublished). 

55 J. A. Brinkman, Am. J. Phys. 24, 246 (1956). 
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present theories, and (2) the surface region of the foil 
where the lattice-expansion measurements were made 
was unconstrained. Taken together with earlier verifica- 
tion of the moZ*/M dependence of damage on the atomic 
number and mass of the lattice atoms, Z and M, and 
their density of packing, mo, for the homologous systems 
Cu, Ag, and Au’, the present measurements show that 
the aspects of irradiation displacement theory and ex- 
periment which require closest scrutiny are the assump- 
tion of a simple displacement threshold, Ea, and the 
behavior of the higher energy primary displaced atoms. 
While present theory does give the correct functional 
dependence mZ*/ME, it apparently overestimates the 
number of atoms displaced. 


5. Foreign Atoms and Other Defects 


The copper single crystal studied in this investigation 
had an estimated initial impurity concentration of 
(3 to 4)X10~*, calculated from residual resistivity 
together with a knowledge of probable impurities. 
From the x-ray monochromator measurements on the 
material studied in this investigation the concentration 
of dislocation sites is found to be less than 10~*. This 
value is small compared to the chemical impurity 
concentration and indicates that the influence here of 
dislocations in irradiation effects was extremely small. 
Their role in recovery phenomena requires further 
analysis. 

Deuteron and neutron irradiation produce additional 
lattice impurity atoms by transmutation of nuclei. 
Further, cyclotron bombardments of an external target 
with deuterons also involve fast neutron bombardment 
from (d,m) reactions in the cyclotron dee and target 
chambers. These neutrons not only can produce addi- 
tional transmutations but also may cause lattice 
damage of a type qualitatively different fron: that 
produced by deuterons.':*:*° It is believed from resis- 
tivity measurements made in this laboratory that these 
effects amount to approximately one percent of the 
damage under the particular conditions of the present 
experiment. 

In the helium-temperature irradiation experiments 
performed to date, except for some preliminary work 
on dilute copper-base alloys,® the nature and number of 
impurities have been unknown, while the total number 
of impurities may have been comparable in some casés 
to the number of defects produced by bombardment 
(see the discussion at the end of Part V). The precise 
influence of impurities upon thermal recovery of radia- 
tion damage has not been fully determined, although it 
should be noted that a comparatively large change in 
impurity concentration does not necessarily have much 
effect. An example is the recovery of electrical resistivity 
in deuteron-irradiated copper of 0.9995 and higher 
purity; the gross features of recovery behavior are 
similar in specimens having impurity concentrations 
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differing’ by a factor of at least 40, for both helium** 
and nitrogen®*.*’ temperature irradiations. 


V. MODEL 


Among the models that have been proposed for 
possible defects produced in metals under present 
conditions are (1) Frenkel defects with the interstitial 
having cubic symmetry, (2) multiple vacancies,*® (3) 
the crowdion configuration for the interstitial,®® (4) 
displacement spikes,®> and (5) locked-in dislocation 
loops.®:! Theoretical estimates of the effects of Frenkel 
defects, (1), on lattice dilatation, x-ray scattering, 
electrical resistivity, and elastic constants of copper 
have been made. In addition their energies of forma- 
tion and migration have been estimated. The other 
defects have not been treated in such detail; the 
crowdion would appear to be the best defined and 
susceptible of quantitative treatment. 

For concreteness, detailed analysis is made below 
for model (1) because well-defined theoretical estimates 


56 Marx, Cooper, and Henderson, Phys. Rev. 88, 106 (1952). 

57 J. E. Mercereau and R. O. Simmons (unpublished). 

58 W. M. Lomer and A. H. Cottrell, Phil. Mag. 46, 711 (1955). 

8 F, Seitz, Phys. Rev. 98, 1530 (1955). 

® Reference 14 contains a treatment of the crowdion formation 
energy and lattice relaxation in copper. 
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of properties have been made for this model and quanti- 
tative comparisons can be drawn between theory and 
experiment. In addition the relative number of dis- 
placement spikes for this cyclotron irradiation is either 
small or zero. If, as appears likely, lattice expansion 
depends mostly on interstitials, the effect of multiple 
vacancies would be minimal. Possible dislocation loops 
are probably a marginal effect in the present experiment. 
It is worth noting that for defects (2) to (5) the effect 
per displaced atom is probably smaller than model 
(1) so that a given expansion or electrical resistivity 
change would require a higher concentration of dis- 
placed atoms. It is not known, however, at present 
whether the ratio Ap/(Aa/a) would necessarily be much 
different for these other defects. 

On the assumption that the defects produced by 
irradiation are of Frenkel type, Aa/a=0.3p to 0.8 and 
p is therefore (5 to 13)X10~" per (deuteron/cm?). On 
the other hand, the simple theory of displacement 
predicts p=in=5.8X10-* per 7-Mev deuteron/cm’, 
which is higher by a factor 4.5 to 12. The simple theory 
assumes a well-defined threshold energy Ea (~25 ev) 
for displacement of an atom in order to evaluate n, the 
number of primary displacements per incident particle. 


1 F, Seitz, Discussions Faraday Soc. 5, 271 (1949). 
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KBr crystals have been irradiated with monochromatic light of a wavelength of 190 millimicrons 
at liquid nitrogen temperature. When an electric field is applied to the crystal and its temperature subse- 
quently raised, a burst of current is observed at — 150°C, which corresponds to the destruction of V; centers. 
Evidence is presented that F centers and V; centers are created simultaneously by absorption of photons in 


the tail of the fundamental band of the crystal. 


INTRODUCTION 


BSORPTION of light in the tail of the funda- 

mental band of alkali-halide crystals does not 
give rise to photoconductivity.! Smakula? has further 
found that photons absorbed in the same spectral 
region generate F centers. The quantum yield of this 
reaction is unity at the beginning of the irradiation and 
drops to zero when the concentration of F centers has 
reached a value of the order of 10 cm™*. This experi- 
ment suggests’ that an exciton may migrate from the 
place where it is created to a place where it may 
generate an F center, transferring its electron to a 
negative-ion vacancy. It is the purpose of this work 
to investigate what happens to the hole associated 
with the electron in the exciton. A plausible assumption 
is that the hole becomes trapped to form a type of V 
center. 

The V bands are generally observed in alkali-halide 
crystals which have been irradiated by x-rays, y rays, 
fast electrons, or additively colored in halogen vapor. 
These bands lie in the ultraviolet region of the spectrum 
and have been attributed by Seitz to holes associated 
with different kinds of vacancy aggregates.’ 

The limiting concentration of F centers obtained at 
liquid nitrogen temperature by ultraviolet irradiation 
corresponds to an optical transmission in the maximum 
of the F band of about 98% in a crystal 2 mm thick. 
As the V bands are much broader than the F band, the 
optical detection of V centers in the same concentration 
is difficult. On the other hand, Dutton and Maurer* 
have observed a burst of current during the thermal 
destruction of V,; centers in KBr and KCI crystals 
irradiated with x-rays at liquid nitrogen temperature. 
The magnitude of the signal depends on both the 
number of destroyed centers and the schubweg (migra- 
tion distance) of the charge carriers. The schubweg is 
likely to increase with a decreasing concentration of 

* Partially supported by the Office of Naval Research, U. S. 
Navy, and the Office of Scientific Research, U. S. Air Force. 

1R. W. Pohl, Proc. Phys. Soc. (London) 49, (extra part), 16 
(1957); N. F. Mott, Electronic Processes in Ionic Crystals (Oxford 
University Press, Oxford, 1940), Chap. III; F. Seitz, The Modern 
Theory of Solids (McGraw-Hill Book Company, Inc., New York, 
1940); Chap. XII. 

2 A. Smakula, Z. Physik 63, 762 (1930). 

3 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 


4D. Dutton and R. Maurer, Phys. Rev. 90, 126 (1953); D. 
Dutton, thesis, University of Illinois, 1952 (unpublished). 


centers and it can be expected to be rather large for 
concentrations of the order of 10" cm~*. Therefore such 
a method of detection seems particularly suitable in the 
case of small concentrations, and has been used in the 
experiments described below. 


EXPERIMENTAL 


KBr crystals were used because the tail of the funda- 
mental absorption band lies in an easily accessible region 
of the ultraviolet spectrum. In addition, data on photo- 
production of F centers and thermal destruction of V; 
centers are available for KBr, from Smakula’s and 
Dutton and Maurer’s work. 

The crystals of KBr were supplied by the Harshaw 
Chemical Company. A _ plate of approximately 
13132 mm was mounted in a cryostat between two 
electrodes and irradiated at liquid nitrogen temperature 
with monochromatic light of 190 millimicrons. A 
Farrand grating monochromator was used with a 
Hanovia high-voltage hydrogen lamp. The band width 
was 8 millimicrons. At this wavelength, 60% of the 
incident light is absorbed by the crystal. The number 
of incident photons was measured with a calibrated 
cesium-antimonide photocell and was approximately 
2X10" per second. The area of the illuminated surface 
of the crystal was 12 mm?*. The cryostat and the 
electrode arrangement are described by Dutton and 
Maurer* and Inchauspé.6 The temperature of the 
crystal was measured by a copper-constantan thermo- 
couple fastened to the crystal. 

In a typical run, after the crystal had been irradiated 
at —185°C, its temperature was raised at a rate of 
approximately 0.3°C per second. At the same time, an 
electric field of 1800 volts/cm was applied to the crystal 
and the current through a series resistor of 10'° ohms 
was measured with a vibrating reed electrometer. The 
temperature of the crystal was simultaneously recorded. 


RESULTS 


Figure 1 shows a current “glow curve” for a crystal 
of KBr which has been irradiated for three minutes at 
liquid nitrogen temperature with x-rays (molybdenum 
target tube, 30 kilovolts, 7 milliamperes). After such a 
short period of irradiation, it was not possible to detect 


5 N. Inchauspé, Phys. Rev. 106, 898 (1957). 
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Fic. 1. Current “glow curve” for a crystal of KBr which has 
been irradiated for 3 minutes with x-rays at liquid nitrogen 
temperature. The dashed curve shows the variation of tempera- 
ture of the crystal with time (right-hand scale). 


any coloration of the crystal with standard optical 
equipment. The current glow curve shows two peaks, 
one at —153°C and the other at —130°C. The com- 
parison with similar curves obtained by Dutton and 
Maurer indicates that the peak at — 153°C is associated 
with the destruction of V; centers and the peak at 
— 130°C with the destruction of F’ centers. The burst 
of current associated with the destruction of F’ centers 
is due to a motion of electrons, whereas the burst of 
current associated with the destruction of the V; 
centers has been attributed to a motion of holes. 
Further comparison of Fig. 1 with Dutton and Maurer’s 
experiments shows that the magnitude of the observed 
bursts of current is about the same in both cases in 
spite of the fact that the concentration of centers in 
Dutton and Maurer’s experiments was at least one 
hundred times larger than that in the experiment of 
Fig. 1. This indicates that for slightly colored crystals, 
a larger schubweg compensates for a smaller concen- 
tration of centers. It may be noted that unidentified 
bursts of current are observed in Dutton and Maurer’s 
experiments at higher temperatures. Apparently, the 
centers responsible for these peaks are not created 
in the first stage of the darkening. 

Figure 2 shows a typical current “glow curve” for a 
crystal of KBr which has absorbed approximately 
1.2X10" photons of wavelength of 190 millimicrons. 
There is only one burst of current at —150°C, corre- 
sponding to the destruction of V; centers. In addition, 
the luminescence glow curve (not shown) has a peak 
at the same temperature, in agreement with the experi- 
ments of Dutton and Maurer. As in the case of Fig. 1, 
it was not possible to detect the V; band with standard 
optical equipment. The limit of accuracy in the optical 
transmission measurements was about 17, which 
corresponds to an upper limit for the concentration of V; 
centers of 3X10" cm“. The concentration of photo- 
produced F centers was 1.310" cm~. 

In Fig. 3 (upper part) the integrated released charge 
at —150°C is plotted as a function of the number of 
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photons absorbed per cm*. Each point refers to a 
different crystal. For comparison, the lower part of the 
figure shows Smakula’s results on the photoproduction 
of F centers with monochromatic light of 193 milli- 
microns. The number of absorbed photons per cm? has 
been used as abscissa instead of the number of absorbed 
photons per cm in order to allow comparison with the 
data of Smakula’s paper where the thickness of the 
crystal is not explicitly reported.® 

The two curves in Fig. 3 are strikingly similar: they 
both exhibit a saturation when the number of photons 
absorbed per cm? exceeds 5X 10". If one assumes that 
for small concentrations, the schubweg of the carriers 
does not depend on the concentration of centers, one 
is led to the conclusion that the creation of F and V, 
centers is the result of the same elementary process. 
The most simple suggestion is that at liquid nitrogen 
temperature, an exciton generates simultaneously one 
F center and one V; center in KBr crystals. The initial 
quantum yield for the photoproduction of V; centers 
should therefore be unity as in the case of the photo- 
production of F centers. 

Following the latter assumptions, one can estimate 
the schubweg of the holes, which is related to the 
released charge through the formula: 


wo= (g/e)(@/V)(1/N), (1) 


where wy is the schubweg per unit electric field, g the 
charge released in the external circuit, e the electronic 
charge, V the applied voltage, and .V the number of 
released charges. If one takes V, the number of de- 
stroyed V, centers, equal to the number of photo- 
produced F centers as measured optically in our sample, 
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Fic. 2. Typical current “glow curve” for a crystal of KBr 
which has been irradiated at liquid nitrogen temperature with 
monochromatic light of wavelength 190 millimicrons. The number 
of absorbed photons was approximately 1.210. The dashed 
curve shows the variation of the temperature of the crystal with 
time (right-hand scale). 


6 The thickness of the crystals used by Smakula can be derived 
from his data on the absorption. They lead to values of limiting 
concentrations of F centers which depend on the wavelength of 
the incident light, and which are larger than the values that we 
have measured optically. 
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one has 
wo= 2.7X10- cm?/volt. (2) 


This value of the hole schubweg can be compared with 
the value given by Dutton and Maurer.‘ In their 
crystals, the concentration of F centers, which are 
supposed to act as traps for holes, was 9X10" cm™. 
The hole schubweg was evaluated equal to 3X10~" 
cm?/volt, a figure which is two orders of magnitude 
smaller than (2), probably because of the much larger 
concentration of centers. Further comparison can be 
made with the electronic schubweg as given by photo- 
conductivity experiments in the F band.’:® It is found 
that the electronic schubweg is inversely proportional 
to the concentration of F centers, for concentrations 
larger than 10° cm~*, and that it reaches a constant 
value for smaller concentrations. The limiting value 
of naw» is about 10~'° cm?/volt, where nq is the proba- 
bility for a photon absorbed in the F band to release 
an electron. There is some evidence that the value of 
na at liquid nitrogen temperature is between 1/10 and 
1/100. The schubweg of the holes is then of the same 
order of magnitude as the schubweg of the electrons 
at those low concentrations. 


CONCLUSION 


The above experiments suggest that in KBr crystals 
an exciton generates simultaneously an F center and a 
V, center at temperatures where V, centers are stable. 
As no photocurrent is observed during the process, 
the two centers are created close to each other. In the 
case of the model proposed by Seitz for the V; center 
of a hole trapped at a positive-ion vacancy, the F and V, 
centers could be generated either from a vacancy pair 
or from a pair of jogs at a dislocation. 

The occurrence of the saturation of the reaction does 
not result in the creation of new types of centers. In 
particular, F’ centers are not created, even under 
prolonged illumination. The production of F centers 
by excitons is not therefore limited by the reverse 
reaction, namely the destruction of F centers by 


7G. Glaser and W. Lehfeldt, Géttingen Nachr. 2, 109 (1936). 
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Fic. 3. Upper part: Integrated charge released at — 150°C 
as a function of the number of photons (A=190 millimicrons) 
absorbed per cm* at liquid nitrogen temperature. Lower part: 
Number of photoproduced F centers per cm? as a function of the 
number of photons (A=193 millimicrons) absorbed per cm? at 
liquid nitrogen temperature (after Smakula). 


excitons, at these concentrations.®:* Rather the photo- 
production of F and V, centers involves a type of 
defect whose supply is limited in the crystals and which 
is not regenerated as the reaction proceeds. 
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An approximation method is described which is useful for finding inelastic collision cross sections for 
atomic collisions at energies above about 1 electron volt near threshold. The method uses classical paths 
for the atoms and the distance of closest approach which is determined from known interatomic forces. 
The method is applied to the problem of finding the ionization cross section of helium-helium collisions. 
The comparison of theory and experiment shows satisfactory results. 


INTRODUCTION 


T present there does not exist a satisfactory and 

convenient method for low-energy inelastic atomic 
collisions, that is, a method for the almost adiabatic 
region. It is well known that the Born approximation 
applies only when the energy of collision is much larger 
than the interaction energy between the colliding 
systems. Furthermore it is required that the collision 
time be much smaller than the characteristic time of 
the atoms which is usually taken as h/AE. 

Now at energies of the order of an electron volt the 
path of an atom or molecule can be considered as 
classical since its de Broglie wavelength is of the order 
of 10-* or 10~ cm, while molecular dimensions are at 
least 10-* cm. This fact has led to the semiclassical 
theories of Gaunt! and Mott? who both use time- 
dependent perturbation theory with the simplification 
that w=z. Here » is the velocity of encounter and z is 
the distance along the zero impact parameter line. This 
means that the path of the atom or molecule is a straight 
line. This of necessity is true only at energies much 
larger than the interaction energy between the colliding 
systems. If we are interested in a theory for energies 
near threshold where trajectories are not straight lines, 
we must devise another theory. 


ALMOST ADIABATIC CROSS SECTION 


From time-dependent perturbation theory we have 
for the amplitude of the final state* 


1 E,;—E; 
a;;(t)=— J V;(t') exp i Jefe, 
ih J_, h 


where V;; is the matrix element of the perturbation 
energy between the initial state i and the final state f. 
Suppose the perturbation starts at ‘=0 and then 
decays very slowly because the atom or molecule has 


* This research was carried out when the author was consultant 
to the Department of Missile and Ordnance Systems, the General 
Electric Company which operates under contract with the U. S. 
Air Force. At the time the author was also associated with the 
University of Connecticut, Storrs, Connecticut. 

1 J. A. Gaunt, Proc. Cambridge Phil. Soc. 23, 732 (1927). 

2.N. F. Mott, Proc. Cambridge Phil. Soc. 17, 553 (1931). 

3 See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1955). 


lost energy and is moving away very slowly. Then 


Ej 
‘Ye ee 


> 


1 7” E;- 
aj(2)=— f V(t’) exp|i( 
ih 0 h 


pay Vy, | 
=exp 
“wae “ees B 


” OVs; E,;—E; 
— exp i(—— ‘Ye fr. 
at’ h 
Suppose we express the decay of V;; as 


Vpi=Vyi(O)e*'; 


V;:(0) 
azi(%)= 





then 


E,;-E; Ey,—E; 


V;;(0) oe 


1aw 
ato? aor 
where 
a= (E;—E,), h. 
For a slow collision, w>>a and 
J V;i(0) V 7:(0) a 
“2 )°————-t— —(*), 
E,—E; E,;—E; Ww 
| ays( 20) |°| Vy,(0) |?/(Ey—E,)?. 


(1) 


Our next step is the choice of the distance between the 
colliding systems at which one can say that the collision 
has started. Our approximation is to choose the distance 
of closest approach as corresponding to time zero. This 
is because V;;(R) is largest at the distance of closest 
approach and falls off very rapidly with distance from 
this point. 

If we take R to be the distance of closest approach, 
then the cross section for a process where the final state 
is discrete and no photons are involved is 


om f dom 2x fon(R)I*04p, (2) 


where ? is the impact parameter. The relation between 
p and R is 
p U(R) p U(R) 
i=— =—+ : (3) 
R jue? Re Eves 
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Here U(R) is the interaction energy between the 
molecules or atoms. 

If the final state is a continuous one, we need the 
number of final states. For example, in the ionization 
of a molecule by another the number of states will be 


P?2dP dQ,/(2rh)* 


(here we use a box of unit length), P, is the electron 
momentum, and d2.,= 27 sin@,d@, is the usual solid angle. 
The cross section will be calculated in the center-of- 
mass system and the differential cross section will be 


wo 


|! 
do=2n |i dF(R)pdp, 


(4) 
Mo 
dF(R)= | ay;()|2P2dP_dQ,/ (2eh)8, 
|V,(R)|? P2dP dQ, (5) 





 (I+P2/2m)? (eh) 








where J is the ionization energy. We are neglecting dif- 
ferences in the interaction energy of the molecule 
between ionized and un-ionized states relative to J. To 
find the total cross section, we integrate over solid angle 
dQ, and dP,. The limits of P, are 0 to (P.)max. (Pe)max 
is given approximately by 


[(Pducn? /2m=Ere\ aad A 


which is the energy available in the center-of-mass 
reference frame after ionization. For this condition the 
electron carries off most of the energy. 

In a particular application it is superior to use 


U (R) = const e-constXR 


rather than to use the repulsive part of a Lennard-Jones 
potential. The reason for this is that at high energies 
one molecule essentially goes through another with the 
impact parameter p equal to the distance of closest 
approach. Under the latter condition our integrals will 
diverge. The trajectories will be straight lines and our 
method will not be useful. If the relative energy of 
collision is an appreciable fraction of U(0), then other 
methods should be used. If, however, we are dealing 
with an ion colliding with a neutral structure the latter 
difficulty would not exist. 


APPLICATION TO IONIZING COLLISIONS 
OF HELIUM-HELIUM 


Helium appears to be a good choice for calculation 
because of its simple electronic structure. Also we have 
the interatomic interaction energy*'®: 


U(R) =577.4e-*-”* electron volts. 


‘ This potential is an approximation of the author’s potential 

taken from Hirshfelder, Curtiss, and Bird, Molecular Theory of 

Gases and Liquids (John Wiley and Sons, Inc., New York, 1954). 
5 P. Rosen, J. Chem. Phys. 18, 1182 (1950). 
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There is only one disadvantage in the case of helium. 
The interaction energy for small R is only about 500 
electron volts. Consequently we shall limit our cal- 
culations to energies of the order of 100 ev in the center- 
of-mass reference frame. 

If we call the beam atom A and the target atom B, 
we have for the perturbation energy: 


fe &@ @ @ @& I Ie Ie 2 
sale a ao ray age a —-—, 


113 Yo, fis Yo Ag Ag By By 


where 1;; is the distance between electrons i and 7 and 
A; or B; is the distance from electron i to nucleus A or 
B. Electrons 1 and 2 are assigned to nucleus A and 3 
and 4 to nucleus B. For the state functions we shall use 
atomic functions which are products of hydrogenic 
functions. For simplicity we do not use symmetrized 
molecular functions. Thus, for the initial state we have 


\ AY vs b A 
y= (—) x4 exp(-=41)(=) a 
ao ao a 
Z 2h Z 
xexp( -—A :) (-) rt exp(-=25) 
ao ao ao 
Zz Zz 
x(-) rt exp(-—B:), (6) 
ao ao 


where Z= 27/16 and ap is the radius of the first Bohr 
orbit of hydrogen. For the final state with an A electron 
missing, we take 


vaecfeo(ron)(5) 
<~—} expt —P.1° — 
VA h Bis a 


P i 
xexp( -_ —(A ot+ Bz; + By) ) +exp(-Pa ° a,) 


ao 


x(=) tes ( ~=(4,+B.+8))| (7) 


ao a 


The normalization factor is almost 1/V2 because the 
overlap between the two functions in yy is very small 
(it involves the integral Re*J,/4, which we evaluate 
later). For the removed electron we have to use a 
simple plane wave which is normalized in a box unit 
length. 

Using the above functions, we find for the matrix 
element 


Vp=V2[LI— 27,—275+RIi(313— 314) ], (8) 
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where 


A) Soo ool 2 
i exp{| ———— } exp{ ——A 
Rr ao ’ ao 
iP. “Ay 
n=U(- ) Sfae(-5 
ao 
ZA, 

xexp(—= —) nh Sin. 

SS Fel) 

723 

I A 
xexp( - s) arate, 
ao 
AS | 1 2Z 
1-(-) - f —-20(-—a)an, 
Q/ rv Az ao 


esZ\} 1 iP,- A; Zz 
~(-) f—ex(- ‘) exp( =A, ar 
rT ao B, h ao 


All the integrals except J, and J; can easily be evaluated. 
Both J; and J, are known from the treatment of the 
hydrogen molecule. We find 


Zvi 
1,=32¢r'(—) / 
ao 


(9) 


(neva 
ie tfcen( 2 

CACM. 

we tfcon( Za) (012) 


Because of the difficulty of evaluating Js, we shall 
approximate as follows: 


(11) 
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F7Ey* wi iP,- A; 
A) Fie) 

r} ao B, 
xen (=A Jer f exp(— 
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2ZB; 
Jars, 


Collecting results, we have 
2048¢*x (Z/ao)* 
[(Z, /ay)?+ (P./h)?}! 


2ZR 1ZR 3/ZR\? 1/ZR\*}}? 
(SEO 
ao 8 ao 4 ao 6 ao 
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TABLE I. The ionization cross section of helium-helium collisions 
versus vhasstiend and oe with exporenent. 





Elan (ev) 
48.92 
80 


Erelative (ev) a (A?) 


24.46( =) 
40 


50 100 
60 120 
70 140 
80 160 
90 180 
100 200 


TRostagni (A?) 





0.57 10? 
0.95 X 10°? 
1.51 10 
2.27 X 107? 
3.12 10 
3.78X 107 
4.00X 10? 


0 
1.10X 10 
2.09X 10-? 
2.85X 10~? 
3.42X 10 
3.85X 10-? 
4.17X10? 
4.37X 10-? 





For the total cross section for ionization we find 


0. TR 
jo f (—) mp (13) 
0 ao 
Vv (e/T) dx 
f= f 
0 (1?+-1)?(x?+-a?)! 
and 


(Camel (-=) 
Mg dad al 


€= Exei— I. 


8192e4 (Z/ao) ™m*h 
(2mI)°” 





o= 


where 





Here 
a = h?Z?/(2mIa,), 


Because of f(¢), when the energy of atom A relative to 
atom B is the ionization energy, the cross section will 
be zero. Because atom A has the same mass as B, the 
threshold energy in the laboratory reference frame will 
be 2. 

In Table I we have tabulated calculated results and 
compared with the results of Rostagni® where possible. 
The agreement between experiment and theory is satis- 
factory. Furthermore it is extremely difficult to obtain 
experimental results below 100 electron volts in the 
laboratory reference frame. Consequently a theory near 
threshold is a necessity if one requires a knowledge of 
cross sections for the thermal ionization that takes place 
in a shock wave, for example. 

Another interesting aspect of this work is the possi- 
bility of computing chemical reaction rates at high 
temperatures by computing the cross sections. If these 
results are then put into the form of the Eyring theory, 
activation energies may be computed. 


ACKNOWLEDGMENT 


The author wishes to express his appreciation to 
Professor Henry Margenau of Yale University for 
several stimulating discussions of the subject matter of 
this work. 


6 A. Rostagni, Nuovo cimento I1, 621 (1934). 
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Ionization Cross Section of Argon-Argon Collisions near Threshold* 
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The ionization cross section of argon-argon collisions near threshold is calculated by using a semiclassical 
method. The wave function of the eight electrons in the M shell is obtained approximately by considering 
the core as having an atomic number of eight. Products of hydrogenic functions are used for the eight M 
electrons with the screening constants of Slater. The agreement between theory and experiment is satis- 


factory. 





ECENTLY the author developed an approxi- 

mation method for determining low-energy ine- 
lastic collision cross sections.’ For the ionizing collision 
of two atoms it was found that the ionization cross 
section was 


(Pe)max p® |Vyi(R)|? P2dPdQ, 
o=2e f f f SEaySES eT ES ———— fh, 
240 0 (I+ (P./2m)? (2xh)* (1) 


where V;;(R) is the matrix element between initial and 
final state of the perturbation energy between the 
atoms at the distance of closest approach R, p is the 
impact parameter, P, is the electron momentum, dQ, is 
an element of the electron’s solid angle, and J is the 
ionization energy. The relation between the distance 
of closest approach and the impact parameter is given 
by 


(2) 


where U(R) is the interatomic potential energy at the 
distance of closest approach, and }yv* is the relative 
kinetic energy of collision (u is the reduced mass of an 
atom). The maximum electron momentum is given 
approximately by 


[(P.)mex] 


2m 


2 
Sur? — 


T=e. 


In the latter case the electron carries off most of the 
energy. 

For the case of argon-argon collisions our problem 
resolves itself into evaluating the matrix element V+;. 
In order to evaluate V;;, we must decide upon an 
approximate wave function. We shall take the six (3) 
electrons and the two (3s) electrons in the outer shell 
to surround a core of charge of atomic number equal 
to eight. For the latter eight electrons we shall use 


* This research was carried out when the author was consultant 
to the Department of Missile and Ordnance Systems of the General 
Electric Company which operates under contract with the U. S. 
Air Force. At the time the author was also associated with the 
University of Connecticut, Storrs, Connecticut. 

1 Philip Rosen, Phys. Rev. 109, 348 (1958), preceding paper. 


products of Slater orbitals: 


y= (2¢)"*4( (2m)! re-fV "8, 9), 
(3) 


y _ Come hh)», 


where n=3, (¢=(Z—S)/nao, and Y,"(6,¢) are the 
spherical harmonics. Here S is the screening constant 
and dp is the first Bohr orbit radius. To evaluate the 
screening constant, we use Slater’s rules.? We obtain for 
a 3p or 3s electron, S=2.45. Thus 


¢= (8—2.45) /(3ao) =3.5X108 cm. 


Instead of using symmetrized functions of the Slater 
orbitals, we find it more convenient to use the approxi- 
mation 


I[VaP= 2 


p electrons 


VP F(a, A) 


s electrons 


where V;;‘” is the matrix element with simple product 
functions with a p electron removed from a beam atom 
and V;;‘ is the matrix element with an s electron 
removed. This approximation is possible because for the 
initial state individual orbitals are orthogonal and for 
the final state individual orbitals are almost orthogonal 
(i.e., the overlap integrals are small between orbitals 
in the final state). The latter is so because we use plane- 
wave functions for the emitted electron of the type 
exp(iP.-r/h), which are normalized in a box of unit 
length. 

We shall call the beam atoms A, and the target atoms 
B. We shall label electrons i as belonging to A and 
electrons j as belonging to B. The # electrons of type i 
we shall number 1 and 2 if the magnetic quantum 
number m is one; numbers 3 and 4 have m=O, and 
numbers 5 and 6 have m= —1. The s electrons of type 
i will be numbered 7 and 8. Similarly p electrons of the 
type 7 are such that electrons 9 and 10 have m=1, 11 
and 12 have m=0, and 13 and 14 have m=—1. The 
s electrons of type j are labeled 15 and 16. We shall 
only remove electrons from the beam atoms A in 
evaluating the cross section since it is incorrect to 
count the ionization of the target atom also. Thus the 


2 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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perturbation potential is 


6 8 ¢€ e 16 e@ 64e 
V=> > v8 —-8> = 


i=l j=9 15; i= B; i=9 A 


(5) 


Here B; is the distance of electron 7 to nucleus B, A; is 
the distance of electron 7 to nucleus A, and R is the 
internuclear distance. 


EVALUATION OF MATRIX ELEMENTS 


Before we begin the evaluation of the matrix elements 
involved in Eq. (4), we shall for convenience give the 
necessary spherical harmonics: 


Y;'= (3/87)! sinée‘?, 
Y 7 = (3/8m)! sinde-i#, 
°= (3/42)! cos, 
VY °=1/(4r)!. 
We shall consider the evaluation of YL»! Vy: |? first. 
Since Y;+"(6,¢) appears as | Y,*"|? in all integrals 


which do not vanish, the electrons with m=1 are 
equivalent to m= —1. Thus we have 


LIV; i) |242! V5 |, 


where V;;“ is the matrix elements of V between product 
functions with electron 1 removed and V;;“ is the 
matrix element with electron 3 removed. Some of the 
integrals we shall encounter will be very difficult and 
so we shall make approximations. 


y iP) |/2=4/V, 


ELECTRON 1 REMOVED 


We shall first consider the matrix element V;; with 
electron 1 removed. For the interaction of the bare 
cores we need the integral 


(—iP.1- Ai) 


exp——_#_—A Pe tA1Y;'dr,. 
h 


64 
—C 
R 


This vanishes because Y;' contains e'* and P,,-A; 
= P,.,A,; cos6;. In addition we have 8 integrals of the 
type 


1 —iP,,-A; 
cef — exp(——"—) 4 Pe PS Al B fe 258; 
11; h 


X V2 (61, ¢1) | ¥1"(0;,¢3) |*dr1d7;. 


We can approximate the latter integral by replacing r;; 
by B, because e~*!¥’ causes the j electron function to 
decay rapidly and thus giving us a 6 function charge 
distribution about nucleus B. We also have for the 
interaction of nucleus B with electron 1 the integral: 


1 —iP.:A; 
-8¢ f —exp(——") re f41V'd7), 
B, h 
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which will cancel the previous contribution if we use the 
former approximation. Integrals of the type 


1 
—A se*t4s| ¥1"(,,¢,) |2B,te 
Vij 


ect *68i| ¥1"(8;,3) |? 


Xdridr; 
are always associated in a product with 


iP, A, 


and thus we have no contribution from these. 
V;;™ is very small and can be neglected. 


Thus 


ELECTRON 3 REMOVED 


We now consider the matrix element with the m=0 
electron (electron 3) removed. For Coulomb repulsion 
of the nuclei, we have 


Oe? iP, -As 3 
oh 20(-F>)are(Z) 
4a 

64e7J 


X cosd3d73=——. 
R 
For J;, we easily find 
—6K‘*—36Ke°+12¢K* 
K(@+K?) 


6Ke— =s 
K2(¢+K2)3} 





6¢4 
J, = (3) | 


where K= P,/h. 
We also have integrals of the type (#3): 


3 
—82C?J,} — ~ fe~?S4i— gsin6,.d7r,= —8eJ Jo. 
8x 


This integral is equal to the one with nuclei A and B 
interchanged. Consequently we have 8 integrals each 
equal to —8e?J,J2. To evaluate J2, we mpns 1/B; in 
Legendre polynomials and easily find 


| 720 8064 {~ 96R 
J.=C?} ————+ e-28| —_-+—— . 
Ra’ Ra A a aé 


3312 


Ral 


744 
Qa 
8064 8064 | 


R'a® Ra? 
where a= 2¢. 
Similarly we need, for 1+3, 


1 3 
-8ecs, f —A je? 4i— ¢08"6,d7;= — 8) 1 J 3. 
i 4dr 
For J; we find 
720 16128 3R! 
3= |— -«s4| 
Ra’ = Ra 


30R® 192R® 912R 


a ab at a 


3288 8784 16128 16128 
c233 
a® Ra’ Rai Ra? 





IONIZATION CROSS SECTION 


In the latter case we require a total of 3 integrals of 


this type. 
For the interaction of an /=0 electron with a nucleus, 
we require 


A rte | 
~eacs f — ~ dren —860, 


where (Q is easily evaluated : 


720 R* 10R° GOR? 


240R 600 720 
—- — | | 
ad a& Ra 


We need 4 integrals of the type —8¢eQ. 
We now consider electron-electron interactions not 
involving electron 3. One of this type is 


1 3 
ensaeIc f —A ite 2p Ai_ sin’6; 
Vij Sir 


3 
x B e288: 
8r 


sin’6 ;d7 dr ;. 


By expanding 1/r,; in Legendre polynomials, we get 


3 720 8064 
raef. A fe-2S Ai— sin ar] - 
8x B; “a Ba? 


—+4+—— + —+ 


’ 6B?2Z 96B, 744 3312 Pasta Pris 064 
vo “| 
a aé aé But ae 


To evaluate J, we shall approximate the terms asso- 
ciated with e~*** by replacing B; by R. The 1/B; term 
can be expanded in the usual Legendre polynomial ex- 
pansion, and for 1/B,* we use 


1 1 A; 
oe 
BZ A,;R?n=\ R 

and A; and R interchanged for R<A,. 
find, after integration, 
720 16128 34.4R? 201.6R 2563.2 
—— é a enutinpenes a 
Ra’ = R'? at aé aé 
10 387.2 24192 24192 
Ra’ R’aé 


*n(n+1) Pair 
2n+1 


} gna | 





Ai<R, 
sin’6; 


For J, we then 


We require 16 integrals of the type e’J,J4. 
Another of the electron-electron interactions is 


1 3 
es J s= enc f —-A fe2F4Ai_ sin’6; 
Vij 8r 


3 
X Bfe*58i— cos*6 j;dridrj. 
4dr 
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By expanding 1/r;; in Legendre polynomials, and by 
using the same approximation as in evaluating J, we 
find : 


720 30R? 


Ra’ R’a?® 
1219.2R 4694.4 


230.8R? 


3 at 


ers eg ak 


8064 3R 
Js = C ( 


9 
a a 


12 998. 4 24 192 24 —-)| 
R’a8 Ria’ , 


aé aé Ra’ 


We require 12 integrals of the type eJ1Js. 
There are still several electron-electron interactions 
not involving electron 3. One of these is 


1 3 
CS Js=SiC f —A Ae *54t— cos"6; 
43 dr 


3 
X B pe! 8i— cos*6 dr idr;. 


dor 


By expanding 1/r,;; in an Legendre expansion, then 
letting B;=R as an approximation and integrating, we 
find 
6R' 
+ 


60R* 384R? 


1824R 6576 17568 32256 


+——+— 
Ra’ , 


We also need the interactions 


1 1 3 
ecf —A fet AB te 288i sin’ drd7,, 


V5 4dr &r 


1 1 3 
ect { —A fe 4 —_ B fe %8i— c08"6 dr dr ;, 


Vij 4 4dr 


1 1 1 
ect | —A te 25 Ai— B fe Bi—d 7dr, 

ae 4dr 4or 
which are approximately e’/,/J2, e’/J,J3, and e’J,Q, re- 
spectively. We require 16 of the first of these, 6 of the 
second, and 4 of the last. 

Finally we consider interactions of electron 3 with 

other electrons and also with nucleus B. We have four 
integrals of the type 


—iP,-A; 3\3 
eof ~en(— =) aze*4(—) cos63 
3; 4r 


X Be ?t8i| Y}} (0;) |*dr3dr;, 
two of the type 


—iP,-A; 3\3 
eof ~en(—— )arer(—) cos8s 
133 4dr 


x Bei | ¥1°(0;) |[*"drsdr;, 
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and two of 


1 —iP-A; 3\3 
ec f —exp( Javera(— ) cos6s 
"33 h 4 


1 
x Bet 8i—dr 3073. 
4r 





Finally we have 


~iP. -A; 5 4 
~sec f < — -en(— Jae ctu(—) Co0s63d73. 
4dr 


Using approximations similar to those used in evalu- 
ating Je, we find for previous four integrals: 


1 1 1 
sen (J.-—) +2¢1(4-—) +21,(0-_). 
R R R 


Thus, collecting all our results, we have (in the order 
of our analysis) 


64e7J 
V5 ik ilies 24S J 3—32eJ,0+16eJ J 
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Consequently, for the cross section for removal of a p 
electron, we find 





aweimh? sof it 
gh re f2(aR) pap, 
30(2mI)"2 rere 
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' VID (493+ 36a?+4a2x— 12ax*)?x°dx 
gile f . 
(x?+-1)?(x?+-a?)8 
with 
e=$ur—I, @@=Ch/2mI, a=2, 
and 
e7 ak 
fi(aR) = —| 0.036 (aR)°+0.361 (aR)*+1.873(aR)? 
a 
89.6 89.6 
+2:16(aR)'+-9.72(aR)—15.674-—— | 
aR (aR)? 


Before we consider the possibility of removal of an 
s electron, we shall give the functional form of the 
repulsive potential of argon.* The potential is: 


U(R)=3.22X 104%e—*-88" electron volts. 


3 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley and Sons, Inc., New York, 1954). 
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For the ionization potential we have 15.68 ev. We 
assume that the ionization potential is approximately 
the same for an s electron and a electron. 

REMOVAL OF ELECTRON 7 


Most of the integrals involved here have been dis- 
cussed, except the integral: 


—iP,-A 
K.=Cf. Ae on 5ie(——)a 
h 
which replaces J; as a multiplicative factor. For K, we 
find 
eo 2 
K,=24( tne] — | K=P./h. 
(K*+-3*)¢ 
In an analogous manner we find V;;“° as we have found 


V;;‘”. Keeping the same ordering of terms we have: 


64e°K, 
— 642K iJ 





V,M= 


»— 322K J3— 242K 10 


+ 16e°K J 4+ 16e°K ,J;+4eK iJ 6+ 1 2e°K iJ 2 


1 
+6éK iJ 3+ 26K 0+H4EK| Jo | 


I 1 
+28] J, [+ eK Jo-—] 
R R 


The last three terms are obtained from the interactions 
involving electron 7 (by approximation). 

Substituting the expressions for the integrals in V;; 
we find 








20R! 200R® 1353.6R? 1497.6R 
VER oll —+ ; a5 
a ab ai a 
5203. 2 53 811. 2 129024 129 | 
a’ Ra? R’aé R®a! 


Now because electrons 7 and 8 are equivalent, we have 


EZ [Vy |2=2 


s electrons 


| Vis |. 


Consequently we find for the cross section for removal 


TABLE I. The ionization cross section of argon-argon collisions 
versus energy and comparison with eqpeentt. 











Relative Laboratory 
energy energy 
(ev) (ev) a (A?) Re stagni(A?) 
15.68 31.36 0 ie, 
100 200 0.207 0.396 
150 300 0.696 0.588 
250 500 2.23 0.93 
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of an s electron: The total cross section is nothing more than the sum, 
5 Yyy72 7 ® 
oa elo f fo(aR) pdp, c=0')+o"), 
(2mI)"? 0 
where ee aor In Table I we give the results of our computation. 
a= f _(@—ax’) af il The integrals in o* and a”) have been evaluated 
0 (a?+-x*)*(x*+1)? graphically. 
and ear We have compared our results with that of Rostagni.‘ 
folaR)=— | 0.0278(aR)*+0.278(aR)'+1.88(aR) The agreement is satisfactory when one considers the 
aR nature of the approximations. 


— 2.08(aR)?— 7.23 (aR) —747— oe - 
4A. Rostagni, Nuovo cimento 11, 621 (1934). 


1792 1792 
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Charge Exchange Cross Sections of Hydrogen Particles in Gases at High Energies 


C. F. Barnetr AND H. K. REyYNOLDs* 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received September 23, 1957) 


Measurements are reported of the cross section for electron loss (¢9:) and electron capture (o19) for 
hydrogen atoms and ions traversing gases of hydrogen, helium, nitrogen, and argon. The kinetic energy 
of the particles was from 250 kev—-1 Mev. Cross sections for electron loss were determined by measuring the 
attenuation of a neutral monatomic hydrogen beam in a gas cell in which a transverse electric field was 
present. The cross section for electron capture was measured by determining the fraction of the beam in each 
charge state after passing through a “thick” gas target. The fraction of the neutral component to the 
charge-one component is equal to the ratio of the cross sections for electron capture to electron loss. The 
velocity dependence of the cross section does not follow a strict power law. In hydrogen the cross section 
decreases approximately as o, while for heavier target gases the velocity dependence is smaller, being 
v *7 for argon at energies greater than 500 kev. The electron loss cross section has a 1/2? dependence for 
gases of hydrogen and helium and a 1/v dependence for nitrogen and argon target gases. 


INTRODUCTION ions in the energy range less than 100 kev. Several 
theoretical® papers have been published in which 
refinements have been made to the original calculations 
using the original Born approximation. At the present 
time there is very good agreement in the theoretical 
and experimental work at energies less than 200 kev. 
For energies greater than 200 kev very few previous 
experimental data are available for comparison with 
the theoretical calculations which should give much 
better agreement at the higher energies. The present 
paper extends the measurements of the electron loss 
cross section and the equilibrium charge distribution 

in the energy interval of 250 kev—-1 Mev. 
The differential equation for the transition between 
* Summer employee (1956) from the University of Houston, the various charge states has been formulated and 
oor bel C. F. Barnett, Phys. Rev. 103, 896 (1956), solved by Allison and Warshaw? for the general case. 
If the moving particles have passed through sufficient 


REVIOUS papers! have included descriptions and 

results of a number of experiments in which were 
investigated the cross sections for electron capture and 
loss of hydrogen and helium ions and atoms in various 
gases. The measurements have been made in the energy 
interval of 3-220 kev. Investigations at other labora- 
tories prior to 1953 have been summarized in the 
excellent review articles by Allison and Warshaw? and 
Burhop and Massey.’ Several additional papers have 
appeared since these reviews. Stedeford and Hasted* 
and also Whittier® have extended the measurements of 
electron capture and loss of fast hydrogen atoms and 


henceforth referred to as I. C. F. Barnett and P. M. Stier, Phys. 
Rev. 109, 385 (1958), this issue. Stier, Barnett, and Evans, Phys. 


Rev. 96, 973 (1954), henceforth referred to as IT. 5D. R. Bates and G. W. Griffing, Proc. Phys. Soc. (London) 
2S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, A68, 90 (1955). 

779 (1953). 7D. R. Bates and A. Dalgarno, Proc. Phys. Soc. (London) A66, 
5H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 972 (1953). 

Impact Phenomena (Clarendon Press, Oxford, 1952). 8 J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 
‘ J. B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (London) 8 T. Pradhan, Phys. Rev. 105, 1250 (1957). 

A227, 466 (1955). 0 Bransden, Dalgarno, and King, Proc. Phys. Soc. (London) 


5 A.C. Whittier, Can. J. Phys. 32, 275 (1954). A67, 1075 (1954). 
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material so that there is statistical equilibrium between 
the various charge states, then we may write: 


$-1=00-1010/Do, (1) 


where ¢; is the fraction of particles in the ith charge 
state ((=0, +1, —1), oi is the cross section for charge 
transfer from the initial state 7 to the final state f, and 
Do=o10(G01+010) + e010 10. 

The cross section oo_1, for electron pickup by neutral 
atom is known! to be from 10 to 15 times smaller than 
the other cross sections in the range 5-30 kev and not 
measurable above these energies. Thus, it will be 
assumed that oo_; is negligible compared to oi and 
oo. Then the ratio of the charge particles to the neutral 
particles will be equal to 


¢1/¢0=001/c10. (2) 


A beam of neutral particles traversing the gas cell 
undergoes transitions to charged states. If these charged 
particles are removed as formed by an electric field, 
then the number, , of neutral particles emerging from 


¢1=0-1000/Do, $0=2-10010/Do, 
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Fic. 1. Apparatus for electron-loss cross section and charge 
equilibrium measurements (250 kev-1 Mev). 
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the gas cell is 
N=Ne None») (3) 
where 
Il= LlEP/RT, 


where L=Avogadro’s number, /=length of gas cell, 
£=number atoms/molecule, P=pressure, R= gas con- 
stant, T=absolute temperature, and No=number of 
incident neutral particles. Since oo_; is negligible at 
these energies, then 
In(No/N) 
o> es (4) 
II 





Therefore, measurements of the attenuation of the 
neutral beam give directly oo; which when combined 
with the equilibrium charge ratio yields oy. 


APPARATUS AND METHOD 


The apparatus used for the measurements consisted 
of two charge-exchange chambers shown schematically 
in Fig. 1 and described in detail in I. The ion beam from 
the ORNL 3-Mev Van de Graaff accelerator was 
incident on the first differentially pumped gas cell, 
designated as the neutralizer. At the higher energies 
(500-1000 kev) protons were accelerated and a small 
fraction was converted into neutral particles by charge- 
exchange collisions. The electrostatic deflection plates 
(electrostatic analyzer No. 1) removed all ions from the 
emergent beam so that only neutral particles were 
incident on the second gas cell. Ions formed by electron 
loss collisions in this second gas cell were removed from 
the beam by an applied transverse electric field. 
Therefore, the attenuation of the neutral beam by 
electron loss collisions was determined by measuring 
the transmitted beam with and without the applied 
electric field in the second gas cell. During the measure- 
ments the gas cell pressure was monitored by a con- 
tinuous reading vacuum gauge. Absolute pressures were 
measured by a liquid-nitrogen-trapped McLeod gauge. 

The ratio of the electron-loss cross section to the 
electron-capture cross section (¢:/019) was determined 
by observing the charge distribution in the particle 
beam after passing through a gas target which was 
sufficiently thick for equilibrium to be established 
between the competing capture and loss processes. For 
energies greater than 500 kev the equilibrium charge 
distribution was determined both by allowing a proton 
beam to be incident on the neutralizer and with a 
neutral beam incident on the second gas cell. In this 
manner it was possible to confirm the assertion that the 
equilibrium charge distribution is independent of the 
initial charge state. 

The Van de Graaff accelerator does not operate 
stably below 500 kev; therefore to obtain particles with 
energies between 250 and 500 kev, diatomic hydrogen 
ions were accelerated at higher energies and dissociated 
in the neutralizer by impact with gas molecules. 
Emerging from the neutralizer were neutral particles 
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whose energy was one-half the initial molecular ion 
energy. The electrostatic field removed all protons and 
undissociated molecular ions such that only neutral 
atomic particles impinged on the second gas cell. It 
was assumed that the quantity of fast Hz resulting from 
electron capture was negligible at these energies. The 
measured equilibrium charge distribution with a 500- 
kev proton beam or a 1-Mev dissociated molecular-ion 
beam yielded results which are identical to within the 
accuracy of the experiment. 


CALIBRATION OF SECONDARY 
EMISSION DETECTOR 


The beam intensity was determined by measuring 
the secondary electron emission from a brass target. 
Previous work! has shown that the secondary-emission 
detector is charge-sensitive, that is the secondary- 
emission ratio depends on the charge of the primary 
particle. Therefore, the secondary-emission detector 
was calibrated against a charge-insensitive thermal 
detector. 

For this measurement the last plate of the secondary- 
emission detector, in which the primary particles are 
stopped, was made of thin brass and supported by fine 
copper wires, in order to reduce the thermal capacity 
and thermal leakage rate. A thermocouple junction 
was soldered to the center of the back surface of the 
brass, the other junction being at room temperature. 
The thermocouple voltage is then a measure of the heat 
imparted by the monoenergetic beam to the brass plate, 
which is proportional to the number of particles in the 
beam, irrespective of their charge. The temperature 
difference in these measurements was of the order of 
1°C so that the emf is approximately a linear function 
of the beam. 

The calibration was then made by simultaneously 
measuring the thermal detector response and the 
secondary-emission detector response, first to a beam 
of neutral particles, by sweeping all charged particles 
out of the beam, and then switching off the field so that 
the charged particles also entered the detectors. From 
these measurements the ratio of 64/6; can be deter- 
mined where 6,4 is the secondary-emission ratio for 
‘atoms and 6; is the secondary-emission ratio for ions. 
This ratio is found to vary from 1.37+0.1 at 250 kev 
to 1.62+0.1 at 1000 kev as shown in Fig. 2. Also 
presented are the data determined previously (II) at 
lower energies. 


ERRORS 


The internal consistency of the data is best demon- 
strated by the small scatter of the individual points. 
The negligible error introduced by using neutral atoms 
from the breakup of a molecule at the energies below 
500 kev is shown by the fact that at 500 kev the cross 
sections could be measured by both methods, and no 
significant difference was found in the results for any 
of the gases. 
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The biggest source of systematic error is the cali- 
bration of the efficiency of the secondary-emission 
detector. This was measurable only to about +7%. 
This does not directly enter into the error in the oo 
cross section, but is very important in the a4 cross 
section. The measurement of the secondary-emission 
detector current also was a source of error because of 
the smallness of the current, and the unsteadiness of 
the beam current from a Van de Graaff generator. The 
error from this source is about +5%. 

The McLeod gauge used to measure the gas cell 
pressure was calibrated to 1% and checked against 
another independently calibrated McLeod gauge. The 
energy of the beam was measured by a proton magnetic 
resonance probe in the analyzing magnet at the base 
of the Van de Graaff generator, this probe had been 
previously calibrated against the Li’(p~,n) threshold. 
The energy is known within +0.5%. 

Since an ion must travel a finite distance in the 
electric field to be deflected sufficiently to miss the 
detector, the effective length of the chamber may be 
slightly different than the geometric length. By seg- 
menting the deflection plates, and applying the field 
to successive sections, it was possible to determine the 
effective length of each section experimentally. Effective 
lengths determined this way did not differ measurably 
from the geometric length, because of the small angle 
of deflection needed to miss the detector which was one 
meter from the end of the gas cell. 

The collimating slit effect was determined by meas- 
uring the number of charged particles produced with a 
beam of neutrals traversing the gas cell at high vacuum. 
This number of charged particles was less than 1% of 
the charged particles produced with gas in the gas cell. 

The gases used were passed over a liquid Ne trap. 
These gases were the same as used in previous charge- 
exchange measurements! in which it was shown that 
the cross section was not different for purified and good 
grade commercial gases, passed over liquid N¢ traps. 

The total error in the oo; cross section is believed to 
be not more than +10%, and the error in the o19 cross 
section not more than +15%. 
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Fic. 2. Ratio of number of secondary electrons from H® to 
that of H* as a function of energy. 
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RESULTS 


The results of the present experiment are presented 
in Figs. 3, 4, 5, and 6, along with previously measured 
results for the same gases in the low-energy range 
10-200 kev from reference 1. Also shown in Fig. 3 are 
the theoretical results of Bates and Griffing® for the 
oo: (loss) cross section of fast hydrogen atoms in a 
hydrogen-atom gas. The agreement is good especially 
since the experimental results are for fast atoms in a 
molecular hydrogen gas, and it is not known how 
closely a molecule approximates 2 atoms. 

The capture cross section has been calculated by 
Bates and Dalgarno’ and by Jackson and Schiff.* The 
curve shown in Fig. 3 for Jackson and Schiff is for 
capture of an electron into the ground state only and 
is expected therefore to be less than the experimental 
value, and less than the calculated value of Bates and 
Dalgarno which is the sum of the capture cross section 
into all states. All three of these calculations use the 
Born approximation and take into account both the 
interaction between fast nucleus and the electron and 
the internucleus interaction. Pradhan’ has also calcu- 
lated the cross section using a combination of the 
impulse approximation and a perturbed initial wave 
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Fic. 3. The charge transfer cross section per atom of gas trav- 
ersed as a function of particle velocity and energy. Hydrogen 
atoms and ions in hydrogen gas. 
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function. The agreement between the experimental 
results and the theoretical results of Bates and Dalgarno 
and of Jackson and Schiff is satisfactory throughout the 
energy range; however, the results of Pradhan appear 
to decrease more rapidly than the measured cross 
section. 

The capture (10) cross section for protons in helium 
gas has been calculated by Bransden, Dalgarno, and 
King'® and is shown in Fig. 4. Their calculation is a 
modified Born approximation using an effective charge, 
and both electron-nucleus interactions and internucleus 
interaction. However, this approach is only used up to 
energies of 125 kev. They show that the ratio of their 
results to those of Brinkman and Kramers! is one 
tenth above 75 kev. The Brinkman-Kramers calculation 
also uses the Born approximation but neglects the inter- 
nucleus interaction. Thus, the curve shown in Fig. 4 
is found by dividing the Brinkman-Kramers results by 
10 for all points above 125 kev. Again the theory is for 
capture into the ground state only so that the agree- 
ment is better than the curves would indicate. 

For heavier gases the magnitude of the theoretical 
cross sections is uncertain primarily due to the difficulty 
of properly including screening effects. Bohr” has made 
estimates which are interesting for their velocity- 
dependence predictions. Bohr’s prediction for the loss 
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Fic. 4. The charge transfer cross section per atom of gas trav- 
ersed as a function of particle velocity and energy. Hydrogen 
atoms and ions in helium gas. 


11H. C. Brinkman and H. A. Kramers, Proc. Acad. Sci. Am- 
sterdam 33, 1973 (1930). 

22.N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948). 
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Fic. 5. The charge transfer cross section per atom of gas trav- 
ersed as a function of particle velocity and energy. Hydrogen 
atoms and ions in nitrogen gas. 


cross section (¢9;) in very light media is 
oo = 4rae?Z 12 (Z2°+Z2) (v9 v)?, v>V0, 


where dp is the hydrogen Bohr radius, t9=e?/h, and Z» 
and Z, are the bombarded-atom and incident-particle 
charge numbers respectively. For heavier media, in 
which the screening effects of the nucleus are more 
important, the prediction is 


J01 ~rayeZy 1Z,! (vo/v), V>V0. 


The experimental results do not follow a strict power 
law but the curves are quite close to a 1/v law for 
nitrogen and argon, and the hydrogen and helium oo; 
results are not very different from a 1/1” dependence. 
The comparison with theory is not so satisfactory 
for the capture cross section. Bohr’s semiclassical 
arguments lead to a v~® dependence for v>>v, which is 
not far from the velocity dependence observed, the 
average slope above 500 kev for nitrogen being approxi- 
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Fic. 6. The charge transfer cross section per atom of gas trav- 
ersed as a function of particle velocity and energy. Hydrogen 
atoms and ions in argon gas. 


mately v®* and for argon being v*’. However, 
Brinkman and Kramers” Born-approximation calcu- 
lations lead to a v” dependence. 

This »-" dependence is not confirmed in either the 
present experimental work or the capture cross section 
for a particles in air as measured by Rutherford,"* who 
found a v~® dependence. 
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Sternheimer antishielding factors, y., are calculated for a number of heavy ions (K*, Ga***, Cl-, Cut, 
Rb*, Cst, Br-, and I-), by using a variational procedure. Since there is more than one p shell and sometimes 
more than one d shell for these ions, an important modification of the original variational procedure was 
needed before it could be extended to these heavier ones. In the case of Cl-, Rb*+, and Cs*, we were able 
to compare our values with those obtained earlier by Sternheimer. We found a good agreement for CI-, 
but our values for Rb*+ and Cs* were somewhat lower. The reason for this discrepancy is discussed, and 
we conclude that for heavy ions, Sternheimer’s procedure is more accurate than the variational procedure. 

The calculated values of y. are used to interpret two sets of data: (1) nuclear quadrupole coupling 
constants in a number of ionic diatomic molecules and ionic crystals; and (2) relaxation times in nuclear 


magnetic resonance experiments in some ionic crystals. 





I. INTRODUCTION 


HE distortion of the electron shells of an ion due 
to an external point charge was first considered 
by Foley, Sternheimer, and Tycko! in their calculation 
of the field gradients at the nucleus due to this external 
charge. They estimated, for a number of ions, the factor 
(1—y,.) by which the field gradient due to the external 
charge was altered by this shell distortion, and then 
used these values of 1—7,, for discussing nuclear quad- 
rupole coupling constants in a number of ionic diatomic 
molecules. Van Kranendonk,? and later Das, Roy, and 
Ghosh Roy,* showed the importance of y, in deter- 
mining the nuclear magnetic relaxation times in ionic 
crystals. A variational procedure was used by Bersohn‘ 
for calculating y,, for a number of helium-like ions and 
also for Nat and Al***. These calculations have been 
extended in this paper to a number of heavier ions. For 
most of these ions, the nuclear quadrupole coupling 
constants in diatomic molecules and nuclear magnetic 
relaxation times in ionic crystals are experimentally 
known. For some ions (Cu*, Cl-, Rb*, Cs*), y~ is 
already known from Sternheimer’s® calculations. We 
repeated these in order to make a comparison of the 
accuracies of the two methods. 

In Sec. II, the method of calculating y,, is discussed. 
The principle of the procedure is essentially the same 
as that employed by Bersohn‘ in his earlier calculations. 
A modification was necessary, however, because of the 
presence of a large number of inner shells. In Sec. ITI, 
our results are tabulated and a comparison is made with 
Sternheimer’s values. A discussion of the accuracies of 
the two methods is undertaken, and we conclude that 
for the heavier ions, our method would give a small 
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underestimation of y,.. Section IV considers applica- 
tions of y,, to the interpretation of nuclear quadrupole 
coupling constants in a number of diatomic molecules 
and also for Rb*’? and Cs'* nuclei in Tutton salts. 
Section V discusses relaxation times in cubic ionic 
crystals using Van Kranendonk’s? theory. 


Il. METHOD OF CALCULATION 


The problem to be considered is an ion with a nuclear 
quadrupole moment in the field of an external positive 
point charge. We have to find the factor, 1—y., by 
which the direct interaction between the external 
charge and the nuclear quadrupole moment Q, viz. 
20/R’°, is affected by the deformation that the presence 
of this charge causes in the closed shells of the ion. If 
the distorted electron distribution opposes the field 
gradient due to the positive charge, then +,, is positive 
and there is a shielding effect, while if the distorted dis- 
tribution enhances the field gradient, then y,, is negative 
and there is an antishielding effect. 

Consider an electron at the position r, 6 (see Fig. 1). 
It interacts with both the quadrupole moment Q of the 
nucleus and with the distant charge. So we have a 
system with a ground state Hamiltonian Hy which is 
subjected to the above two perturbations described 
respectively by the Hamiltonians H2 and H;. Then, in 
terms of ordinary perturbation theory, there can be 
three types of second-order perturbations: (1) second 
order in H, alone; (2) second order in H2 alone; or (3) 
a second-order interaction arising from first-order per- 
turbations due to both H, and H:». The latter is the one 
which interests us here. Physically it corresponds to a 
deformation in the ground state wave function by A; 
and a subsequent interaction of H2 with the deformed 
wave function. The perturbation could be applied, of 


Fic. 1. Electron in 
+ field of positive charge 
and nuclear quadrupole 
moment Q. 
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course, in reverse order. The final results obtained by 
either procedure were shown in general to be equivalent 
in I, Let ~ and wm represent the first-order perturba- 
tions in the ground state wave function uo of the elec- 
tron due to H; and H». The Schrédinger equation 
becomes 


(Ho+H,+H2) (uo+ 1+ U2) 
= (Eo+E,+ E2) (uot+ui+u2), (1) 


where Eo, E,, E2 are expectation values over uo of Ho, 
H,, H2, respectively. Separating the terms of first order 
in Q and in 1/R°, we obtain 
(Ho— Eo) = (H,- E\)uo, 
(Ho— Eo)u2= — (H2— Ex) uo. 


(2) 


Now, in atomic units, 
Ho= —Vi+ Vo, 


2 2r cos0 
A,=- — - ——- 
R R? R’ 


3 cos’?@—1 
H,.= —Q———_-. 
r? 


r’(3 cos’@—1) 


Only the third term in H, is of interest in this paper. 
The first term cannot distort the electron distribution, 
and the second term is responsible for the ordinary 
dipole polarization. There is a possibility of having an 
indirect interaction between the nuclear quadrupole 
moment and the external charge by ways of a second- 
order perturbation with the second term in H; and the 
first order in H2; but Foley, Sternheimer, and Tycko! 
have shown it to be less than ten percent of the inter- 
action by way of first order in both the third term of H, 
and the first term in H». 
The net energy E of the electron is given by 


E (uot) +2! Hot+H +H | uot+uy+u2) 
: (uot + U2 | Uo+-U1+ U2) : 





Expanding to the first order, we obtain 


E=Eot E,+E2+(u;|Ho— Ep! U1) +(u2| Ho— Eo| u2) 
+2(tuo| H1| 41)+2(u0| H2| u2)+ 2(u0| H1| ue) 
+2(uo| H2|u1)+2(u1|Ho— Eo|u2)+---. (5) 


The fourth, fifth, sixth, and seventh terms represent 
second-order perturbation due to H; and H2 separately. 
From Eqs. (2), it follows that 


(uo| H;| t2)=(uo| H2| u1)= —(u1| Ho— Eo| ue), 


as shown in I. Thus, it is only a matter of convenience 
whether (1#o|H;| 2) or (to|H2|u:) is calculated. With 
this in mind, we have chosen to solve the equation for 
#, in (2), using only the quadrupole term of the inter- 
action H;. Sternheimer solves this equation by a 
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numerical procedure,® but, following Bersohn,‘ we shall 
obtain “; by a variation method. In particular, we set 
u,= oH, f(r), where f(r) is a function of r alone. From 
Eq. (5), the second-order terms in the energy containing 
only “ are 


Ey,= 2(uo| Hy, | uy)+(u | Hy—E,| uy). 


Assuming that the ground state wave function is 
accurately known, we have to adjust a number of 
variation parameters in the function f(r) such that Ey; 
is a minimum. 

The angular part of «, is determined by angular 
momentum selection rules and parity considerations, as 
discussed by Sternheimer.® If the azimuthal quantum 
number of the ground state wave function uo is 1, m4 
can have quantum numbers /+2, /, /—2, and it follows 
that, for example for a d state, there can be an excita- 
tion to a g, d, or s state. By convention, an /—/ 
excitation is termed radial, and an /—/+2, or /—2 
excitation is termed angular. The contributions from 
the angular excitations to y,, in general are found to be 
small compared to the contribution from the radial 
excitation and can be calculated by a procedure based 
on the approximate Thomas-Fermi model. 


Radial Excitations 


For the radial excitations, we take ™; to be equal to 
uy V)"(0,p), where u;' = uo'r?(xr!+-at+f6r+yr+nr). The 
primes denote the radial part of the wave function. 
(The explanation of the good convergence in the varia- 
tional procedure obtained by the choice of this form 
of u,’ can be found in an earlier paper by the authors.’) 
Upon this form for m,’, an algebraic expression is 
obtained for E,; in terms of the variation parameters 
x, a, B, y, and » by the use of Eq. (6). Minimizing Ey, 
with respect to each of the variational parameters, we 
then obtain a set of linear simultaneous equations for 
these parameters. (Note that Ep and £, do not involve 
these parameters.) The solution of these linear equa- 
tions yields numerical values of x, a, 8, y, and 7. It is 
convenient to work with mo and u; as orthogonal wave 
functions. This is accomplished, as in I, by the con- 
ventional Ritz orthogonalization procedure, where a 
multiple of uo’ is added to m,’. 

When the calculated values of the variation param- 
eters are used, y,. is then found from the following 
expressions for the p and d states, respectively: 


Yoo = (48/25) (x(r) Far) +8-+-y(7") 
+n(r°)— Hr) ; 
Yoo= (16/7) (Kr) Far) +B +-(r') 
+n(r*)— 8) ; 


(6) 
where 
5=x(r) +alr?) +8(*)+- (7) +075), 


®R. M. Sternheimer, Phys. Rev. 84, 244 (1951). 
7E. G. Wikner and T. P. Das, Phys. Rev. 107, 497 (1957). 
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However, an important modification of this procedure 
is necessary when there is more than one shell with the 
same / value. For example, consider the 3p state of the 
Cl ion. When the 3p shell is radially deformed, and we 
minimize £,, for this excitation with respect to the 
variational parameters, it will be found that the param- 
eters will adjust themselves so as to give the lowest 
possible p-state energy, which in this case is the ground 
state 2p energy. Since the 2 shell is normally filled, 
this result is meaningless. Therefore, we must make the 
perturbed 3p state wave function orthogonal to the 
perturbed 2 state wave function, i.e., we put 


((to+1) 2p! (uot+ 1) 3p) =0. (7) 
This is, of course, a necessary condition since (w+ 41) 3p 
and (wu +;)2, are eigenstates of the same Hamiltonian 
H +H). This restricts the flexibility of the variation 
calculation because one of the parameters for the per- 
turbed 3p state is now fixed in terms of the other 
parameters by virtue of the relation 


K3p(7) +a3p(r") +B3p(r") _ —k2p(1) —a2,(r") —B2,(r°), (8) 


where (r”) stands for the 3p—2p cross integral 
S Uosp Mor, dr. Solving for x3», we then have 


(a3p+a2,) (1°) (83p+B2p) (1°) 
—k2»— —— ae <a, 


(r) (r) 


Of course, the 2p—>) calculation is assumed to have 
been performed prior to this, so that kp, a2p, Be» are 
known. This expression for x3, must be substituted in 
E1, since it is no longer an independent variational 
parameter. For higher p states, for example the 5p 
state, the perturbed 5p state wave function must be 
made orthogonal to the perturbed 2, 3p, and 4p state 
wave functions. A similar procedure is applied when 
there is more than one d state. After the revised alge- 
braic form of Ey; is obtained, the remaining variation 
parameters are calculated by the usual minimization 
procedure. Therefore y,, can be calculated from Eq. (6), 
since the variational parameters eliminated in the 
orthogonalization process can be found from the 
parameters obtained by the minimization procedure. 

For the ions Gat**, Rbt, and Cs*+, Hartree wave 
functions without exchange were used; while for K+ 
and Cut, Hartree-Fock wave functions with exchange 
were used. For Br~ and I- no Hartree or Hartree-Fock 
wave functions are available, therefore an interpolation 
procedure involving a knowledge of the wave functions 
of neighboring ions, as discussed by Hartree,* was used 
to obtain approximate wave functions. This procedure 
is often used to start a self-consistent field calculation. 
We interpolated values for Br~(35) from tabulated 
functions of Ge(32), As(33), Rb*+(37). (The numbers in 
parentheses represent the nuclear charge of the ions.) 
For I-(53), we used Agt(47) and Cst(55). We had 


K3p— 





8D. R. Hartree, Repts. Progr. in Phys. 11, 113 (1952). 
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intended also to use W(74) or Hg(80) for I-, but the 
charge density of the 4/ electrons in these ions overlaps 
both the four and five quantum electrons and thereby 
makes screening constants difficult to estimate. There- 
fore we decided that there would be less error if a two- 
point interpolation were used, rather than three-point 
interpolation using W or Hg atomic wave functions. 
Naturally a high degree of accuracy cannot be placed 
on the expectation values calculated using the Br~ and 
I- wave functions obtained by the interpolation pro- 
cedure, but the values of y,, obtained from them are at 
least qualitatively correct. When Hartree or Hartree- 
Fock wave functions are available, a recalculation of y,, 
for these ions will have to be done. 

Schwartz,’ in a recent paper on the effect of the 
deformation of core electrons in an atom on the mag- 
netic dipole and electric quadrupole interactions of a 
valence electron with the nucleus, has stated that the 
results of earlier calculations by Sternheimer® are very 
dependent upon the accuracy of the ground state wave 
functions of the valence electrons. If, for these electrons, 
Hartree wave functions without exchange are used, he 
stated that part of the shielding or antishielding that 
Sternheimer obtains, represents the effect of exchange 
between the core electrons and the valence electrons 
which was neglected in the Hartree equation. It should 
be remarked that if the very best wave functions for 
the electrons of the atom are available in which the 
quadrupole terms in the interelectronic interaction have 
been considered, the Sternheimer factor would be zero. 
The size of the Sternheimer factor for the atom, as 
usually calculated, therefore can be regarded as a 
measure of the accuracy of the available ground state 
wave function for the electrons of the atom. In a solid, 
however, the Sternheimer factor would be found to be 
zero only if the best band structure calculation was 
made, which considered the quadrupole terms in the 
interaction between electrons on neighboring ions. On 
the other hand, even if the best estimate of the wave 
functions for the isolated ion were used, one would still 
have a large antishielding factor. The reason for this is 
that the effective charges on the neighboring ions in the 
solid deform the charge clouds on one another from the 
distribution expected for an isolated ion. Therefore it is 
clear that y,, for an ion is much less sensitive to the 
accuracy of the electronic wave function for the isolated 
ion than is the shielding (or antishielding) factor for the 
valence electron in a free atom. 


Angular Excitations; Thomas-Fermi Model 


A variational procedure could also be employed as in 
I to estimate the shielding produced by the angular 
excitations. However, we have found that for the heavy 
ions being considered, the net influence of all the angular 
excitations is rather small compared to the influence of 
the radial excitations on y,,. Therefore a Thomas-Fermi 


9C. Schwartz, Phys. Rev. 105, 173 (1957). 
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procedure, proposed by Sternheimer,'® was utilized to 
give an approximate result for the net shielding due to 
all modes of angular excitation for an ion. The deriva- 
tion of the expression for y, in terms of the Thomas- 
Fermi function x has been given by Sternheimer, con- 
sidering the perturbation on the electron cloud of an 
ion by the nuclear quadrupole moment. We shall deduce 
briefly here the same expression, beginning with the per- 
turbation of the electron cloud of the ion by an external 
charge. 

In the absence of the influence of the external charge, 
the maximum momentum /» for the electrons at a 
distance r is given by 


P?/2m=Zex/r, 


where x is the Fermi-Thomas function for the ion. The 
external charge produces an additional interaction, 


er cos’é— 1 
a 2 ) 


so that the altered maximum momentum P= 
is given by (see Fig. 1) 


Po+AP 


P Zex eér(3 cos*@—1) 
2m 2R? 
We therefore have 
PoA P 


m 4R° 


_ €r(S cone— 1) 


, 


so that, by using Fermi statistics, the change in electron 
density Ap is given by 


8rP AP 2re’ri Zx 3 cos’@—1 
VVC) 
h h r R 


The field gradient due to Ap at the nucleus is then 


Ap\(. 3 cos*@— 1) 
Aq= mf f- -r° sinddOdr 


r 


=m(™") = J ra(;)a 


which becomes, on introducing the reduced variable x, 


Z'y 


0.88534ay7. 


2(1.7707)3 
peal ROO oe 
RS 5 0 


. 


the same expression as obtained by Sternheimer. The 
quantity Y2(ang.) is then obtained from this equation 


10 R, M. Sternheimer, Phys. Rev. 80, 102 (1950). 


OF, NUCLEAR: QUADRUPOLE 


363 


since, by definition, y,, is the ratio of Ag and g=2/R’. 
But x remains finite at large x, so in order to evaluate 
the integral /(%(xx)'dx for different atoms, it must be 
cut off at a value of x which is dependent upon the atom 
in question. The manner in which we chose the cutoff 
point was as follows. Pauling” has tabulated values of 
atomic radii, r. These are related to the reduced variable 
x by r=0.85534a9Z~'x, where Z is the atomic number. 
Hence we cut off the integral for an atom at the appro- 
priate x corresponding to the atomic radius. The actual 
integration was performed by plotting (xx)! as a 
function of x and finding the area enclosed within this 
value of x. (Values for x are tabulated for the neutral 
atom by Bush and Caldwell.”) A better choice for x 
for positive ions would be the Thomas-Fermi-Dirac 
functions (including exchange) which have been tabu- 
lated by Metropolis and Reitz.'* These functions give a 
better approximation to the potential field for the ions 
than the Thomas-Fermi functions without exchange, 
since they become zero in the neighborhood of the ionic 
radius. However, a disadvantage in using them is that 
one must perform a separate numerical integration for 
each ion. We have calculated y,,(ang.) for Rb* using 
both the Thomas-Fermi-Dirac function and the Thomas- 
Fermi function, the latter by cutting off the integral 
Sv (xx)'dx at the Rb+ ionic radius of 1.48 A." The 
values obtained were 2.2 for Thomas-Fermi and 2.45 
for Thomas-Fermi-Dirac which are quite close, con- 
sidering y.(ang.) is considerably smaller than y, 
(radial). To estimate the accuracy of this procedure for 
negative ions, y.,(ang.) was calculated for Cl- by the 
variation procedure and found to be 1.4, which compares 
well with 1.7 as found by the Thomas-Fermi model. The 
Thomas-Fermi function was therefore used to calculate 
Yo(ang.). 


III. RESULTS OF vy. CALCULATION 


The results of our y,, calculations are shown in Tables 
I and II. It will be noticed that the convergence of the 
energy toward a minimum, as required by the variation 
principle, is quite good in every case, which leads us to 
believe that the actual numerical calculations are not 
in error. Use was made of only two variation parameters 
in most of the calculations, since it was found in many 
test cases that the results for y,. did not change appre- 
ciably when additional parameters were included. This 
is shown specifically for Cl-(3p—p) and K*(3p—). 
Since for the latter ion, the change in y,,, in going from 
one to two variational parameters, was quite large, we 
used an additional parameter in order to check the con- 
vergence of the energy with the result that again 

2=+3.03 and E,=—2.791, in agreement with the 
values given in Table I. Therefore. we concluded that 
only two variational parameters were necessary. Also, 

i L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1948), p. 346. 


#2V. Bush and S. i Caldwell, Phys. Rev. 38, 1878 (1932). 
18N. Metropolis and J. R. Reitz, J. Chem. Phys. 19, 555 (1951). 
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TABLE I. Results for radial excitations. 











Ion and Parameters Energy 
Transition x a 8 Y ” Ex : Ye 
Gi 2p—p 5.612 10? — 2.571 10-3 —1.226 
1.950X 10°? 4.039X 10-? —2.760X 10-3 — 1.032 
2.016X 107? 3.894 X 107? 7.585X 10 —2.760X 10-3 — 1.033 
3pp  — — 3.300 2.299 —62.63 ~ 58.28 
—0.6392 0.4465 — 64.27 —40.57 
—0.8810 0.6780 —3.081X 10 — 66.51 —47.26 
— 1.436 0.6133 0.2725 — 66.75 — 50.43 
— 1.050 0.1957 0.3967 — 1.03110 — 66.80 —49.11 
—0.9845 0.1265 0.4163 —1.176X10-? + —1.185x10-5 — 66.80 —49.95 
x 2p—p 4.028 X 10-? —0.0009780 — 1.48 
1.383 X 10 3.421 10? —0.001050 —1.22 
3p—p — 0.9350 0.9461 —2.747 —25.47 
—0.6372 0.4034 8.50 10°? —2.790 — 13.03 
Cut 2p—p 1.340 10°? —3.806X 107? —0.76 
4.458X 107? 3.42110"? —4,084X 10 —0.62 
3p—p —0.1562 0.2165 —6.149X 107? —8.52 
—0.1026 0.1060 5.039 10-2 — 6.262 10? —5.75 
3d—d 0.9338 —0.8721 —9.95 
—0.8947 0.9339 — 2.008 —8.14 
—0.1449 0.2281 0.1641 — 2.097 —8.59 
Gatt++ 2p—p 1.12710 —2.325X 10-5 —0.67 
4.464 10-3 1.627 107? —2.460X 10-* —0.55 
3p—p — 0.1026 0.1698 —3.569X 10? —4.63 
—0.0707 9.18710 3.989 X 10? — 3.62210 —4,27 
3d—d 0.4792 — 2.2297 —5.88 
—0.3688 0.5055 — 2.063 —4.72 
Rb* 2p—p 7.354X 10-8 — 6.543 X 10~* —0.525 
2.883 X 10-3 1.313 10 —6.917X 10-* —0.44 
3p—p —5.109X 10? 9.432 10 — 5.623 X 10-4 —2.60 
—3.825X 107? 5.776X 1072 2.401 X 10? —5.672X 10-3 —2.52 
3d—+d 8.970X 10-2 —8.047X 10-3 —1.73 
—6.842X 10-2 0.1467 — 1.368 10 —1.32 
4p—p 0.2609 —0.6966 0.3308 ~ 10.926 —38.11 
0.3918 — 1.079 0.6073 —4.368X 107% — 11.367 —46.87 
ys 2p—>p 2.946X 10-8 —4.301X 1077 —0.31 
1.154 10-4 0.257 XK 10-3 —4.548X 1077 —0.26 
3p—p —1.662X10 4.77310 —1.353X10- = —0.51 
—8.309X 10-3 2.122 10-2 7.508 X 107% —1.474x10-+ —0.62 
3d—d 9.147 10? —8.366X 10~* —0.51 
—5.895X 10-3 2.709 X 10-2 —1.240 10~ —0.36 
6.105 X 10-3 2.110 10? — 1.260 10~* —0.38 
4p—p 2.317K10-2 —0.1144 0.1143 — 1.896 107? —5.82 
4.244XK10-2 —0.2176 0.2688 — 6.014 10? — 2.024 10°? —7.13 
4d—d —0.2500 0.2576 —9.145x 10 —1.92 
—0.1757 0.1411 0.04539 —9.248x 10-2 — 1.94 
5p—p —1.237X107 7497X10-2 —0.1540 6.188 X 10? — 35.23 — 56.0 
— 1.239 10 8.501K10-2 —0.2130 0.1433 — 1.6247 10-2 — 40.03 —102.4 
Br- 4p 0.3811 —0.8139 0.4006 — 60.26 —80.3 
0.6000 —1.312 0.7208 —4,009X 107? — 62.78 —97.0 
s 4d—d —0.1539 0.1599 —0.2061 —2.945 
—0.3538 —0.3496 4.758X 10-3 —0.2455 —4.10 
5p—p 3.533 —0.6184 0.2504 — 58.97 — 169.3 
3.524 —0.6155 0.2480 3.632 10-4 — 58.97 — 168.9 





for the 5p states of Cs* and I ions, the considerations 
of orthogonality to inner shell discussed in Sec. II, 
required the use of expectation values of powers of r 
greater than 8 if more than two parameters were used. 
Since these expectation values are large in magnitude as 
compared to (r'), (r’), etc., they would be likely to lead 
to errors in the calculated values of y,,. Lastly, on 
comparing our results with Sternheimer’s, it will be 





noticed that, while our results for the lighter atoms 
agree quite well with his, for the heavy atoms our 
values are consistently lower. The explanation of this 
is the following. We restrict our perturbed radial wave 
function u,' to be a multiple of uo’, i.e., of the form 


ty! = ug’? f(r) /R°= (uo /R®) (xr+ar?+6r+yr'+nr'). 


This forces u;’ to have nodes where wu does, whereas 





hE 











ANTISHIELDING OF NUCLEAR QUADRUPOLE 


TABLE II. Table of y,, for heavy ions. 
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Cc K* ca Gat Br Rb* I- Cs* 
¥0(2p—) ~1.03 —1.22 —0.62 —0.55 -0.44 -0.44 ~0.26 ~0.26 
Ya(3p—p) —49.95 — 13.03 —5.75 —4,27 —2.52 —2.52 —0.622 —0.622 
Y~(3d—d) —8.59 —4.72 —1.32 —1.32 —0.377 —0.377 
(4p) -97.0 —46.87 ~7.13 mx 
Y«e(4d—d) —4.10 — 1.94 
.(5p—>p) ~ 168.94 ~102.4 
y..(ang.) +1.70 +141 +1.19 +0.79 +2.29 +1.86 +2.68 +2.29 

—49,28 — 12.84 —13.77 —8.75 — 99.00 —49.29 —178.75 — 110.44 


7,.(tot.) 














the actual wave function may not have a node at 
these points. We therefore expect that our integral 
S (uo'u;'/r*)dr will be an underestimation. However, we 
feel that this underestimation might not be too sig- 
nificant because in the regions where 1,’ is expected to 
be erroneous (i.e., in the region of the nodes of m’), 
uo’ is nearly zero, and therefore the contribution to the 
integral would be small-even for the correct ™;’. For a 
larger number of nodes of m,’, there will be larger error 
in y.. Thus, we would expect a maximum error in our 
values of y.. for I- and Cs*. Since Sternheimer’s pro- 
cedure is not limited by this restriction, we expect his 
results to be more accurate than ours. These considera- 
tions show why our values agree quite well with Stern- 
heimer’s for Cl- and Cut, but are only within 80% of 
his value for Cs*. In the case of Rb*+, we would expect 
an intermediate error between those of Cl- and Cst, 
but we find we have a value of only about 70% of that 
of Sternheimer. This is difficult to explain if one 
assumes that there have been no numerical errors in 
either calculation. 

It should be remarked, however, that the variational 
method has the advantage of ease of calculation and 
avoids the cumulative errors incumbent in solving a 
differential equation by numerical methods. Further, 
as has been shown by Bersohn,"‘ the present variational 
procedure may be applied quite easily to magnetic and 
electrical polarization problems in molecules, where a 
procedure involving a numerical solution of the appro- 
priate first-order Schrédinger equation would be pro- 
hibitively difficult. 

Our results are plotted in Fig. 2, where, due to the 
lack of a sufficient number of ions, the points for iso- 
electronic ions have been connected by straight lines. 
Several features are evident from these plots. As in Fig. 
1 of I for the He-like ions, there is a very sharp change 
in y. in passing from a singly negative charged ion to 
a singly positive charged ion. On the other hand, the 
change in y,. in passing from positive singly charged 
Cu* to triply charged Ga*** is relatively small (about 
30%). A similar small change was noticed with the ions 
Na* and Al*** in I. This is understandable because a 
negative ion is very loosely bound and there is a very 
great change in deformability in passing from the nega- 
tive to the singly charged positive ions. The positive 


44 T, P. Das and R. Bersohn, Phys. Rev. 104, 849 (1956). 


singly charged ions, on the other hand, are strongly 
bound, so large changes in deformability with the addi- 
tion of more positive charges would not be expected. It 
is also to be noted that the slopes of the lines joining 
the isoelectronic pairs, CI- and K*, Br~ and Rbt, I-, 
and Cs* progressively increases. This is to be expected, 
since the larger ions are more deformable than the 
smaller ones. 


IV. APPLICATIONS OF y.. TO THE INTERPRETA- 
TION OF EXPERIMENTAL DATA 


A. Field Gradients in Ionic Diatomic Molecules 


In this subsection we shall use our calculated value 
of y. to interpret nuclear quadrupole coupling data in 
a number of diatomic molecules. Three examples where 
quadrupole coupling data is available for the nuclei at 
both ends of the molecules are KCI, RbCl, and KBr. 
In Table III the experimentally measured field gradients 
at the nuclei in their molecules are tabulated in the 
first column. These are obtained from Ramsey’s'* table 
of quadrupole coupling constants in ionic molecules. 

Nuclear quadrupole coupling data in ionic molecules 
have been interpreted from two opposite viewpoints. 
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1°N. F. Ramsey, Molecular Beams (Clarendon Press, Oxford, 
1956), Table VI, p. 172. 
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TABLE III. Experimental and calculated values of g:. 














22 (A) 
Qz2 (A$) Qz2 (A) zz (A3) Qz2z(A3) a ad 

Molecule Observed Atomic (T. and D.) (F.S.T.)® D.)e 
K Cj 0.01432 39.93 4.6224 4.622 
K#C]% — 2.323 2.29 oo —1.2744 —1.274 
Rb®CH> = +0.2819 39.93 +0.3394 4.159 4.357 
Rb®=C> —6.31 5.84 —0.0584 — 3.866 — 3.886 
K*®Br7 +0.8925 67.0 1.139 7.871 8.853 
K*®Br” — 2.055 2.29 —0.0458 — 1.089 —1.113 








* See C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949), 
b See reference 1. 
© Present paper. 


Townes and Dailey'® developed their theory initially 
for nearly covalent molecules and have subsequently 
applied it without modification to strongly ionic mole- 
cules. Their theory states that the field gradient at a 
nucleus in a molecule is governed mainly by the charge 
density on the atom in which the nucleus is contained. 
For example, in the KCI molecule, the » character in 
the charge density on the chlorine atom is obtained by 
the following considerations. If J is the ionic character 
of the molecule, then the 3p shell of the atom lacks 
(1—J) electrons for completion. Since chlorine is 
strongly electronegative with respect to potassium, 
there will be 15% s hybridization on the chlorine atom, 
according to Townes and Dailey.'* The net 3p character 
of the hole in the chlorine atom in the molecule will be, 
therefore, 0.85(1—J), so one would have 


gee"! =0.85(1-D) gar“, (10) 


where —gat“! is the field gradient due to a 39, electron 
on the chlorine atom. For the K* ion in the molecule, 
the net electron density outside the 3p shell will be J. 
It is difficult to predict how much 4, character, «x, 
there is in this charge density, but it cannot exceed / 
in any case. We thus write 


(11) 


Sa™ = Gea, 


where —gat* is the field gradient due to a 4, electron 
on the K atom and x«S/. 

A plot of J versus electronegativity difference has been 
presented by Townes and Dailey.'* Values of gat were 
taken from Table VIII of Hahn’s article on quadrupole 
resonance spectroscopy.!’ This table was compiled from 
recent atomic-beam hyperfine-structure data. In the 
third column of Table ITI, we tabulate the values of the 
field gradients g,, at the nuclei of the three molecules 
KCl, RbCl, and KBr. It is seen that Townes and 
Dailey’s theory gives very low values for the field 
gradients at the nuclei of the positive ions. The good 
agreement for the negative ions is not very meaningful 
because Townes and Dailey obtained their curve 
mainly from halogen quadrupole coupling data in a 
number of diatomic molecules. 


16 C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 
17T, P. Das and E. L. Hahn, Solid State Physics (to be 
published). 
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An opposite viewpoint was taken by Foley, Stern- 
heimer and Tycko.! They tried to explain the nuclear 
quadrupole coupling constants in ionic diatomic mole- 
cules by considering only the field gradient at each 
nucleus due to the effective charge at the other end of 
the molecule. Thus, if the molecule is considered to be 
100% ionic, the net field gradients at the two nuclei in 
a KCI molecule would be 


2 
ger Lt —vo(CI)} (12) 


and 


2 
qahm ftya(E)} (13) 


The value of y,.(K*) and y,,(CI-) were obtained from 
Table II and the value of the internuclear distance R 
was obtained from the sums of the ionic radii of K+ 
and Cl ions tabulated by Pauling." The predicted 
values of gz, shown in the fourth column of Table ITI 
are then obtained. It is seen that the values of g,, at 
the positive ion obtained by this procedure are about 
a factor of two smaller than experiment, while the values 
of gz, at the negative ions are extremely large. 

In the last column of Table III, values of g,, are 
obtained by including both the contributions of the 
positive ions considered by Foley, Sternheimer, and 
Tycko! and that of the electrons considered by Townes 
and Dailey.'® Equations (12) and (13) now become 


27 
cali pn all 0 i lll (14) 


and 
: 21 


qzz® =— Xa" oil ae (15) 


In the last terms on the right-hand side of Eqs. (14) and 
(15), 2//R* is used instead of 2/R* as in Eqs. (12) and 
(13). The factor J occurs because there will be effective 
charges of +/ on the positive and negative ions if the 
ionic character of the molecule is 7. From the last 
column of Table III one sees that Eqs. (14) and (15) 
give very little improvement over the values of g,, ob- 
tained from (12) and (13), since the contribution to q,, 
from the effective ionic charges on the neighboring ion 
is much larger than that from the electrons. One there- 
fore again has the result that the predicted field 
gradients at the negative ions is an order of magnitude 
larger than the experimental values, while the disagree- 
ment with experiment for the positive ions is within a 
factor of two only. 

To gauge the reasons for these discrepancies, it is 
useful to list the several simplifying assumptions that 
are inherent in Eqs. (14) and (15). First, it is assumed 
that the molecular wave function can be written as a 
linear combination of the outer atomic orbitals corre- 
sponding to the free ions. Even with this assumption, 
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the contribution to the field gradient from cross terms 
involving the wave functions of both the positive and 
negative ions have been neglected. Important contri- 
butions to these come from the region midway between 
the two nuclei where there is a maximum overlap 
between the ions. Townes and Dailey showed" that the 
contributions from these terms in covalent molecules 
are small compared to that from the first terms on the 
right-hand side of Eqs. (14) and (15). However, these 
cross terms may not now be relatively insignificant, 
since the first terms in (14) and (15) are now themselves 
so small. Secondly, in writing the second terms of (14) 
and (15), the assumption is made that the electrons on 
one ion are almost external to the other, i.e., there is 
very little overlap, the picture of the molecule being 
two spherical balls of charge touching each other. Both 
these assumptions may be found to be erroneous if one 
makes a rigorous calculation of the electronic wave 
functions for the diatomic molecule, taking into account 
the exchange and overlaps. The charge distribution in 
the neighborhood of the nuclei may then depart more 
from spherical symmetry than is considered by the two 
terms in Eqs. (14) and (15). The exchange distortion of 
the more deformable negative ions will be larger than 
the positive ions, which probably explains the larger 
observed discrepancy for them. These considerations 
show that, unlike the case of covalent molecules where 
the maximum contribution to the field gradient comes 
from the electron distribution in the neighborhood of 
the nucleus, no such simple interpretation can be given 
of the nuclear quadrupole interaction in ionic molecules. 


B. Nuclear Quadrupole Interactions 
in Ionic Solids 


Bersohn has recently interpreted'* nuclear quadrupole 
coupling data in a number of ionic crystals involving 
Na®™, Al’’, Cu®, and Cu® nuclei. The principle involved 
in his calculations is essentially that one must first 
compute the field gradient at a nucleus due to the 
charges at the various lattice sites and then multiply 
this by (1—y,,) to obtain the net field gradient at the 
nucleus. We apply this procedure here to explain results 
of Kiddle and Proctor’ in Rb and Cs Tutton salts. 

Rb and Cs Tutton salts have the chemical formulas 
(X)2Mg(SO,4)2-6H2O. They are both isomorphous with 
a monoclinic unit cell and monoclinic angles of 106° and 
107.5°, respectively. Kiddle and Proctor’ obtained from 
nuclear magnetic resonance measurements on single 


crystals a ratio of the field gradients at the nuclei of . 


(egQ) rv*/ (eg?)cs*=}. Neglecting the small difference 
in monoclinic angles, the ratio of the field gradients in 
the two cases arising from the charges in the lattice 
would be expected to be (9.04)*/(9.28)'=1/1.1 if the 
Sternheimer distortion effects were neglected. A ratio 





18 R. Bersohn (private communication). 
%R. F. Kiddle and W. G. Proctor, University Microfilms, 
Ann Arbor, Michigan, Publication No. 15707 (1954), 40 pp. 
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of 2:1.1=1.8 is therefore required for the values of 
(1—y.,) in the two cases to explain Kiddle and Proctor’s 
data. A ratio of 2.2 is obtained from our Table I and 
2.0 from Sternheimer’s values. However, it is difficult 
to say, without actual numerical computation of the 
field gradients in both cases whether a consideration of 
the difference in monoclinic angles would improve or 
spoil the above good agreement between theory and 
experiment. 


VI. RELAXATION TIMES IN IONIC CRYSTALS 


In order to explain relaxation times 7; in ionic 
crystals, two theories have been advanced. The first is 
due to Yosida and Moriya,” who calculated the transi- 
tion probabilities for nuclear spins in ionic crystals, 
assuming that the transitions were induced mainly 
by a distortion of the residual covalent binding be- 
tween neighboring ions by the lattice vibrations. They 
neglected effects of distant point charges, assuming that 
these contributions, proportional to (1/a*)’, where a 
represents the lattice parameter, were a factor 10~* as 
small as the covalent effect (A*(1/r*))*, \® measuring the 
covalency and (1/r*) the expectation value of 1/r’ over 
the outermost p state of the ion. However, they did not 
consider the Sternheimer effect (1—vy,,) which occurs 
squared, and this effect can contribute a factor of 10* 
for heavy ions like Br~ and I-, and thereby would lead 
to a significant contribution to 7, from the ionic 
mechanism. 

The second theory is due to Van Kranendonk? who 
considered simple-cubic crystals. This theory was later 
extended to body-centered cubic crystals by Das, Roy, 
and Ghosh Roy.’ [ There is an error in this paper for the 
expressions of D,(7*). An erratum will soon be pub- 
lished by one of the authors (T.P.D.).] These theories 
consider a point-charge ionic model for the crystal 
where the transitions are again induced by lattice 
vibrations. A Debye model is used for treating the 
lattice vibrations and both the positive and negative 
ions are considered to be similar in considering the 
vibrational spectrum. According to Van Kranendonk, 
the transition probability between spin states m and 
m+ u is 


P(m, m+u) =~"! Qum|?CTPE,(CT*), (16) 


where y?=(1—y.,)?} C=27e/32rd*v'a"*; T*=reduced 
temperature = 7/©, where © is the Debye temperature; 
|Qum|” is the matrix element of the nuclear quadrupole 
tensor between states m and m+u; E,,(T*) is a function 
of the Debye temperature and also depends upon the 
transition involved; e=electronic charge; d=density 
of crystal ; »= velocity of sound in crystal ; and a=lattice 
parameter. The angular momentum selection rules 
allow transitions Am=+1, or +2, the m=}—>m=—} 
transition always being forbidden. Denoting by Pi, P2 
the transition probabilities for Am=+1, Am==+2 re- 


*% K. Yosida and T. Moriya, J. Phys. Soc. (Japan) 11, 33 (1956). 
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TABLE IV. Experimenta] and calculated values of 71. 











Yosida and Wikner and 
Ion Experimental Moriya calc. Das calc. 

Li’ in LiF 4.5 min 100 hr 
Br” in LiBr 0.028 sec 0.20 sec 0.086 

(@= 180) (@= 180) 
Na® in NaCl 7 min 25 min* 
Br” in KBr 0.26 sec 0.77 sec 0.88 sec 
I? in KI 0.039 sec 0.11 sec 0.27 sec 
Br” in AgBr 0.016 sec 0.13 sec 0.32 sec 
Cs'8 and Cl Ratio 43 144 

in CsCl T1(Cst)/T1(Cl-) 








® This is not accurate since pulse techniques were used for experimental 
results while Yosida’s and Moriya’s expressions hold only for saturation 
experiments. 


spectively, Yosida and Moriya® have deduced the 
expressions 
1 1 


i Po ’ 
P,(3,3) P,(3,3) 


(17) 





for nuclear spin ]= $, and 








9 1 
~ 41 PG) H1/AG.PI+01/AG, 7 
1 
, (18) 
P1($,3) 


for J=§. Our results, using Eq. (16) are tabulated in 
Table IV, along with Yosida and Moriya’s calculated 
values. (Values for ©, the Debye temperature, were 
obtained from the American Institute of Physics Hand- 
book. Values of v, the velocity of sound, were computed 
from elastic constant data by Kittel.”') 

It will be noticed from Table IV that for the various 
ionic crystals tabulated, the values of 7; calculated on 
the ionic model are comparable to Yosida and Moriya’s 
values based on the covalent model. For LiBr, the 
Debye temperature © was taken to be 180, since a 
tabulated value could not be found in the literature. 

For the case of CsCl, the ratio of the 7,’s for Cs'* 
and Cl** nuclei is calculated by both models (see Table 
IV). In the covalent model the expression for the ratio is 


(Tics (Ti)c" 


= |Qca*X1/r?)os 6p|~?/|QOci*{1/r)er ap|~?. (19) 


The values of the various quantities on the right-hand 
side of Eq. (19) were taken from Table VIII of Hahn’s 
review article on Nuclear Quadrupole Resonance Spec- 
troscopy.” In the ionic model the ratio is given by 





21.C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), p. 93. 
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(Ti es*/ (Ti) cr" 
=| Qes'**(1—Ya0.)os*|~*/| Qci*(1—Y2)c1-|~. 


Values of y,. were taken from Table II. It is seen that 
the ionic mechanism gives a more satisfactory agree- 
ment with experiment than the covalent mechanism, 
the reason being perhaps that the electronegativity 
difference between Cs and Cl is larger than that for the 
components of any of the other crystals in Table IV. A 
ratio was taken because CsCl is a body-centered cubic 
crystal. It will also be noticed that the ratio of T;’s for 
the two nuclei in CsCl by the ionic model has a better 
agreement with experiment than the theoretically cal- 
culated absolute values of 7, in the other cases. This 
may occur because the assumptions inherent in the 
theory are possibly canceled when taking the ratio. 

In LiF, the ionic model gives an answer more than a 
factor of 1000 times as big as the experimental value. 
The quadrupole moment of Li’ is small and y, is a 
small shielding effect leading to the large predicted 
value of 7;. It is possible that the observed short value 
of T owes its origin to the presence of some paramag- 
netic impurities in the sample.” Thus, we may conclude 
that both the Van Kranendonk ionic model and the 
Yosida-Moriya covalent model give values of 7; of 
comparable magnitude, and any effective theory should 
include both effects as acting simultaneously. 

The various applications of the calculated Stern- 
heimer factors, discussed above, show the great im- 
portance of the antishielding effect in determining field 
gradients at the nuclei in ionic molecules and solids. 
The agreement between theory and experiment in all 
these applications is only qualitative. For quantitative 
agreement, more detailed computations of electron dis- 
tributions in ionic molecules and solids will be necessary. 
In addition, in the theory of 7; in ionic crystals, an 
improved treatment of the laitice vibration will be 
required, which takes into account the presence of 
acoustic and optical modes, and a departure of the 
acoustic modes from the Debye model. It is hoped that 
the considerations made in the present paper will 
stimulate interest in these directions. 


(20) 
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Numerical Caiculation of the Wave Functions and Energies of the 
1'S and 2 *S States of Helium* 


D. H. Tycxo,t L. H. THomas, AND K. M. KInc 
Watson Scientific Computing Laboratory, Columbia University, New York, New York 
(Received September 16, 1957) 


An exact iteration method for obtaining solutions to the eigenvalue problems of quantum mechanics is 
used as the basis for developing a numerical iteration scheme for the approximate solution of such problems. 
The connection between an approximate analytic iteration method and the standard variational method 
is made and the former method is applied to the 1! state of He. The wave functions so determined are 
linear combinations of products of hydrogen-like wave functions. The best value of the energy obtained 
with twenty parameters is E(1 4S) = —2.900938 au. By using the theory of Gaussian quadrature and least- 
squares approximation, a systematic transition from an exact iteration method to the numerical iteration 
method can be made. The resulting numerical scheme is applied to the 14S and 24S states of He. The 
energies obtained are E(1 4S) = —2.903443 au. and E(2 4S) = —2.174823 au. The 2 %S wave function yields 
a He’ hyperfine splitting »=6664 Mc/sec, which is lower than the experimental value by about 1%. The 


wave functions obtained are expressible in both the coordinate and momentum representations. 


1, INTRODUCTION 


E shall describe a numerical iteration calculation 

of approximations to the wave functions of the 

11S and 24S states of helium. The method gives results 

which are expressed as expansions in products of 

hydrogenic functions. The resulting analytic wave 

functions can be used to calculate upper bounds on the 
energies of the states under consideration. 

The numerical scheme derives from a general iteration 
method! for solving eigenvalue problems arising in 
quantum mechanics. This general method is presented 
in a form that is convenient for our purpose. The 
relationship between the iteration method and the 
usual variational method is made explicit and it is 
seen that the iteration method is equivalent to the 
variational method when truncated discrete represen- 
tations are used. This latter fact allows us to study the 
dependence of the solutions on a certain parameter 
appearing in the iteration operator by doing a pre- 
liminary twenty-parameter variational calculation of 
the 1S state. The principal difficulties in setting up a 
numerical method stem from the Coulomb singularities. 
The numerical procedure used is derived from an 
exact scheme by making use of the theory of Gaussian 
quadrature and least-squares orthogonal polynomial 
approximations. The results obtained are compared 
to results calculated in other ways and possible improve- 
ments in the method are discussed. 


2. THE EXACT ITERATION METHOD 


The methods which will be developed and applied 
below are based on the following iterative procedure! 
for obtaining discrete solutions to the eigenvalue 


* This work is based on a thesis submitted by D. H. Tycko 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in the Faculty of Pure Science, Columbia University. 

+ Present address: Nevis Cyclotron Laboratory, Columbia 
University, Irvington-on-Hudson, New York. 

1L. H. Thomas, Phys. Rev. 51, 202 (1937). 


problem 


Ay=By, (2.1) 


where A and B are Hermitian operators operating on a 
class of functions of certain variables x. Let ¥, Y2,--- be 
eigenfunctions of (2.1) belonging to the eigenvalues 
Ai, Ae, «++, respectively. Let go be an arbitrary function 
in this class. Then 


¢o= L lr. (2.2) 


If \; is the eigenvalue of least magnitude and is discrete, 
and if c,+0, then 


On= (A"B)"goe1/A1"._ aS Nn, (2.3) 


and we have a method for obtaining the eigensolution 
corresponding to the eigenvalue of least absolute value. 

If the eigenfunctions of (2.1) can be divided into 
symmetry classes, iterating on a ¢o belonging to a 
particular class leads to the eigensolution corresponding 
to the eigenvalue of least magnitude within that 
symmetry class. 

Let the vector C, represent the mth approximation, 
¢n, In a particular representation and the matrices 
A and B represent the operators A and B in that 
representation. Then the iteration algorithm becomes 


C,=A“BC,..1. (2.4) 


In the calculations to be discussed it has been found 
advantageous to work with the operator A in one 
representation and the operator B in another represen- 
tation. Let the complete set of functions { f,(x)} define 
the f representation and the complete set {g;(x)} 
define the g representation. Let S have matrix elements 


such that 
gi(r) =DiSirfe(r). (2.5) 
Then the iteration algorithm can be written as 
C,=S(A’)'S'BC,_1, (2.6) 


where A’ represents A in the g representation, B, C,, 
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and C,_; are in the f representation, and St is the 


Hermitian adjoint of S. 
When applying the iteration method to atomic 
problems! the Schrédinger equation, 


(T+V)¥(r;) = EV (r,), 


where ¥(r;)=y(11,82,---1,), is replaced by the scaled 
equation, 


(2.7) 


(T+69)x (0) = —AVx (03), (2.8) 


where 


(2.9) 


(2.10) 


in the coordinate representation. \¥ is the identity 
operator and 6 is an arbitrary positive number. For 
bound states, x(;) must vanish at infinity. If X;,(@,) is 
an eigenfunction of (2.8) belonging to the eigenvalue?” 
dh; >0, then 


We (0s) =Xe(i/Ax) (2.11) 


is an eigenfunction of (2.7) belonging to the eigenvalue 
| ah di. 


For any A, the connections are made by using the scale 
change 


r.=)Qi, (2.13) 


and the corresponding relations 


=)’T, (2.14) 
and 


B=rV. (2.15) 


If A; is the eigenvalue of (2.8) of least magnitude and 
is positive, then iteration with the operators 


A=T+b3 


yields the eigensolution of (2.8) belonging to A, and 
thus, through Eqs. (2.11) and (2.12), the eigensolution 
of (2.7) corresponding to the lowest energy, Fi. 

Generally, we do not obtain exact solutions to Eq. 
(2.8). For example, after a finite number of the above 
iterations we have a function x(;) which is an approxi- 
mation to the eigenfunction x:(0;). We seek an approxi- 
mation, ¥(r;) to the eigenfunction ¥(r;) of Eq. (2.7). 
The variational principle leads to the solution 


¥(ri)=x(ri/Am), 


and B=—Q% (2.16) 


(2.17) 
where 

Am= —2(T)/(B). (2.18) 
The corresponding value of the energy is given by 


Eu=—}(%)?/(E). (2.19) 


2 If Ay <0, (2.11) and (2.12) form an eigensolution to the problem 


(T—V)y=). 


THOMAS, 


AND KING 


Here, (43) and (Z) are averages of the operators B and 
FT evaluated according to the formula 


foe(or0xo)ar ; 
(x,Ox) 
Nitin mcesirniieepnesillianern, 


(2.20) 
(x,x) 
f aM eaxeaee 


This choice of \ is equivalent to making the virial 
theorem hold exactly in the state y(r;). 


3. VARIATIONAL CALCULATIONS 


Let {/.(@i)} be a set of expansion functions which 
are chosen to satisfy certain boundary conditions 
imposed by the physical problem. In the standard 
variational method, approximations to the first NV 
bound state wave functions are obtained in the form 


N 
¥i(rd= DO Cufilri/), (J=1,-°°,N) (3.1) 
k=1 


by solving the algebraic eigenvalue problem 


(2.2) 


1 1 
|\t+ 8 |c)-23¢, 
Na d 


where the vector C; has elements C;, and T, B, and 3 
are VXN matrices having elements 


Tier = (fe, fr), ete. (3.3) 


The quantity A is a parameter which is varied until the 
lowest value of E, is found.’ 
Consider the eigenvalue problem 


(T+b3)dj= —A;VBd;, 


where d; is the eigenvector belonging to the eigenvalue 
\; and b is a positive number. If (A;,d;) is a particular 
solution of (3.4), then E;= —b/A?, C;=d; is a solution 
of (3.2) with A=),;. In particular, if (Ai,d,) is that 
solution of (3.4) such that Ay; </A;|, 7=1, ---, N, 
then £,= —b/\;", C;=d, is that solution of (3.2) with 
A=A, such that EZ, < Ej, 7=1, ---, N. Thus, in cases 
where only the ground state is of interest, we may 
replace (3.2) by (3.4) and solve for the solution corre- 
sponding to the eigenvalue of least magnitude. The 
above iteration scheme can be used to obtain this 
solution. The parameter } can be varied to give the 
lowest value of E;, a procedure which is equivalent to 
varying A in the standard variational method. 

This reformulation of the variational method ap- 
proaches the iteration scheme for obtaining an exact 
solution as V—+«,. The solution would be obtained in 
the f representation. 


(3.4) 


3E. cc. Kemble, The Fundamental Principles of Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1937), 
p. 408. 
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In general, the representatives of the operators and 
vectors in function space are matrices of infinite 
dimensions. In practice, when carrying out the iteration 
(2.6) with discrete representations, it is necessary to 
use only a finite subspace spanned by JN basis functions. 
Such a calculation is equivalent to a_ variational 
calculation 

A calculation using continuous representations can 
be done exactly if the implied operations can be carried 
out analytically. If numerical methods must be used, 
the introduction of a finite grid with finite intervals 
corresponds to the truncation of the matrices in the 
discrete case and evaluation of the matrix elements by 
numerical integration. Because of the latter, such a 
calculation can be considered as an approximation to a 
variational calculation. 


4. A PRELIMINARY VARIATIONAL CALCULATION 


In order to study the dependence of the solution on 
the parameter b in the case of the 1'S state of He, 
iteration calculations using truncated discrete repre- 
sentations were carried out for several values of 6. 

The iteration operators for the helium problem are, 
in the coordinate representation, 


A=T+b3=—}VP—-43VP+6, 


1 
a (4.2) 


P2 Pir 


(4.1) 


The primary set of basis functions was the complete 
set of functions 


finyn2(p1,92,412) =Rnj1(p1)Rn2t(p2) P1(cos612), (4.3) 


where P;(x) is the /th normalized Legendre polynomial 
and 612 is the angle between o; and o». 


3 2! (n—Il—1)!)3 
R(p) =——_| —_"—_ | ev 
(n+1)!L rn(n+1)! 

XLnP (2p) (n=I14+1,---), (4.4) 
where L,,*(x) is the usual associated Laguerre poly- 
nomial.‘ Only fining such that 0</<3, 1+1<m <4, 
and /+1<mn2.<4 were used. Thus, by a variational 
calculation, we determined the coefficients C(/,7,m2) in 
the expression 


x(p1,02,02)= © ) ¥ 


l= nj=l+1 no=l+1 


XC (1,m1,22) finine(p1,p2,012), (4.5) 
where C(l,n2,21)=C(l,n1,n2). These coefficients were 
calculated using the iteration algorithm (2.6). Here, B 


4The bar over this function refers to the particular normali- 
zation used here. 
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TABLE I. Results of the 20-parameter variational! calculation 
for the 11S state of He. The normalized wave function is 
¥(r1,72,012) = 4D C(L,mijn2)Rnil(r1/Am) Rnal(r2/Am)P1(cos0s2). 


b 1,000 0.875 0.750 0.500 


6.282075 
8.731157 
3.182753 


UX 10-3 
(T)x10 
—(B) 
Au X10 
— Em 


Inine 


011 1.0000000 
021 —0.0585522 
022 —0.0969924 
031 0.0576329 
032 —0.0151173 
033 —0.0149084 
041 0.0149173 
042 —0.0005056 
043 —0).0067053 
044 —0.0048915 
122 —0.0812585 
132 —0.0344793 
133 —0.0292201 
142 —0.0097641 
143 —0.0142989 
144 —0.0094764 
233 —0.0136360 
243 —0.0092256 
244 —0.0076769 
344 —0.0021258 


12.62438 
5.014177 
2.412121 
4.157484 
2.900938 


7.508409 
7.488355 
2.947753 
5.080720 


5.434401 
9.971750 
3.401082 
5.863869 5.486544 
2.900032 2.900508 


1.0000000 
—0.3963826 

0.0493882 

0.1739854 
—0.0325059 
—0.0085636 
—0.0452116 

0.0125124 
—0.0056533 
—0.0044525 
—0.1008847 
—0.0076564 
—0.0268149 
— 0.000027 1 
—0.0083956 
—0.0082796 
—0.0239524 
—0.0094123 


1.0000000 
—0.2003958 
—0.0643140 

0.0868166 
—0.0095875 
—0.0141389 
—0.0028465 

0.0015315 
—0.0058258 
—0.0046856 
—0.0898427 
—0.0251599 
—0.0262791 
—0.0045348 
—0.0118713 
—0.0085967 
—0.0176588 
—0.0100061 
—0.0083944 
—0.0035162 


1.0000000 
—0.1245153 
—0.0869617 

0.0675673 
—0.0112846 
—0.0143533 

0.0075985 

0.0002312 
—0.0063235 
—0.0047899 
—0.0853009 
—().0305090 
—0.0276061 
—0.0072174 
—0.0131207 
—0.0090110 
—0.0154477 
—0.0096897 
—0.0080353 —0.0093387 
—0.0027079 —0.0067125 


has matrix elements 


(Inyn2| B\l'ny'n2’) 


ee, 
= J tinsns(—+=—-— )frmnedord 
Pi p2 Pie 


A’ and S are determined by the simultaneous diagonali- 
zation of the two matrices T and 9 having elements 


(4.6) 


(Inyno| ZX l'ny'no’) 


= J nan sap 4V/— 5 V2") fi’ny’n2’doidoe, (4.7) 


and 


(Inno Ss Pm'ne!)= f fnrnafrmnadordes, (4.8) 


respectively. With the operator A represented by a 
diagonal matrix, it was possible to change the parameter 
b easily. 

A program was written for the IBM 650 which 
carried out an iteration in about two minutes. A 
solution was reached, for a given value of 6, in 100 
iterations, and this was done for b=1, 0.875, 0.75, and 
0.5. The quantities (T), (VW), Aw, and Ey were calcu- 
lated from each x(p1,p2,412). The results of these 
calculations are given in Table I. We note that the 
energy is quite insensitive to variations of b in the 
neighborhood of the minimum and that the best value 
of b is close to 6b=0.5 in the approximation used here. 
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5. NUMERICAL ITERATION CALCULATIONS 


The numerical iteration method is based on an exact 
scheme in which continuous representations are used. 
The operator —¥ is taken in the coordinate represen- 
tation and (~+<¥b) in the momentum representation. 
If X,,(21,22,012) is the nth approximation to the solution 
of the equation 


(T+b3)x= —rAVx 


in the momentum representation, then X»41(%1,72,012) 
is given by 


Xn41(%1,%2,O12) = 


1 
(On) Say t+sare+b) 


(2r 


xf exp[ —i(z1° 01+2: 02) | 





X gn(p1,02,012)doidos, (5.1) 
where 
1 ae ee | 
n(p1,02,012) = (-+---) 
(23)*\p: po pre 
x f expliter-erta-e:)] 
XK Xn (41,7 2,012)dx idx. (5.2) 


©. is the angle between x; and x2. This application of 
the mixed representation scheme leads to a considerable 
reduction in the number of arithmetic operations 
involved in a numerical iteration. This is because of the 
separability of the Fourier integrals.® 

In carrying out the iteration defined by Eqs. (5.1) 
and (5.2) numerically, special care must be given to the 
regions near the singularities at p:=0, p2=0, and 
pio=0. By introducing expansions in terms of 
hydrogenic functions, these singularities can be handled 
analytically. Let 


j (n—1—1)!}3 
ee (—i)! 
(n+l)! 


Qu 


p)=—— 
(n+l)! 





Ke! Lng P't(2p). (5.3) 


These functions satisfy the scaled hydrogen equation, 


» 2n ps 
(—V?+1) Rar P1(cosé) =—Rni(p)P1(cos6), (5.4) 
p 


and the orthogonality relation 


on 
eA) 
— 


f Rii*(p)Rni(p)pdp=S nn’. iy “ 


0 
We make the transformation 


m=tang;, (O<¢i<}n), (i=1,2), 


5 L. H. Thomas, ‘‘Lecture Notes on the Numerical Solution of 
Differential Equations”’ (unpublished). 
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and define momentum-space radial functions 


n(n—l—1)! 
Fru(¢)=(— irae 
(n+l)! 


Xsin'2¢C,_11'+(cos2¢), 


1 cos*y 
sing 


(5.6) 


where the C,” are Gegenbauer polynomials.’ The 
Fn(¢) satisfy the orthogonality relation® 


sath sing \? 
f Fal eFoate)( ) de= ann (5.7) 
0 cos*y 


The R,; and F,,; are related by the Fourier trans- 
formation’ 





- 1 
(2n)*F x1( ¢)P1(cosO) = —-— 
(2 


3)! 


Xf exp(—in- 9) Rule) Pr (costo (5.8) 


Consider the process of multiplying the Fourier 
transform of X,(m1,72,012) by 2/p; and then taking 
the inverse Fourier transform of the result. Let F; be 
the Fourier transformation operator for the ith electron 
and suppose X,, has been expanded as 


X,,(71,%2,Q19) 
- pi > > a ay, (1,21,M2) F nyi( ¢1) 
l=0 nj=l+1 no=l+1 
X Froi( ¢2)P(cos@,2). (5.9) 
Then, using (5.4) and (5.8), 
2 
F(—)rx, 
Pl 
; a,(l,n3,nN2) 
= sec? ¢)) —————F nu ¢1) F nai ¢2) 
ny 
XP, (cos@12) = val ¢1,¢2,912). (5.10) 
The 2/p2 term is given by 
2 
Fy "—FXn= nl ¢2,¢1,912), (5.11) 


Pe 


where the positive sign refers to 'S states and the 
negative sign to *S states. 

Consider the 1/py2 term. If the origin of coordinates 
is taken at the position of electron 1, then o12 is the 
position vector of electron 2 and the calculation could 
be handled as above. Let d,=exp(im2-0:) and 


®W. Magnus and F. Oberhettinger, Formulas and Theorems for 
the Special Functions of Mathematical Physics (Chelsea Publishing 
Company, New York, 1949), p. 76. 

7B. Podolsky and L. Pauling, Phys. Rev. 34, 109 (1929). 
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Un(¢1,¢2,012) be the inverse Fourier transform of 
1/pi2 times the Fourier transform of X,. Then 


i 
—F oF |X p. 
Pie 


Ma=Fy dy; (5.12) 


The Fourier coefficients of d,/\X, are evaluated in the 
usual way, the F:~'(1/p.2)F2 operation is performed as 
indicated in Eq. (5.10), the dy! operation can then be 
done immediately, and the F;' operation is accom- 
plished by first transforming to Fourier coefficients and 
then summing over the F,,;(¢;) functions. 

The iteration is completed by calculating 


bay +3mr+b) 
542,912) + n( G2, 1,912) 
—Hn(¢1, 42,912) }. 


Xn41(% 1,2, 2) = ( 
X {rn(¢1 
(5.13) 


This exact scheme is converted to a numerical 
procedure by truncating the infinite series, replacing 
the continuous variables by discrete variables, and 
evaluating the Fourier coefficients by numerical 
integration. By the theory of Gaussian quadrature,‘ 
it is seen that replacing a continuous p variable by the 
N zeros of Ly(p), a continuous x=cos@ variable by 
the \V zeros of Py(x), and a continuous ¢ variable by 
the V points kr/2(N+1), k=1, 2, ---N, preserves the 
orthogonality relations for the functions R,i, Pi, and 
F,. when the integrals are replaced by Gaussian 
quadratures. Consequently, the infinite series used in 
the exact method become least-squares polynomial 
approximations® in the numerical method if the coeffi- 
cients are evaluated by replacing the integrals in the 
exact calculation of Fourier coefficients by the ap- 
propriate Gaussian quadratures. Since the numerical 
scheme utilizes the same orthogonal functions that 
appear in the exact calculation, the properties of these 
functions, namely Eqs. (5.4) and (5.8), can be used to 
take care of the singularities. 

The method outlined above was used to calculate the 
coefficients A (/,,,m2) in the approximation 


A (1,n,,n2) 


N N 
X (1,902,912) y= a > 


l= nj=1+1 no=/+1 


X Rnyt(p1)Rnot(p2)P1(cosd12) (5.14) 


to the solution of the scaled helium equation, 


a 
—+—-—}x (5.15) 
pe 


(—40" 402+ D)x=a( 


Both the 11'S and 2*S states were treated. For each 
solution obtained, a value of 


A= -(T+4)/(®) 
8F. B. Hildebrand, 


(McGraw-Hill Book Company, Inc., 
7 and 8. 


(5.16) 


Introduction to Numerical Analysis 
New York, 1956), Chaps. 
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TABLE II. Results of the energy calculations for the 1'S and 
2 4S states of He (in atomic units). The wave functions are of the 
form: 
14, 16 15 


ys . ys 
¥(r1,7 2,012) = a) > <_ 
1=0 ny= i+) ng=l+i 


A(l,nin2) 


x Rosi( )Rnai( 7 2) Pr(costs), 


where the A (/,n:1,m2) were determined by numerical iteration. 


1'S 24S 
1.4015 48539 
0.3924 38253 
2.4106 58825 
5.0037 80598 
4.1513 80151 
2.9034 42635 
2.903722 


i 1099 72518 
0.1307 78256 
2.0891 66780 
5.0172 10624 
4.8030 73332 
2.1748 22905 


(2/p1 
(1/pi2 
—(¥) 
()«10 
Au X10 
—Ey 

— Eazy 


was calculated using Gaussian quadrature. For an 
exact solution, 


h\=A,=(—2E,)7 (5.17) 


The following results were obtained : 
N Ai 
0.414885 0.414961 
0.414899 
0.479316 


rs: 


28S: 0.479442 


In calculating \,(1 4S), the value? E(1 4S) = — 2.903722 
a.u. (atomic units) was used. \,(2%S) was calculated 
from E(2*S)=—2.17526 a.u. which is the sum of the 
experimental binding energy,’ /(2*S)=0.175260 a.u., 
and the ground-state energy of Het. 

Using the A (1,7,,m2) calculated in the N=15 cases, 
the quantities (¥) and (Z) were calculated exactly. 
Upper bounds on the energies of the two states under 
consideration were calculated, along with the corre- 
sponding values of \y, according to Eqs. (2.18) and 
(2.19). These results are displayed in Table II. 

All the calculations indicated above were done on the 
Naval Ordnance Research Calculator (NORC). One 
iteration toward a wave function required about five 
minutes. Seventy-seven iterations were necessary in 
the 'S case and 192 in the *S case. The energy calcu- 
lations were completed in about three hours. 


6. DISCUSSION OF THE RESULTS 


The variational calculations which have been done 
on the helium problem fall into two categories. First, 
there are the Hylleraas-type calculations in which the 
basis functions involve the variable ry2 explicitly. 
Recent calculations*“" using this approach have yielded 

® T. Kinoshita, Phys. Rev. 105, 1490 (1957). 

1 Atomic Energy Levels, edited by C. E. Moore, National 
Bureau of Standards Circular No. 467 (U. S. Government Printing 
Office, Washington, D. C., 1949). 

1E. 


A. Hylleraas and J. Mitdal, Phys. Rev. 103, 829 (1956); 
EF F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957). 
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TABLE III. Results of using successively higher Legendre 
polynomials in the 11S wave function 
15 15 
x(p1,92,012)= LZ LD ZF A(i,m,nz) 
l=0 ny=l+1 ng=lt+1 
X Rnil(p1)Rnal(p2)P1(cos0:2), 


when computing the energy E= —}(%)*/(E). 











ly (1/pi2) (2/p1+2/p2) (TZ) —Emu 

0 0.412023142 2.80666963 0.497958538 2.87892030 
1 0.394908265 2.80331125 0.499958414 2.90044371 
2 0.393108101 2.80313631 0.500245151 2.90269480 
3 0.392667464 2.80311071 0.500325607 2.90322771 
4 0.392519315 2.80310244 0.500358421 2 90337423 
5 0.392464504 2.80309959 0.500370988 2.90342650 
6 0.392444967 2.80309796 0.500376246 2.90343911 
7 0.392439664 2.80309733 0.500377679 2.90344204 
8 0.392438488 2.80309715 0.500377987 2.90344265 

14 0.392438253 2.80309708 0.500377806 


2.90344263 





ground-state energies which are essentially in agreement 
with experiment.” The 2*S state problem has also 
been studied from this point of view.” In this case the 
calculated binding energy agrees with experiment to 
about 0.02%. Teutsch and Hughes" have used the 
Huang wave function to calculate the hyperfine 
splitting in this state of the He*® atom and obtain a 
value which is about 0.07% from the experimental 
value’ of 6739.71+0.05 Mc/sec. 

The second type of variational calculation uses trial 
functions which are generally described as super- 
positions of configurations (SOC).'® The best value of 
the ground-state energy obtained using this method 
is that of Watson. He quotes the result E(1 ‘S) 
= — 2.902738 a.u. 

The calculation presented in the last section can be 
considered as an SOC calculation in which the 
coefficients are determined by an iteration method. 
Our 1 1S result is 0.0007 a.u. lower than that of Watson 
and gives added evidence that the SOC approach can 
be used to obtain accurate solutions to many electron 
problems. 


2 See S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955), reference 12. 

13 E. A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930) ; 
S. Huang, Astrophys. J. 108, 354 (1948). 

4 W. B. Teutsch and V. W. Hughes, Phys. Rev. 95, 1461 
(1954). 

16 G. Weinreich and V. W. Hughes, Phys. Rev. 95, 1451 (1954). 

16 E. A. Hylleraas, Z. Physik 48, 469 (1928); C. Eckart, Phys. 
Rev. 36, 878 (1930); G. R. Taylor and R. G. Parr, Proc. Natl. 
Acad. Sci. U. S. 38, 154 (1952); L. C. Green, Proceedings of the 
National Science Foundation Conference on Stellar Atmospheres, 
p. 72, 1954 (unpublished) ; P. O. Léwdin and H. Shull, Phys. Rev. 
101, 1730 (1956); R. E. Watson, Quarterly Progress Report of 
Solid-State and Molecular Theory Group, Massachusetts Institute 
of Technology, October 15, 1956 (unpublished), p. 38. 
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Using the wave function obtained for the 2 *S state, 
we have calculated the hyperfine splitting. With the 
anomalous moment and reduced mass corrections 
calculated by Teutsch and Hughes" we get »=6664 
Mc/sec, which is lower than the experimental value by 
about 1%. 

Examination of Table II shows that the numerical 
iteration method yields a 1 'S energy that is about 2.5 
times more accurate than the 2*S energy. The method 
is expected to be more accurate for the ground state 
because there is only one scale factor involved. 
Physically, the difference in effective Z’s seen by the 
two electrons in the 2 *S case is not taken into account 
in the exponential factors as it is in the variational 
calculations. 

In Table III we have listed the results of computing 
the 1 \S energy from the wave function 


ly 5 15 


x(p1,92,912)= 2 DL YL A(l,mi,n2) 


l=0 ni=l+1 ne=/+1 


X Rnyt(p1)Rn2t(p2)P(cos82) (6.1) 


for successively higher values of /;. It is clear that 
values of / greater than /=8 do not contribute more 
than 10-* a.u. to the total energy. Furthermore, 
contributions from />5 did not increase the accuracy 
appreciably. Green!’ has given as a lower bound on the 
l;-=0 energy the value —2.8792 a.u. which is about 
0.0003 a.u. lower than our value. These facts suggest 
that in order to obtain a ground-state energy with an 
accuracy comparable to the experimental accuracy it 
would be necessary to improve the radial least-squares 
approximations by using more radial functions for a 
given /. This would also require using more radial 
points to preserve the orthogonality of the expansion 
functions over the discrete space. The added labor 
involved would be partially compensated by the fact 
that the higher / values can be neglected. 
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A new technique has been developed for the separation of overlapping lines in the hfs pattern of atomic 
energy levels. By a combination of magnetic scanning and double resonance it was possible to resolve the 
2537 A line of mercury. By plotting the maxima of the microwave resonance versus scanning field, a separate 
curve was obtained for each F level of the odd isotopes. In the same way we obtained a curve showing 
the maxima of the resonance signals from all of the even isotopes. Information about the odd isotopes 


obtained from a 3000-Mc/sec ‘‘double-resonance”’ 
with existing data were observed. 


INTRODUCTION 


HE work reported here is part of an investigation 

of the hfs of atomic excited states. The techniques 
used are based mainly on “double resonance” and 
“magnetic scanning” principles, which seem more 
suitable than conventional atomic beam methods and, 
in addition, yield information about the isotope shift. 

The present experiment was designed for the study 
by a magnetic scanning technique of the hfs of the 6 *P, 
level of the mercury isotopes, which gives rise (*P;—'So) 
to the 2537 A line; in this respect, it is a continuation 
of previous work.'! However, the overlapping lines of 
the hfs can be completely separated without relying on 
pure isotopes by concurrently performing a “double 
resonance” experiment. 

Atomic vapors illuminated with light of the proper 
wavelength emit “resonance radiation.””’ Maximum 
intensity is obtained when the wavelength of the 
illuminating radiation corresponds to the exact energy 
difference between the resonance level and the ground 
state. However, these levels are displaced for the 
various isotopes and if the nucleus possesses a magnetic 
or electric moment the levels are further split according 
to the state of total angular momentum (F number). 
Thus, if we illuminate the vapor with a monochromatic 
light of variable wavelength the resonance radiation 
will reveal the hfs pattern of the line. Such a light 
source was obtained by placing a pure Hg'®* lamp in a 
variable magnetic field; this splits the 2537 A line into 
a triplet, since /=0 and the ground state is single. By 
taking light along the axis of the field, only the two o 
components are present, one of them being eliminated 
by the use eof a 4A plate and a Glazebrook prism. 


“ This we work, which was supported in part by the U. S. Army 
(Signal Corps), the U. S. Air Force (Office of Scientific Research, 
Air Research and Development Command), and the U. S. Navy 
(Office of Naval Research), is based on a thesis submitted by 
A. C. Melissinos in partial fulfillment of the requirements for the 
degree of Master of Science, Department of Physics, Massachu- 
setts Institute of Technology, August, 1956. 

+ Present address: Ordnance Materials Research Office, Water- 
town, Massachusetts. 

1 Bitter, Davis, Richter, and Young, Phys. Rev. 96, 1531 
(1954). 


2 J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 


experiment is also reported. Only minor disagreements 


The ‘“‘double resonance” experiment consists of pro- 
ducing a transition between the m sublevels of the 
excited state (AF=0, +1) by means of the magnetic 
field associated with radio-frequency or microwave 
radiation ; a complete description is given in reference 2. 
If mercury vapor placed in a magnetic field is excited 
by polarized resonance radiation, the m sublevels of 
the excited state will be unequally populated, with the 
consequence that the re-emitted optical radiation will 
be partially polarized. If, further, the condition for rf 
resonance is established, the atoms in the vapor while 
in the excited state will undergo transitions between 
two sublevels, equalizing the populations; this will 
result in a change of the polarization of the re-emitted 
optical radiation which can be easily detected. 

The isotopes found in natural mercury are the even 
ones, Hg!**.2.202,-4 (7=()), and the two odd ones Hg™ 
(7= 3) and Hg*" (J= 4). For the even isotopes, exci- 
tation with zw radiation along the direction of the 
magnetic field will lead only to the state m=O (see 
Fig. 1), so that the re-emitted radiation, in the absence 
of depolarizing effects, will be pure m radiation. If 
resonance is established, the two states Am=+1 will 
be populated, and o radiation will be observed. For the 
odd isotopes the situation is more complicated, since 
excitation leads to states that emit both o radiation 
and m radiation wher returning to the ground state. 
However, transitions in the excited state will change 
the ratio of o radiation to m radiation, and resonance 
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Fic. 2. Schematic diagram of the apparatus. 


can be still detected by an increase of the re-emitted 
o component. 

In Fig. 1 (reproduced from reference 2) the relative 
transition probabilities are shown, and it is seen that 
if the exciting optical radiation is 7, only, the following 
AF=0, Am=-+1 transitions can be observed : 


1. Even isotopes 


m=03/ "= +1, 
m=-—1, 
2. Hg in the F=3 level: 
(a) m=—}om=—4, 


(b) m=}—-m=3. 

3. Hg™ in the F=# level: 
(a) m=3—m= 
(b) m=— 3m 

Hg”"' in the F=§ level: 
(c) m=}-+m=f, 


i~ 


cy | 
2: 


(d) m= —j->m= -3, 
(e) m=}—>m=}, 
(f) m=—}—m=—3. 


Transitions cannot be observed in the F=3 leveis 
because x excitation does not lead to unequal population 
of the excited state sublevels. 

By choosing a sufficiently high radio-frequency, each 
of the transitions given above will occur for a different 
magnetic-field value; this is the result of the difference 
of the atomic g factors for each F level. It is also true 
within the same F level, provided we operate in the 
nonlinear region where F ceases to be a good quantum- 
number. 

These two techniques were combined in the following 
way (see Fig. 2). The wavelength of the source was 
varied by the “scanning” magnetic field and used to 
excite the + component of the mercury atoms in the 
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resonance cell; the “splitting” magnetic field on the 
absorption cell was then set for one of the above- 
mentioned transitions [1 through 3(f) ]. No resonance 
signal was obtained unless the initial sublevel was 
populated, which in turn depended on the wavelength 
of the exciting optical radiation. Thus, by scanning 
through the whole hfs pattern and plotting the ampli- 
tude (maximum) of the microwave resonance as a 
function of the scanning field, we locate the position of 
a single Zeeman level relative to Hg'**. The width of 
the curve obtained from such a plot is of the order of 
magnitude of the Doppler width of the scanning line; 
however, since the curve is completely resolved, it is 
symmetric, thus allowing an extremely accurate deter- 
mination of the center position. The energy difference 
between the actual location of the Zeeman level and the 
zero-field position of Hg'®* is given in cm by 


AE= gsunB cm, 


where B is the ‘“‘scanning”’ field in gauss, wg is the Bohr 
magneton, and gy is the g factor for the *P level of Hg’. 

Thus, it is possible to observe the Zeeman levels of a 
hfs pattern one by one by adjusting the splitting field. 
Nevertheiess, since all of the even isotopes have the 
same g factor it is not possible to look at each of them 
separately in the general case. Fortunately, in the 
2537 A line of mercury the even isotopes are spaced at 
intervals of approximately 150X 10~ cm“, so that the 
scanning curve is partially resolved. The peaks have 
a symmetric shape yielding precise values for the 
locations of the Zeeman components. The obvious 
advantage of this method over conventional microwave 
or radio-frequency resonance techniques is that it gives 
the isotope shift. 

Furthermore, the establishment of a resonance be- 
tween the m sublevels of the excited state, which is a 
necessary step in the present experiment, in itself 
furnishes information about the atomic g factors and 
the interaction energy constants—and thus the nuclear 
moments—of the odd isotopes. The values obtained in 
this experiment from such observations depend on the 
magnetic field, and their accuracy is limited, especially 
if the transitions occur within the same F level. For 
such transitions, (AF=0), reasonably accurate results 
can be obtained only after the nuclear and electronic 
angular momenta begin to decouple. 

In thepre sent experiment the above resonances were 
successfully observed and were used for the determi- 
nation of the zero field values of the hfs pattern. We 
operated at a microwave frequency of 3054 Mc/sec. 
The observed transitions 2(a) and 2(b) were used for 
the determination of the magnetic dipole interaction 
constant of Hg; the observed transitions 3(a) and 
3(c) were used for the determination of the magnetic 
dipole and electric quadrupole interaction constants of 
Hg”. These values complemented the zero field pattern 
of the hfs for which the F=} levels of both Hg™ and 
Hg*"' were missing. They also checked within the 
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experimental error with the F=$, F=$ interval of 
Hg*" obtained from the scanning data. 

We were not able to observe the remaining transi- 
tions; 3(a), because it occurs for 3000 Mc/sec at 8 
kilogauss; 3(c) and 3(f), because of reduced transition 
probabilities; and 3(b), because the frequency is too 
large. However, the radio-frequency for such a “‘scan- 
ning-double resonance” experiment must be chosen 
just above the value needed for resolving the double 
resonance of all Zeeman levels ; for mercury this is about 
250 Mc/sec. The use of 3000 Mc/sec in the present 
study was imposed mainly by the available equipment. 


EXPERIMENTAL ARRANGEMENTS 


The apparatus used is illustrated in Fig. 2. The 
scanning magnet (A) was an air-core solenoid with an 
inside diameter of 4 inches and capable of producing 
fields up to 50 kilogauss. The source was an electrodeless 
discharge consisting of a 5 mm Vycor tube containing 
argon at a pressure of a few millimeters and pure Hg’. 
It was excited by 3000 Mc/sec microwaves and cooled 
by a dry nitrogen blast kept at 0°C. A current-stabilized 
power supply was used for the microwave generator 
(magnetron). Special care was taken in the design of 
the cooling features. It was thus possible to stabilize 
the light source within three parts in 1000 over periods 
of hours and to avoid all of the unpleasant effects that 
usually accompany electrodeless discharges. 

The light source was focused by means of a quartz 
lens and then passed through a Glazebrook prism (B) 
cemented with glycerine, finally reaching the resonance 
cell (C) with its electric vector polarized parallel to the 
“splitting” magnetic field H,. A }d plate could be 
inserted before the polarizer. 

The resonance cells were made from fused, optically 
polished quartz in cubical form with 10-mm sides, one 
face being drawn out into a long tail. The vapor pressure 
was controlled by driving all of the mercury into the 
tail and keeping it at the desired temperature. Because 
of the dimensions of the cell, optimum signal was 
obtained at a temperature of 25°C; if the tail was kept 
at 0°C the signal diminished to one-third of its previous 
value. 

The splitting magnet (D), an iron-core magnet with 
a 2-inch gap, was capable of producing up to 8 kilogauss; 
a pair of auxiliary high impedance coils was used to 
provide an automatic sweep of the fixed field up to 
15 gauss on either side. A cylindrical microwave cavity 
containing the resonance cell was placed between the 
pole faces of the magnet. The cavity was tuned for its 
lowest TM mode at 3040 Mc/sec, and the microwave 
magnetic field was perpendicular to the constant field, 
H,. Finally, the resonance radiation observed perpen- 
dicularly to the direction of the field passed through 
the analyzer (£), which admitted only the « component, 
then through two Corning No. 9863 uv transmitting 
filters, and was detected by a 1P28 photomultiplier. 

The microwave setup consisted of a current-stabilized 
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Fic. 3. (a) Resonance 
signal from an even isotope 
(Hg!) ; (b) Resonance sig- 
nal from Hg®! F=$, m=} 


m=. 





power supply that fed a QK61 magnetron which was 
capable of delivering up to 50 watts through a }-inch 
coaxial waveguide. Relative power measurements were 
made with a TVN-3EV thermistor bridge, connected 
to the line by a directional coupler. The frequency was 
measured with an S-band echo box which had been 
calibrated against a harmonic of a crystal oscillator, 
the basic frequency being measured with a Hewlett- 
Packard counter. These measurements are considered 
reliable within 1/50 000. 

The signals obtained from the photomultiplier (of the 
order of 10~* amp) were fed to the dc y amplifier of a 
304 Du Mont oscilloscope. Its x axis was driven by the 
magnet sweep circuit, so that a display of the resonance 
curve was obtained. This picture was then fed to a 
Leeds and Northrup strip chart recorder from which 
the maximum value of the resonance curve was meas- 
ured for each different value of the “‘scanning’’ field. 
The over-all response time of the detection system was 
governed by the recorder response, which was 1 sec for 
full-scale deflection. When data were taken the magnetic 
field was swept at the rate of 2 cycles per minute. 

The “scanning” field had been calibrated by proton 
resonance before and after the final runs. The solenoid 
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Fic. 4. Scanning curve for even isotopes. 


current (of the order of 2400 amp for 10 kilogauss) was 
measured with a Leeds and Northrup potentiometer 
through an auxiliary shunt. The splitting field was 
continuously measured with a proton resonance mag- 
netometer built into the apparatus. The magnetometer 
signal was fed to the z axis of the detection oscilloscope, 
thus providing an accurate visual means for setting the 
proton resonance on the mercury resonance while the 
field was continuously swept. The proton resonance 
frequency was then measured with a Signal Corps 
BC221 frequency meter. 


OBSERVED RESULTS 


A necessary condition for a successful scanning curve 
was the realization of good double-resonance signals. 
For the even isotopes we obtained a signal-to-noise 
ratio over 20; for the odd isotopes the signals were of 
inferior quality. The best signal and worst signal that 
were used are shown in Fig. 3. The observed resonances 
are given in Table I. 

With the splitting field set for resonance in the even 
isotopes, a scanning curve was obtained (Fig. 4). Each 
point on this curve represents the maximum of the 
double-resonance signal at this value of the scanning 





field. While the actual data were being taken, we kept 
returning every half-hour to the zero-field value to 
check the correctness of our observations. 

The curve of Fig. 4 was taken without a }A plate, 
since there are no even isotope lines at shorter wave- 
lengths than Hg'®*; but with a }A plate the asymmetry 
of the Hg” peak was greatly reduced. The scanning 
curve is not completely resolved. We attribute this fact 
to the presence in the exciting radiation of the central 
(unshifted) Zeeman component, which is also re- 
sponsible for the “background” signals appearing at 
the high values of the scanning field. In the upper 
part of the figure a ‘‘fine” scanning curve of the peaks 
is reproduced. 

Since the sublevel which is originally populated is 
unshifted by the “‘splitting’’ field, the location of the 
peaks of the scanning curve corresponds to the location 
of the even isotope lines in the zero-field pattern of the 
hfs. These values, as obtained from four different scan- 
ning curves, are given in Table II; the tolerances give 
the standard deviation which was estimated from these 
four curves, the main contribution coming from the 
fluctuations of the scanning field. 

For the odd isotopes, the scanning curve has only a 
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OVERLAPPING Hfs STRUCTURE COMPONENTS 


TABLE I. Observed microwave transitions between magnetic 
sublevels in the *P; state of mercyry. 


d location 


Magnetic 
field 
Microwave (proton 
F frequency frequency) 
Isotope level Transition Mc/sec kc/sec 


(231.242) 10-3 


(227.244) X 10-3 
(— 22.2+3)x10-? 


(—491.4+4) x 1073 


H is proportional to 


Zero-f 


Even (m=+1 3054.0 6253.9+1 
m=(0—5 siete dl 

m=—}—>m=-—} 3054.0 8844.2+1 

m=}—m=3 3054.0 10 198.342 

m=i—m= 3054.0 10 019.8+2 

m=}—m=3 3054.1 12 316.442 


1al results, is also reproduced 


scanning curve, 


Hg!” 


— 64.8 10° 


— 80.3 10"% 


Ae= —99.3X 1073 


Hg™! 


WIM RoKee Role Ro\eo 


mn 1 for each isotope. 


1 gives th 


ainly with which we weve able-to locate the center of the 


~ Ae= +42.5X 10-3 
Ae 
Ae 


Shift of Zeeman level 


5 


single peak, from which we obtained the location of the 
initial Zeeman level, with respect to Hg!%*, for this 
particular value of the ‘‘splitting” field. In Fig. 5, the 
four different scanning curves have been superimposed ; 
each of them was obtained for the field value shown in 
Table III. To obtain the zero-field value of the F level 
to which the Zeeman level belongs we had to calculate 
the energy difference by using the known ‘“‘splitting” 
field and the interaction constants. This was done 
fairly easily by solving the secular determinant for the 
intermediate region (according to Schmidt*). The results 
are summarized in Table III. 

Finally, from the microwave resonance data of 
Table I we were able to obtain the following informa- 
tion: 

(a) The atomic g factor of the level 


= 0.269 
1H + (25/2)ab }#=0.1753 


1H + (25/2)ab}! 


l 
at 
1 
4a¢ 

ised for the computation are given in co 


0.2030 


pas la— hH+ aT ( ha+H)?+ 2a? }* 
16)a?+4H?+bH+ 


The value 


/ 


5/ 


from the uncert 


£3 = LprotonX (m M)X (fue Teacten): 


Energy difference in cm™ from center of gravity 


By using the even-isotope data and gyroton = 5.58501 and 
M /m= 1836.12, we obtain gy= 1.484+0.001. The same 
value was observed—within the experimental error— 
for all even isotopes. 

(b) The magnetic dipole interaction constant for 
Hy™. By using the m=—}—m—} data, we obtain 
= (Ay’— AyH)/(H—$Ay) = (491.3741) X10 = cm". 
By using the m=+}—m+ 3 data, we obtain 
a= (HAy—Ay’)/(H—$Ay) = (491.45+0.5) X10 cm“. 

(c) The magnetic dipole and electric quadrupole 
interaction constants for Hg’. By using the F=3, 


a+43H+4{ (fa—H)?+2a?}' =0.3103 


1 
4 


«= }a—36+4H+[250?+ (2 


ja— 36+ 4H — [2562+ (25/16)a?+ }H?+6H+ 


c= 


'# 


€ 
ate the standard deviation which arises in this case, mainly, 


€ 


8915.0 
10 283.5 


kc/sec 
10 034 
12 412 


Splitting 
field (fp) 


cm”! 


~ +188.7X 10-3 
58.1 10-3 


— 392.1 10-3 


TABLE II. Hyperfine structure of the *P: state of mercury as 
obtained by the methods described in this paper, and by other 
methods. The line positions are given in units of 10-3 cm™. 


Location with 
respect to Hg!% 


+292 X10-3 


+ 


‘ . Bitter 

Zero-field Zero-field Brix and Kopferman et al. 

Iso- F position position from from from 
tope level from Hg! from Hg? Hg Hg!% Hg! 


Zeeman 
level 

excited 

m=—} 





F 
level 
3 


204 —519+3 —363+4 5 —514 — 500 
201 —491+4 —335+5 3 —489 —451 
202 — 33943 —183+4 — 339 — 328 
200 —156+3 0 — 160 —157 
201 —2243 13444 136 —24 

198 0 156+3 168 —8 0 
199 230+4 38645 389 229 219 


gyuzB in cm~, where g 


:7 
The tolerances again indic: 


TABLE III. Summary of results on the hyperfine structure of the *P; state of the odd isotopes as computed from observations on magnetically displaced levels.* 
as of column 6, a is the magnetic dipole and 6 the electric quadrupole interaction constant. 


Isotope 
0.491 cm™ 





a 


*In the formul 
the magnetic fie 


b= —1.03X10-% cm™ 
in Table II. 


a= —0.182 cm™ 


§ Th. Schmidt, Z. Physik 111, 332 (1938-39). 
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TABLE IV. Magnetic dipole and electric quadrupole interaction constants (in units of 10-* cm) 
observed for the *P; state of the odd isotopes of mercury. 
, wae Other® 
Interaction Brix and Present investigation microwave 
Isotope Type of interaction constant Kopferman Microwave data Scanning data data 
Hg magnetic dipole a 493 491.45+0.5 vee 495+8 
Hg”! Fy—Fy $a+10b 465 465.21+0.5 469+6 tee 
magnetic dipole a — 181.7 181.36+0.5 see 
electric quadrupole b — 1,03 — 1.18+0.08 





* From Bogle, Dodd, and McLean, Proc. Phys. Soc. (London), B70, 796 (1957). 


m= +3—m= +$ data, we obtain 

Ay’—AyH 

a+ 106 =——__—_ 

2H—Ay 

which is the spacing between the F=$ and F=# levels 

of Hg*” at zero field. To interpret the data of the F=3, 

m=+3—m=-+} transition we had to use a compu- 

tational method, since the solution of a third-order 

equation is involved. Using these data and the above- 
obtained value for $a+10b, we get 


a= (—181.36+0.5) X10 cm™, 
b= (—1.18+0.08) X10 cm“. 


= (—465.21+0.7) X10 cm“, 


These closed-form formulas are derived by sub- 
tracting the energy values of the two Zeeman compo- 
nents of the transition and solving for a and b.‘ As 
before, H=g,u,B in cm™ and Ay= fug/c is the energy 
difference in cm~ corresponding to the transition. For 
comparing our results with previous investigations we 
have included in column 5 of Table II the data given 
by Brix and Kopferman in the 1951 edition of the 
Landolt-Bérnstein Tables. They were obtained from a 
compilation of data from purely optical work and are 
based mainly on the work of Schiiler and Keyston.° 

As can be seen, our data are not in agreement with 
the values given by Brix and Kopferman. However, in 
column 6 of Table II, we repeat their data—after 
shifting the origin from Hg™ towards Hg'®* by 160 
X10~* cm™ so that they can be compared with our 
own data given in column 3. We then notice a very 
close agreement, within the experimental error, except 
for Hg'**, for which we are inclined to believe that our 
data are better, because they are free from any influence 
of the nearby Hg” (F=4) line. In column 7 we give 
the data reported in reference 1 as measured from Hg"*. 


* A. Melissinos, Quarterly Progress Report, Research Labora- 
tory of Electronics, Massachusetts Institute of Technology, 
January 15, 1956 (unpublished), p. 36. 

5H. Schiiler and J. E. Keyston, Z. Physik 72, 423 (1931). 


As to the interaction constants of the odd isotopes, 
the results are summarized in Table IV, and again 
agreement exists within the experimental error. 

No attempt was made to calculate the moments from 
the hfs data. However for the quadrupole moment of 
Hg”™!, according to the calculation of Schiiler and 
Schmidt,® we obtain from our data 


QO = (0.58+0.18) X 10-* cm. 


This can be compared with the result obtained from 
pure quadrupole resonance by Dehmelt ef al.,’ as 
interpreted by Pound and Wertheim,* 


Q= (0.46_0.11*°-?8) X 10-4 cm’, 


Also, recent optical measurements by Murakawa* on 
other lines of mercury lead to a value of = (0.45+0.04) 
X 10-* cm’. 

The main objective of the present study was to 
demonstrate the possibility of separating overlapping 
lines of a hfs pattern, as was indicated by two of us 
(P. L. S. and F. B.). The technique and the apparatus 
described are now being used for the study of the 
65-hour and 25-hour radioactive Hg'*’. It is expected 
to lead to satisfactory results, since the unavoidable 
presence of the natural mercury lines should no longer 
hinder the observation of the Hg'®” lines. 

Furthermore, the “scanning” setup has the advantage 
of facilitating a double-resonance experiment by re- 
ducing the background, since only one, or very few, 
Zeeman levels are being populated. 
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An experiment is described in which thermal electrons, 
t.=400°K, become polarized in detectable numbers by under- 
going exchange collisions with oriented sodium atoms during 
which the atom orientation is transferred to the electrons. The 
collisions establish interrelated equilibrium values for the atom 
and electron polarizations which depend upon the balance between 
the polarizing agency acting upon the atoms (optical pumping) 
and the disorienting relaxation effects acting both on atoms and 
electrons. When now the electrons are furthermore artificially 
disoriented by gyromagnetic spin resonance, an additional reduc- 
tion of the atom polarization ensues which is detected by an 
optical monitoring technique, thereby allowing a determination of 
the free-electron spin g factor, g,. Since it was experimentally 
convenient, at this stage only the ratio gy(Na)/g,=1.000026 


+0.00003 was determined, showing no significant difference 
between g, and g,(Na), the g factor of the #5, sodium ground 
state. From the experimental strength and width of the electron 
disorientation signal a lower limit was obtained for the sodium 
exchange cross section with thermal electrons: Q>2.3X 10" cm’. 
This may be compared with a theoretical exchange cross section, 
Q=2.3X10-" cm?, which is derived under the assumption that 
the 3s? So state of the Na~ ion has essentially zero binding energy, 
thereby causing strong singlet scattering while the triplet scatter- 
ing is negligible in comparison. Spin-orbit coupling during colli- 
sions of the electrons with the atoms of the inert argon buffer 
employed to slow down wall diffusion is discussed as the chief 
cause for the shortness of the observed free-electron spin relaxation 
time, 7,~6X 10-5 sec. 





INTRODUCTION 


ONSIDERABLE interest exists in experimental 
determinations of the free-electron spin magnetic 
moment yu, in terms of the Bohr magneton yo with 
accuracies high enough to provide further tests for the 
theoretical values, 


us/wo= 1+ (a/2x)+higher terms, 


obtained from quantum electrodynamics.'~* There are 
experimental values available*® with an accuracy of 
about 10~® for gy(H)/g,, the ratio of the g factors of 
the hydrogen ground state to that of the proton, which 
after a small relativistic bound state correction yield 
accurate g,/g, values that can be combined with other 
experimental data for* u,,/uo to obtain the desired ratio 
s/o. However, a direct experimental determination of 
the free-electron spin g factor in terms of g, or gs(H) 
with an accuracy of 10~® or better would be highly 
desirable. Various experimental schemes’ have been 
proposed to accomplish this; however, no accuracies 
higher than 5 X 10~* appear to have been reported so far. 
The present experiment was carried out on thermal 
electrons and an accuracy of 3X10~-* was achieved in 
preliminary measurements which also indicated that an 
increase in accuracy by one or two orders of magnitude 
should be possible. 


* Supported by the U. S. Office of Ordnance Research. 

t Early results of this work were reported at the 123rd meeting 
of the American Association for the Advancement of Science, 
December 26, 1956. 
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PRINCIPLE OF EXPERIMENT AND APPARATUS 


The electrons were polarized by allowing them to 
undergo exchange collisions with oriented sodium atoms 
in which the total spin component with respect to the 
axis of orientation, a magnetic field Ho, is conserved 
and the orientation of the atoms is transferred to the 
initially unpolarized electrons by exchange of the spin 
directions. Electrons and atoms, the latter polarized by 
optical pumping, were allowed to diffuse in an inert 
buffer, argon or helium at pressures of a few centimeters 
Hg. Since the electron-sodium collisions tend to equalize 
the polarization ratios of sodium atoms and electrons, 
the mere presence of free electrons reduced the sodium 
equilibrium polarization because the disorienting relaxa- 
tion effects acting upon the electrons are passed on to 
the sodium atoms. In the same fashion, resonance 
disorientation of the electrons by a magnetic rf field 
of the proper frequency fulfilling the gyromagnetic 
resonance condition, 


«ae Sasol o/ ‘h, 


caused a further decrease in the sodium orientation. 
This orientation decrease was detected by an optical- 
absorption monitoring technique, thereby allowing a 
determination of the free-electron spin g factor g,. A 
typical experiment (see Fig. 1) employed a spherical 
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Fic. 1. Free-electron spin resonance apparatus. 
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200-cm' absorption bulb heated to around 140°C which 
contained 70 mm of 2.5X 10'* atoms per cm* argon and 
sodium vapor of a density of about 8X10° per cm’, 
corresponding roughly to a pressure of 10-7 mm. The 
sodium density V was estimated from the ratio of the 
transmitted to the indident light fluxes /,//9 with the 
help of the formula”* for “‘line absorption” 


1— (1/10) ~ 1.4 (9 In2)!rocNd/Ava, 


which holds for small absorption and the source width 
equal to the absorber width Av, ro being the classical 
electron radius and d the thickness of the absorbing 
layer. The value 310° sec! was taken for the pres- 
sure-broadened absorption line width Av,. For the 
purpose of ionization and generation of free elec- 
trons, the absorption bulb was placed between two 
capacitor plates (not shown in Fig. 1) to which 25- 
Mc/sec rf pulses of around 10~* sec duration at a 
repetition rate of about 10 per second were applied 
synchronously with the sweep of the oscilloscope used 
for the observation of the disorientation signals and the 
sawtooth modulating field Himog. Under these condi- 
tions, after each discharge pulse the electron tempera- 
ture drops within 50 microseconds to the gas tem- 
perature. The electron density,*:? m, decays due to 
volume recombination approximately according to 1/n 
= (1/n)+at, since wall diffusion of the electrons and 
ions can be neglected as long as the observation interval 
is short compared with the average ambipolar wall diffu- 
sion time T p= (1/D,)(R/ x)? which, with D, (argon) = 91 
cm?/sec at 1 mm pressure, is about 1 sec. Rough meas- 
urements of the rf conductivity o of the decaying 
plasma at 25 Mc/sec indicated a decay of n from 3.2 
X10 cm~* to 1.6X10* cm during the 0.1 sec long 
usable portion of the observation interval, the connec- 
tion’ between n and o being given by n= (m/e")w,0. 
The value 2X10*° sec! was assumed for the electron 
collision frequency w, in the argon buffer. 

The optical system" now functioned in the following 
way: Light from the sodium arc was made circular 
polarized by a commercial polarizing plate and served 
to orient the sodium atoms in the bulb by optical 
pumping.'? The transmitted light then was focussed 
upon a vacuum photocell connected to an oscilloscope 
through an amplifier. The amplified photocurrent was 
a measure of the sodium orientation P since the oriented 
atoms absorb less than unoriented ones. The axial 
magnetic field Ho ~ 21.4 gauss was provided by a Helm- 
holtz coil 30 inches in diameter. The modulation field 
was furnished by a separate ring coil. The rf loop was 


7@ A.C. G. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (Cambridge University Press, 1934), Chap. III. 
8M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 

® A. von Engel, Jonized Gases (Clarendon Press, Oxford, 1955). 


Cf. e.g., H. Belcher and T. M. Sugden, Proc. Roy. Soc. 
(London) A201, 480 (1950). 

1 Cf. H. G. Dehmelt, Phys. Rev. 105, 1487 (1957); 105, 1924 
(1957). 

2 Cf., e.g., A. Kastler, J. Opt. Soc. Am. 47, 460 (1957). 
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energized from a 62.08-Mc oscillator for the electron 
spin disorientation field and simultaneously from a 
second tunable oscillator in order to induce consecutively 
the four Amr=+1 transitions between the magnetic 
sublevels of the F=2 sodium hfs level at about 15.10, 
15.36, 15.63, and 15.92 Mc which served to calibrate 
the magnetic field Ho. 


INTERDEPENDENCE OF POLARIZATIONS 


We now consider the factors relating the electron and 
sodium polarizations p and P. Of the N atoms, dis- 
regarding their nuclear spins, and the m electrons con- 
tained in one cubic centimeter, V, and n, have their 
spins up, V_ and n_ have them down. We define 
P=(N,—N_)/N; p= (n,—n_)/n. The cross section for 
exchange of the spin direction when oppositely oriented 
electrons and atoms meet will be denoted by Q. For 
simplicity the atoms are considered at rest, while at 
absolute temperature /, the electrons are assumed to 
move with fixed speed v= (3k(,/m)!, their velocity 
distribution being neglected. Then the time variation of 
n, due to electron-sodium collisions alone is given by 
n,=v0[N,n_— N_n,] which leads to p=f(P—p) for 
the electron polarization and P= F(p—P) for the atom 
polarization. Here the frequency of collision of an 
electron with sodium atoms, f=vQ, and that for a 
sodium atom to be hit by electrons, F=vQn, have been 
introduced. On the other hand, the atoms are con- 
tinuously polarized by optical pumping and depolarized 
by relaxation effects of characteristic time 74. In the 
absence of free electrons the time variation of P due to 
these processes is described!! by 


P=cl,)(P—P)—(1/T,)P, 


which can be rewritten 


P=(1/r)(P1—P),  r=Ta/(cloT a +1), 


where P1=cloTP/(cloTa+1) is the equilibrium polar- 
ization corresponding to a finite light intensity J) and P 
is the saturation polarization obtainable with the 
optical pumping. The relaxation effects of characteristic 
time 7, acting on the electrons in the absence of sodium 
atoms would cause their polarization to decay according 
to p=—(1/T.)p. By combining all these contributions 
to P and p when the corresponding processes are simul- 
taneously present, we get 


p=f(P-p)- (1/T.)p, 
P=F(p—P)+(1/r)(Pr—P). 


By setting p and P equal to zero, we now obtain the 
equilibrium polarizations p and P, 


p= fT.(fT-+Fr+1)"P1, 
P= (fT7.+1) fT-+Fr+1) "Pr. 


The effect of resonance disorientation of the electrons 





SPIN RESONANCE 
by a magnetic rf field'* is equivalent to shortening the 
electron relaxation time. It can be described by sub- 
stituting for 1/7, the modified quantity 1/7.’= (1/T-) 
+(1/T,s), where 7;; is the rf disorientation time which 
we define for exact resonance and which is connected 
with the rf field amplitude H, and the characteristic 
time 7:* by w:?72*7 y= 1. Here w)= 1g,uoll1/h would be 
the precession circular frequency in the field H,/2. The 
time 7;*=1/Av is a measure of the total experimental 
electron line width Av and, assuming small atom polar- 
ization, is given by 


1/T.*= (1/T.)+f+(1/T?’ 


while 7,’ represents the contribution by the magnetic 
field inhomogeneity. As a consequence of the foregoing, 
the atom polarization is a function of the rf field H; 
acting upon the electrons, P= P(H,). For a given light 
intensity /) and therefore given 7, a measure of the op- 
tical signal resulting when the magnetic field Ho+Amoa 
is swept through the resonance value is provided by 


$(H,)=[P(0)— P(A) ]/ Pr, 
the maximum possible signal being 
0) = fT .Fr(Fr+1)3(fT.4+Frt+1)“'. 


Radio-frequency saturation will become appreciable for 
H,>H,*, the latter quantity being defined by S(H,*) 
=}5(«). For the corresponding critical disorientation 
time 7,;*, one obtains 


1/T*= f(Fr+1)“'+ (1/T.). 


In order to use the experimentally observed signal 
Sexp0.1 to put a lower limit on Q, we note that 


0.1= Sexp<S(%)<fT.Fr=nNT,7v°Q*. 


With the experimental values »=1.1X10" cm sec’, 
N=8X10 cm, »=1.6X10° cm, r=2X10-? sec, 
and 7,=6X10~* sec, we have 


Q>2.3X10- cm 


Here 7, was obtained from the experimental line width 
data by assuming 


Av(electron) —4Av(Na) ~1/rT,.~5.6X 10° sec}. 


EXCHANGE CROSS SECTION 


The large observed exchange cross section Q can be 
understood as follows: There is evidence that the 
3s 1489 state of the Na~ ion exists,'!® its binding 
energy W being close to zero. In this case the cross 
section for singlet s scattering, Q_ (only s-wave scatter- 
ing need be considered at the low energies of interest 


“Cf, e.g., Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 
(1948). 

‘4G. Glocker, Phys. Rev. 46, 111 (1934). 

15D). R. Hartree and W. Hartree, Proc. Cambridge Phil. Soc. 
34, 550 (1938). 
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here) can be expressed approximately for small energies 
E of the impinging electron by'*:!” 


Q_=44(h?/2m)(E+|W|)-1. 


This approaches the maximum possible cross section 
4rX? for |W|<E. The cross section for triplet scatter- 
ing, 0,, should be much smaller than Q_ since no bound 
triplet level exists and the above resonance effect does 
not occur. Therefore, as an approximation we neg- 
lect Q,. Under this assumption one finds for the 
exchange cross section, 0=}Q_. For thermal electrons 
(400°K) and |W|<E, the exchange cross sectionf then 
assumes nearly its upper limit Q, 


Q= (rh?/3mkt,) = 2.3X 10-™" cm?, 


which in accordance with the earlier simplifying assump- 
tion of a fixed electron velocity has not been averaged 
over the electron energy distribution. In order to see 
that the exchange cross section Q is one-fourth as large 
as the singlet scattering cross section Q_, we consider the 
asymptotic behavior of a mixed state Y which consists 
of equal parts of properly symmetrized singlet and 
triplet states, 


W=3[ f(1)g(2)+f(2)g(1) lr, (1) e_(2) — 2, (2)r_(1) ] 
+3(0f(1)g(2)— f(2)g(1) JLo, (1) 2_(2) +0, (2)o_(1) J. 


For the case of interest here, that the electron 1 in the 
free state f is initially at a large distance from the 
scattering atom in whose ground state g the electron 2 
moves, {(2)g(1) is nearly zero and can be neglected. 
The state then reduces to W= f(1)g(2) 0, (1)v_(2), which 
corresponds to a definite situation where the electron 1 
is free and has its spin up while the bound one 2 has 
its spin down; 2, and v_ denote the spin functions with 
m,=-+1 and m,= —1, respectively. If we now, as usual, 
represent f(1) as a plane wave, V will be associated 
with an electron stream of current density j of which 7/2 
will correspond to the singlet and j/2 to the triplet 
wave. Since only the singlet part is assumed to be 
scattered by the atom, the total scattered (singlet) 
current is given by i_=}7Q_. This current now consists 
of electrons 50% of which have exchanged their spins 
with the scattering atom. For the total current of spin- 
exchanged electrons, i=4i_, we obtain therefore 


Q=10-. 
ELECTRON SPIN RELAXATION 


i=7jQ_, or 


The main electron spin relaxation mechanism appears 
to be spin-orbit coupling during electron-argon colli- 
sions, which can be fairly accurately analyzed. First 


16 E. Wigner, Z. Physik 83, 253 (1933). 
17 N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 


(Clarendon Press, Oxford, 1947), ), Chap. 2. 

t For_the exchange cross section Q to approach its maximum 
value, @=7\*, It would be sufficient that a level of one multi- 
plicity, singlet or triplet, bound or virtual, lie much closer to zero 
than the free electron energy E, while the closest level of the other 
multiplicity is much further away than E£. 
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we try to find the angle a through which a spin 
precesses during such a collision. Noting that simul- 
taneously appreciable precession angles and scattering 
cross sections will occur only in p scattering and that 
the penetrating parts of the orbitals of a free, low-energy 
p electron around an argon atom and of a loosely 
bound # electron in a potassium atom should be very 
similar, we can calculate a from the doublet splitting 
dv [cm~'] and the classical period of revolution, 
T = h*(42°me*)“'n*, for potassium p orbitals of high 
principal quantum number n. We obtain 


a= 2nc sind Tév=2.8X 10 sind n'*ér, 


where # is the angle which the spin direction makes with 
the resultant of spin and orbital angular momentum. 
Numerically, with »*6v=10® cm—'! which for n>12 is 
practically constant, we find 


a=0.028 sind. 


The relaxation time 7, which is associated with the 
random walk steps a which the tip of the unit spin 
vector executes on the unit sphere and with the fre- 
quency of collisions with argon atoms, f,, is given by!”* 


1/T.= 3) (a) w= 0g pN a(a?)w. 


With (sin*9),~% and the experimental value 7.=6 
X10-* sec and taking N4=2.5X 10'* cm-, v= 1.1 107 
cm/sec, we find from this for g,, the partial cross 
section for p scattering, 


p= 2.5X 10-8 cm’. 


This value can be compared with a theoretical value 
extrapolated from Holtsmark’s calculations.'* Since in 
the limit of large de Broglie wavelength or small electron 
energy E£ the exact shape of the short-range scattering 
potential is immaterial, a square well may be substi- 
tured, for which it can be shown" that g,« E? for E-0. 
In this way one finds g,= 1.03 X 10~*4,? cm?, where ¢, is 
the absolute electron temperature. Again for simplicity 
we have not taken an average over the energy distribu- 
tion of the electrons, assuming instead a fixed energy 
E=$kt.. With t,=400°K we get numerically 


gp= 1.65 10- cm?, 


The strong temperature dependence of g, and there- 
fore T, is in agreement with the experimentally ob- 
served quenching of the electron signal by weak electric 
rf fields which heat up the electrons. It is likely that 
even the electric rf field associated with the H, field 
caused appreciable heating of the electrons since the 
electron signal got weaker and weaker with increasing 
frequency and at 120 Mc/sec no signal could be ob- 
served in the present apparatus. The assumption of 
some increase in ¢, by this H,; heating and proper 
averaging would make the theoretical and experimental 
gp Values more nearly equal also. 


178 DP. Pines and C. P. Slichter, Phys. Rev. 100, 1014 (1955). 
18 T. Holtsmark, Z. Physik 55, 437 (1929). 
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ELECTRON-SODIUM g-FACTOR RATIO 


As the chief goal of the present experiment a pre- 
liminary determination of the free electron spin g factor 
in terms of the g factor of the S; Na ground state was 
carried out by comparing the free-electron precession 
frequency vy, with the sum of the four Amr=+1 
transition frequencies associated with the F=2 hfs 
level of the sodium atoms in the same sample and the 
same magnetic field. The sodium transitions were 
observed also by the optical method discussed earlier. 
During a run the free electron resonance was con- 
tinuously displayed on the oscilloscope screen while the 
four Na resonances v; to vy were consecutively super- 
imposed on the free-electron resonance. Typical reso- 
nances are shown in Fig. 2. The sodium frequency sum 
has the value 

DLv= (gsuot2ur)Ho/h, 


where gy denotes the electronic g factor of the sodium 
ground state and yu; is the magnetic moment of the 
sodium nucleus. By using the field-independent ratio, 
(v,—>-v)/»,, we can now form with J=3 
£41/8e=1—3(gr/g)— (vs— Lv) / rs. 


Employing the atomic-beam value” g,/g;= — 2487.8, 
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Fic. 2. Oscilloscope traces of electron and sodium resonances. 
The blank trace B was obtained by operating the equipment with 
the frequencies of the rf fields for electron and sodium resonances 
adjusted to off-resonance values. This trace served only to estab- 
lish the dashed baselines which are shown in trace A, depicting 
the electron signal at about 62.1 Mc/sec and in trace C which 
displays one of the four sodium signals, namely that at about 15.9 
Mc/sec. The signal peak intensities have been adjusted to about 
the same value and one easily notices the larger width of the 
electron resonance on a magnetic field scale. On a frequency scale 
the electron and sodium signal line widths turn out to be about 
14.4 kc/sec and 2.2 kc/sec, respectively. The high light-intensity 
spikes at the beginning of the traces are the result of the ionizing 
discharge pulse at the beginning of each sweep cycle. The slow 
curvature of the remaining part of the baseline was either con- 
nected with afterglow efiects in the decaying plasma or imperfec- 
tions in the electronic equipment which were not further analyzed. 


19P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1948). 
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in place of g./gr, we finally have 
ga/ge=1+1.2059X 10-*— (»,— Dov) /r,. 
With our preliminary experimental value for 
(v.—Dv)/v.= (1183) X 10-5, 
we now obtain, 
£.1/g.= 1.000026+0,00003, 


showing no difference in our limit of accuracy between 
the g factors of the free electron and the sodium ground 
state. Further experiments with the aim of improving 
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the experimental accuracy and extending the method 
to much lower buffer gas pressures and eventually to 
near vacuum are in progress. 


ACKNOWLEDGMENTS 


The author wishes to express his appreciation for 
discussions with Dr. G. C. Wick of the Carnegie Insti- 
tue of Technology and with his colleagues, especially 
Dr. R. Geballe and Dr. E. M. Henley. J. Jonson built 
the various absorption bulbs while F. Thoene designed 
the Helmholz coils and N. Pakinas helped with the 
electronic equipment. 


NUMBER 2 JANUARY 


Charge Exchange Cross Sections for Helium Ions in Gases* 


C. F. BARNETT AND P. M. Strert 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received September 23, 1957) 


The charge exchange cross sections have been determined for a helium ion beam in several stopping gases. 
The cross sections for electron loss by a fast helium atom (o9:) and for electron capture by an ion (10) 
are reported for energies between 4 and 200 kev. The target gases studied were hydrogen, helium, nitrogen, 
oxygen, neon, and argon. oo; increases monotonically throughout the energy range for all gases studied, 
obtaining values of 10~* cm? at 200 kev. In all stopping gases except helium, o19 passes through a maximum 
of approximately 3X 10~'* cm? near 50 kev, whereas for helium this cross section decreases throughout the 
energy range as expected for the resonant exchange reaction. Evidence is presented that the metastable 
excited state of the helium atom is of importance in the charge exchange process. 


INTRODUCTION 


REVIOUS investigations of charge exchange col- 

lisions for fast particles in gases which have been 
reported by this laboratory include determinations of 
the equilibrium charge distribution of a particle beam 
after traversing a thick gas target! and measurements 
of the absolute cross sections for electron capture and 
loss by fast hydrogen atoms and ions.” The target gases 
were hydrogen, helium, nitrogen, oxygen, neon, and 
argon, and the energy range was from 4 to 200 kev. 
The present paper reports measurements of the electron 
loss cross sections for fast helium atoms passing through 
the above gases and in the same energy range. 

The literature of charge exchange, prior to 1952, has 
been summarized by Massey and Burhop* and was also 
reviewed by Allison and Warshaw‘ in 1953. As is 
evident from these reviews, large discrepancies fre- 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. ' 

BA sso at National Carbon Research Laboratories, Cleveland, 
Ohio. 

1 Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954); here- 
after referred to as I. 

2P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956) ; 
hereafter referred to as IT. 

3H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952). 

4S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 


quently exist between the results of the various in- 
vestigators. Since publication of these reviews, there 
have appeared several reports of measurements of the 
charge exchange cross sections for energetic helium 
atoms and ions. Stedeford and Hasted,° repeating the 
work of Keene,® obtained somewhat different results 
and emphasized the difficulty of this type of measure- 
ment. Working at the University of Chicago, Snitzer? 
has reported measurements of the ratio of the cross 
sections for electron capture and electron loss in gases 
and Krasner* determined the cross section for electron 
loss by fast helium atoms in the energy range from 100 
to 450 kev. More recently, Allison ef a/.° have reported 
measurements of 010, o12, ¢21, and o29 where the usual 
notation oi is used, with 7 denoting the initial charge 
state and f the final charge state. Fedorenko’’ has 
reported values for the cross sections oj2 in several 
gases for energies less than 40 kev. This energy region 
has also been investigated by de Heer" who studied 


5 J. B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (London) 
A227, 466 (1955). 

6 J. P. Keene, Phil. Mag. 40, 369 (1949). 

7E. Snitzer, Phys. Rev. 89, 1237 (1953). 

8S. Krasner, Phys. Rev. 99, 520 (1955). 

9 Allison, Cuevas, and Murphy, Phys. Rev. 102, 1041 (1956). 

1 N. V. Fedorenko, Zhur. Tekh. Fiz. 24, 769 (1954). 


1 F, J. de Heer, Ph.D. thesis, University of Leiden, Amsterdam, 
1956 (unpublished). 
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Fic. 1. Apparatus for electron loss cross-section 
measurements (20-250 kev). 


charge transfer cross sections for various heavy ions 
traversing gases. Dissainaike’ has measured the 
equilibrium charge distributions in a helium beam 
emerging from metal foils for the energy region 130 
kev through 1.1 Mev. Jackson," Schiff,“ and Moisei- 
witsch’® have treated theoretically the problem of 
electron capture by the helium ion in helium gas. 
The results of these calculations and the more recent 
experimental data will be included in the graphs which 
display the results of the measurements reported in 
this paper. 
METHOD 


In many respects, the equipment and techniques 
used in the present measurements are the same or 
equivalent to those previously described (I,II)' and 
only a brief description will be given here. The beam of 
positive ions was supplied by a Phillips ionization 
gauge type ion source and was accelerated to the 
desired energy by a conventional Cockcroft-Walton 
accelerator. After mass analysis, the beam of positive 
ions was partially converted to fast helium atoms by 
passage through a differentially pumped gas cell in 





2G. A. Dissainaike, Phil. Mag. 44, 1051 (1953). 

18 J. D. Jackson, Can. J. Phys. 32, 60 (1954). 

4H. Schiff, Can. J. Phys. 32, 393 (1954). 

18 B. L. Moiseiwitsch, Proc. Phys. Soc. (London) A69, 653 
(1956). See also U. H. Demkov, Uchenye Zap Iski Leningrad. 
Gosudarst. Univ. A. A. Zhdanova Ser. Fiz. Nauk, 74, 146 (1952) ; 
and O. B. Firsov, J. Exptl. Theoret. Phys. U.S.S.R. 21, 1001 
(1951). 
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which the target gas pressure was maintained at a few 
microns of mercury. Positive ions were removed from 
the emergent beam by passage through an electrostatic 
field such that only neutral particles were incident on 
a second gas cell. The electron loss cross sections were 
computed from the attentuation observed in the trans- 
mitted beam as a transverse electric field is applied 
within this second gas cell. It is apparent that, when 
ions are removed as formed by the electric field, the 
transmitted beam will decrease exponentially with the 
length of the electric field and with the density, i.e., 
the pressure of the target gas. 

A characteristic charge distribution is established in 
the particle beam after passage through a gas target 
which is sufficiently thick to insure equilibrium between 
competing electron capture and loss processes. The 
existence of equilibrium can be demonstrated by the 
independence of the transmitted beam on the initial 
charge state of the particle. If we neglect cross sections 
involving double electron transfer at equilibrium pres- 
sures we may write: 


b0=010021/Do,  di1=o01021/D0, b2=001012/Do, 


where @o, $1, and @» are the fraction of the beam in the 
charge state 0, 1, and 2, respectively, and 


Do= 001 (012+ 621) +010021. 
From this it is apparent that 
$0/ 9i1=910/ G01. 


In this manner, the cross section for electron capture 
710 may be computed from the experimentally measured 
quantities oo, do, and ¢). 


APPARATUS 


A schematic diagram of the equipment employed for 
the energy range 20 to 200 kev is shown in Fig. 1. For 
experimental reasons, a different but equivalent ap- 
paratus was used for the measurement at energies less 
than 20 kev. The ion beam from the accelerator was 
magnetically analyzed yielding a monoenergetic Het 
beam which was incident on the first gas cell designated 
as the neutralizer. The apertures were chosen to give 
a pressure differential of approximately 100:1. The 
first set of electrostatic deflection plates could remove 
all ions from the emergent beam such that only neutral 
particles would be incident upon the second gas cell 
in which the electron loss cross section was measured. 
Since ions must be deflected through a finite angle to 
be blocked by the boundaries of the exit aperture, the 
electric field in the second gas cell was segmented to 
allow an experimental verification of the computed 
length of the electric field effective in removing ions 
from the emergent beam. Effective field lengths deter- 
mined in this manner agreed well with calculated 
values and the cross sections have been computed 
using these effective lengths. The maximum difference 
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between the effective and geometric field lengths was 
approximately 5% at 200 kev. 

All pressures were measured with an accurately 
calibrated, liquid-nitrogen-trapped McLeod gauge. 
Several gauges were used during the course of this 
work and no systematic error due to gauge calibration 
could be detected. The target gases used in these 
experiments were passed over a liquid nitrogen cold 
trap to remove condensable impurities and were 
normally introduced into the target chamber through 
an appropriate purifier. Helium was passed through 
activated charcoal maintained at liquid nitrogen tem- 
perature, hydrogen was introduced through a palladium 
leak, and argon was purified by a bed of calcium and 
copper shavings maintained at 600°C. The cross sec- 
tions were not changed by use of these purifiers, 
indicating the relative purity of the gases, and the lack 
of sensitivity of the experiment to trace impurities. 

The detector used was similar to the differential 
thermocouple and secondary electron emission instru- 
ment described in (I). As previously described, the 
secondary electron emission for helium atoms is 3% 
greater than the emission from singly charged ions and 
the results given are corrected for this difference. 


TESTS FOR CONSISTENCY AND REPRODUCIBILITY 


In preliminary experiments, it was found that the 
cross section varied erratically and appeared to be a 
function of the length of the electrostatic field used in 
the determination. In order to eliminate possible effects 
of elastic scattering, the lower aperture of the cross- 
section chamber was replaced by a movable 0,005 inch 
slit. This slit was moved linearly across the beam and 
the emergent flux of particles was integrated. Cross 
sections determined in this manner were indistinguish- 
able from those obtained with the aperture, indicating 
that elastic scattering was not important in the measure- 
ments of the cross sections. The nonreproducibility of 
the cross sections was found to be caused by differences 
in the pressure established in the neutralizer. Fig. 2 
shows the dependence of the apparent cross sections 
on the neutralizer pressure for a He® beam in hydro- 
gen at 100 kev. Since only neutral helium atoms 
were incident on the charge exchange chamber, it must 
be concluded that the character of the neutral beam 
was dependent on the amount of the gas in the neu- 
tralizer. The observations indicated that an appreciable 
number of electron capture collisions in the neutralizer 
left the fast helium atoms in the metastable state, 
152s *So. For low neutralizer pressures, when the mean 
free path was comparable to the dimensions, there was 
a high probability of the fast helium atoms emerging 
in this metastable state. As the pressure was increased, 
the small-angle elastic scattering subsequent to the 
capture collision de-excited the helium atoms to the 
ground state, 1s?'So. This explanation is supported by 
the additional data displayed in Fig. 2 where the 
electron loss cross section for fast atoms of nitrogen, 


SECTIONS FOR He IONS 





a | 


4 
ae NITROGEN «x % 














(cm? x 40'7) FOR H°, He°, Ne? 


| 
| 
+ 


ELECTRON LOSS CROSS SECTION 
@,, ELECTRON LOSS CROSS SECTION 
(cm® x 10'7) FOR NO 


o> 


20 30 40 
NEUTRALIZER PRESSURE (, Hg) 


Fic. 2. The measured electron loss cross section as a function 
of the neutralizer pressure. H®, He®, Ne®, N® in nitrogen gas. 


hydrogen, and neon are plotted as a function of neu- 
tralizer pressure for a target gas of hydrogen. It is seen 
that the measured cross sections depend on the neu- 
tralizer pressure for Ne and He, but not for H and N. 
This corresponds to the existence of relatively strong 
metastable states for He and Ne atoms, but no highly 
populated metastable state in H and N atoms. At 
higher pressures, equilibrium must be established be- 
tween the flux of ions, atoms in the ground state, and 
atoms in the metastable state. The cross sections 
reported are for electron loss by this equilibrium dis- 
tribution of metastable state and ground state atoms. 

It is apparent, from Fig. 1, that the apparatus used 
for measurements of the charge exchange cross section 
may be used to determine the fraction of the helium 
beam which is neutral after passage through a thick gas 
target. Since charge equilibrium could be approached 
in the charge exchange chamber from an incident 
neutral beam or an incident ion beam, the existence of 
equilibrium was readily demonstrated. In this manner, 
¢@o was measured throughout the energy range from 4 
to 200 kev. 


ERRORS 


The absolute error of the reported cross section at 
the higher energies is believed to be less than 10%. 
This estimate represents the sum of the individual 
errors arising in the measurements of pressure, energy, 
path length, etc. At the lower energies (less than 10 kev), 
larger errors are introduced by the uncertainty in the 
energy of the ion beam from the accelerator due to the 
energy distribution of the ions from the source. At an 
energy of 4 kev the particle energy may be less than 
that recorded by 5%, and since the loss cross section 
is a steep function of the energy the error in the reported 
cross section may be somewhat larger than 10%. The 
relative accuracy and internal consistency of the data 
obtained in these experiments is best demonstrated by 
the small scatter of the individual determinations 
about the smooth curve and by the smooth joining 
of the results of the separate low- and high-energy 
experiments. 
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TABLE 1. Equilibrium fraction of a fast helium beam in the charge states 0, +1, and +2 passing through various gases. 











Energy Hydrogen Helium Nitrogen Oxygen Neon Argon 

kev go ¢1 og: oo $1 2 go 1 2 po 1 $2 po ¢1 3 oo ¢1 2 

a 0.980 0.020 

8 0.849 0.151 0.972 0.028 9.963 0.037 0.973 0.027 0.982 0.018 0.995 0.005 

12 0.839 0.161 0.955 0.045 0.946 0.054 0.946 0.054 0.970 0.030 0.984 0.016 

16 0.834 0.166 0.938 0.062 0.928 0.072 0.929 0.071 0.959 0.041 0.976 0.024 

20 0.840 0.166 0.925 0.075 0.906 0.094 0.903 0.097 0.940 0.060 0.972 0.028 

40 0.825 0.175 0.848 0.150 0.0023 0.810 0.190 0.780 0.220 0.835 0.164 0.0012 0.885 0.115 

60 0.805 0.195 0.792 0.204 0.0039 0.725 0.275 0.705 0.293 0.0021 0.745 0.251 0.,00f4 0.800 0.200 

80 0.760 0.240 0.747 0.248 0.0048 0.650 0.348 0.0023 0.640 0.356 0.0040 0.672 0.320 0.0078 0.720 0.279 0.0012 
100 0.710 0.289 0.0009 0.705 0.289 0.0059 0.590 0.406 0.0041 0.585 0.408 0.0069 ,0.609 0.379 0.012 0.652 0.345 0.0026 
120 0.652 0.346 0.0017 0.660 0.333 0.0074 0.530 0.463 0.0072 0.535 0.454 0.011 0.559 0.425 0.016 0.582 0,413 0.0045 
140 0.592 0.405 0.0032 0.623 0.368 0.0092 0.480 0.508 0.012 0.492 0.493 0.015 0.515 0.464 0.021 0.520 0.473 0.0073 
160 0.535 0.460 0.0053 0.580 0.408 0.012 0.430 0.552 0.018 0.450 0.529 0.021 0.475 0.500 0.025 0.462 0.527 0.011 
180 0.485 0.507 0.0081 0.540 0.445 0.015 0.385 0.589 0.026 0.412 0.565 0.032 0.441 0.529 0.030 0.412 0.571 0.017 
200 0.445 0.543 0.012 0.580 0.473 0.019 0.340 0.625 0.035 0.378 0.588 0.034 0.414 0.551 0.035 0.372 0.604 0,024 





RESULTS AND DISCUSSION 


The results of all measurements of the equilibrium 
faction of the helium beam in the 0, +1, and +2 charge 
states are presented in Table I. The present data for 
¢o are nearly indistinguishable from the earlier results 
[Fig. 8 of (I)], and therefore represent an improve- 
ment in precision and an extension to lower energies. 
It should be pointed out that the energy at which 
go1=¢10 has been redetermined and is the same as 
reported in (I) within experimental error. 

The values of the loss cross section oo, obtained in 
the present experiment are plotted in Figs. 3 through 8. 
In these figures, curves are shown of the calculated 








































































































hydrogen gas target are displayed. It is seen that the 
loss cross section increases monotonically throughout 
the energy range as is true for all the target gases 
studied. The results obtained by the group at the 
University of Chicago’ are included in this figure. 
The data of Allison e/ al.* for 1 are in relatively good 
agreement with the cross sections reported here al- 
though the data of Krasner*{ for oo; are approximately 
60% larger than the present results. Since the cross 
sections reported by Krasner could be obtained in this 
experiment by establishing a relatively low pressure 
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Fic. 3. The charge transfer cross section per atom of gas 
traversed as a function of particle velocity and energy. Helium 
atoms and ions in hydrogen gas. 


t Note added in proof.—Prof. S. K. Allison of the University 
of Chicago has recently repeated the measurements of Krasner. 
He informs us that his redetermination of the loss cross sections 
coincides with the measurements made at Oak Ridge National 
Laboratory. 
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in the neutralizer, it seems possible that the discrepancy 
arises from the metastable component of the neutral 
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beam. As mentioned previously, in lieu of being able 
to perform the experiment with completely de-excited 
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Fic. 8. The charge transfer cross section per atom of gas 
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fast helium atoms, it seemed most useful to use an 
incident beam in which equilibrium existed between 
the excited and ground state atoms. At the lower 
energies (10-20 kev) the values of oi obtained by 
de Heer" are seen to be in good agreement with the 
present results. 

In Fig. 4, the corresponding cross sections are plotted 
for a target gas of helium and again a comparison is 
made with values obtained by other experimenters. 
The values of oy are in substantial agreement at 
higher energies with those of Allison and at lower 
energy there is good agreement with the values obtained 
by Stedeford®; however, the discrepancy with Krasner’s 
results for ao; is also present for helium gas. The capture 
or charge exchange cross section o19 for helium ions in 
helium gas represents a resonant process in that the 
change in the total internal energy of the colliding 
particles during the collision is zero. From classical 
arguments, it is expected that the cross section will 
decrease as the relative velocity increases. From an 
inspection of the various oy0-velocity curves, it is 
noted that in gases other than helium the cross section 
passes through a maximum, whereas in helium it de- 
creases throughout the energy range from 4 to 200 kev. 
The theoretical results of Jackson.” Schiff, and 
Moiseiwitsch’® are shown as the Curves J, S, and M 
respectively. Using an impact-parameter method, 
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Jackson and Moiseiwitsch have calculated the cross 
sections for energy less than 100 kev. The primary 
difference in these calculations is the form of the Hes* 
wave function used. At higher energies, the impact 
method is not applicable and Schiff has used an ex- 
tension of the Born approximation. In the energy 
regions where these separate methods are appropriate, 
the agreements between the theoretical and experimen- 
tal results are satisfactory. 

The cross sections shown in Figs. 5 and 6 for the 
target gases nitrogen and oxygen are substantially 
equal except in the low-energy region where the slope 
of the oy curve for nitrogen is much greater than that 
for oxygen. These results are compared in Fig. 6 with 
those obtained by the Chicago group using air as the 
target gas. It is seen that reasonable agreement was 
obtained with Allison for oi0, but that the oo; curves 
differ by nearly a factor of two. For the gases neon and 
argon, the results are plotted in Figs. 7 and 8. No data 
are available for comparison at high energies, but the 
values obtained by Stedeford in the energy range 4 to 
30 kev are in good agreement with present values. 
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Hyperfine Structure Measurements on Plutonium-239* 


J. C. Hupss, R. Marrus, W. A. NIERENBERG, AND J. L. WORCESTER 
Radiation Laboratory and Department of Physics, University of California, Berkeley, California 
(Received September 20, 1957) 


The atomic hyperfine structure of plutonium-239 has been investigated by the atomic-beam magnetic 
resonance method. Research has centered about a relatively highly populated electronic energy level 
having unit angular momentum which is probably the first excited state of a ground-state 7F term arising 
from the configuration (5/)® (6d)° (7s)*. Atomic and hyperfine structure constants for this level are found 
to be J=}, J=1, gy=1.4975+0.0010, Av=7.683+-0.060 Mc/sec. 

From the measured hyperfine structure separation and 5f wave functions derived from a Hartree rela- 
tivistic calculation, the nuclear magnetic moment is inferred to be +0.02 nm under the assumption that 
the J=1 level under investigation arises from a pure 7F term belonging to the configuration (5/)®. 


INTRODUCTION 


HE heavy elements, those elements toward the 

end of the periodic table as it is now known, are 
particularly interesting as a class because of the 
characteristic nuclear properties exhibited in this region, 
because of the transition-type electronic systems found 
here, and because of the opportunities for a more 
sensitive test of the relativistic theory of the atomic 
system. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 


Plutonium has been investigated previously with 
respect to nuclear and atomic properties by the methods 
of optical spectroscopy and paramagnetic resonance. 
Van den Berg and Klinkenberg! first observed the 
optical spectrum and found the nuclear spin to be 3. 
Later Conway’ observed the furnace spectrum reporting 
on approximately 500 lines; as yet no term analysis 
has been made. McNally and Griffin’ have investigated 


1M. Van den Berg and P. F. A. Klinkenberg, Physica 20, 461 
(1954). 

2 J. G. Conway, J. Opt. Soc. Am. 44, 276 (1954). ae 

3J. A. McNally and P. M. Griffin in Stable Isotopes Division 
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the spectrum of Pu(m) and give a preliminary term 
analysis of the ion. Bleaney and co-workers‘ first 
observed the paramagnetic resonance spectrum of 
Pu in certain salts and verified Klinkenberg’s spin 
assignment. These data and information regarding the 
electronic structure of uranium®® indicate that the 
electronic configuration of Pu would be either (5/)* (6d)! 
or (5f)® (6d)°, with a preference for the latter.’ 

The primary objective of the research is to establish 
a basis for the understanding of electronic structure in 
the heavy-element group; this is a necessary precursor 
to any measurements of the more subtle nuclear 
properties, such as the dipole, quadrupole, and octupole 
moments, through atomic hyperfine structure. A 
secondary objective is a verification of the spin of Pu. 


PRODUCTION OF AN ATOMIC BEAM 


Simpson and co-workers* have investigated the vapor 
pressure of plutonium from 1100°C to 1500°C, using 
an effusion method and tantalum containers. Although 
no interaction between plutonium and tantalum was 
observed at these temperatures, it was found necessary 
to use nested sharp-edged containers to prevent liquid 
plutonium from creeping out the effusion orifice. 

Extrapolation of the vapor-pressure data indicated 
that the 0.1 mm Hg required for the resonance experi- 
ments would be reached at 1650°C. At this temperature, 
however, it is found that satisfactory beams are not 
obtained from tantalum containers. The apparent vapor 
pressure falls rapidly, and subsequent examination 
shows the formation of a hard crystalline substance 
which is apparently a product of interaction between 
plutonium and tantalum. Moreover, a sharp edge on 
the inner crucible fails to control creep completely. 

For this reason experiments were made on refractory 
Pu salts in the hope that one might be found that 
decomposes in the vapor phase at the appropriate 
effusion level. Compounds with carbon, silicon, and 
oxygen were tried without success. The results of 
Conway indicate substantial decomposition of the oxide 
at a temperature of 2500°C.2 A measurement of the 
effective vapor pressure of a sample, initially PuO2, up 
to a temperature of 2000°C failed to show signs of 
decomposition (Fig. 1). Further, the deflecting magnets 
proved incapable of deflecting any measurable fraction 
of the beam, thus establishing that decomposition does 
not occur at the temperature reached. A single trial 
with Pu metal in a carbon crucible indicated that the 


Semiannual Progress Report for Period Ending November 30, 
1956, Oak Ridge National Laboratory Report ORNL-2236, 
February, 1957 (unpublished). 

4 Bleaney, Llewellyn, Pryce, and Hall, Phil. Mag. 45, 773 (1954). 

5 Kiess, Humphrey, and Laun, in National Bureau of Standards 
Report, NBS-A 1747, 1944 (unpublished). 

6 P. Schurmans, Physica 11, 419 (1946). 

7E. K. Hyde and G. T. Seaborg, Handbuch der Physik, Vol. 
34 (to be published). 

8 Phipps, Sears, Seifert, and Simpson, in Proceedings of the 
International Conference on Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 7, p. 382. 
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Fic. 1. Vapor pressures of plutonium compounds. Curve 4. 
Vapor pressure of plutonium metal as measured by Simpson and 
co-workers.* Curve B. Vapor pressure of a sample initially PuSi, 
taken in a tantalum container. Curve C. Vapor pressure of a 
sample initially PuO, taken in a tantalum container. The absolute 
uncertainty in the data is a factor of about three. Relative values 
should be much better. 


vapor pressure of the carbide is too low to be useful, 
i.e., less than 10-? mm Hg at 2000°C. The silicide, 
formed by the interaction of metallic silicon and 
plutonium in tantalum containers, proved to be more 
tractable in the sense that a beam of atoms was formed, 
but the apparent vapor pressure (Fig. 1) indicates that 
decomposition probably occurs at the silicide-tantalum 
interface. This conclusion is supported by the obser- 
vation that the melt does attack the tantalum, although 
at a rate at least an order of magnitude slower than 
plutonium alone. Several runs made using this system 
showed that approximately § of an initial load of 20 
to 50 mg Pu could be effused before attack became so 
complete as to reduce the effective effusion rate to #5 
its initial value. Attempts to maintain a constant 
effusion rate by increasing the temperature invariably 
result in lower yield because of the extreme temperature 
dependence of the rate of interaction. 

At the same time as the above studies were being 
made, an investigation was made of refractory materials 
other than tantalum with a view toward the elimination 
or reduction of the creep and attack phenomena. The 
materials tried were tantalum, molybdenum, tungsten, 
thorium and cerium sulphides, and thorium oxide. 
Only tungsten was found to be acceptable in regard to 
the requirements of availability, freedom from inter- 
action, and nonporosity. Ultimately, a satisfactory 
beam was achieved with tungsten containers, as illus- 
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Fic. 2. Cutaway view of ovens used for the production of a 
plutonium beam. The body, cap, and inner crucible are machined 
from solid tungsten stock, and the slit jaws, of 3-mil tantalum 
foil, are spot-welded to the body. 


trated in Fig. 2. The liquid melt is contained in an 
inner cup with a sharp lip, the inner cup being isolated 
from the outer (which determines the beam geometry) 
by a barrier of cerium or thorium sulphide or of thorium 
oxide. The relatively small transfer rate via the vapor 
phase is handled by the application of a large tempera- 
ture gradient to the outer crucible. Since creep takes 
place selectively in the direction of the temperature 
gradient, and since the inner container is at an average 
temperature, back-evaporation keeps the melt in the 
inner crucible. It is also found that the sharp lip on the 
inner crucible is alone sufficient to prevent creep from 
the slit jaws. In this way beams of plutonium are 
produced for periods as long as 15 hours and at vapor 
pressure up to 0.5 mm Hg, the Knudsen limitation for 
the particular beam geometry. The effective effusion 
rate at constant temperature is characterized by a 
slow monotonic drop to approximately one-half the 
initial value and then a sharp decrease over a period of 
less than 2 minutes as the oven is finally exhausted. 
The empty crucible, when examined, shows no sign of 
attack, with the occasional exception of the slit jaws, 
which—because they must be spot-welded on—are thin 
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Fic. 3. Energy levels of the J=1 state of Pu in a magnetic 
field, hyperfine structure assumed to be positive. Since no meas- 
urement is made of the sign of the hyperfine structure the transi- 
tions referred to in the text are labeled under this assumption. 
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tantalum foil. The apparent vapor pressure during the 
initial stages of the beam is in good agreement with an 
extrapolation of the data of Simpson et al. 


ENERGY LEVELS IN A MAGNETIC FIELD 


The Hamiltonian describing an atom with angular 
momentum Jh, magnetic moment gyuoJ, and a nucleus 
with angular momentum Jh=3h, magnetic moment 
gmuol, in a magnetic field H is 


KH=AI-J—gypoJ-H—giol-H, (1) 


where A is the hyperfine-structure constant. This 
Hamiltonian is identical to that used in the derivation 
of the Breit-Rabi® formula, which applies to the case 
J=}, I=I. Therefore, by interchange of J and J, the 
energy levels of Pu in a magnetic field are given by 


W 
e, sa 


where x= (gy—gr)uoH/AW, AW=a(J+43), and gy <0 
for electrons. The energy levels are shown in Fig. 3. 


BEAM DETECTION 


Plutonium can be detected by the surface ionization 
method, by the detection of alpha and gamma particles 
emitted in natural decay, and by the detection of 
stimulated fission events in large neutron fluxes. 
Alpha-particle detection is used because of its relative 
simplicity and the availability of large quantities of 
plutonium. 

The thermal neutral plutonium beam is allowed to 
fall on a platinum foil, which is freshly flamed before 
being placed in the apparatus, and which is introduced 
to and removed from the apparatus via a vacuum lock. 
The collection efficiency of such surfaces for beams of 
Am, Pu, and U is at least 25%, probably unity, and 
highly reproducible. Foils so exposed to the beam are 
counted in 27 alpha counters with backgrounds between 
0.07 and 0.15 count per minute except for occasional 
bursts due to line noise. A typical resonance run is 
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Fic. 4. High-temperature electron-bombardment oven system. 
The oven (Fig. 2) is placed in the cup and the unit capped with 
a matching semicylinder which serves as a heat shield. The unit 
shown is only the head of a more elaborate oven loader which 
allows the oven to be put into the apparatus without disturbing 
the can vacuum. 


9 G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
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made over a period of 4 to 12 hours with an exposure 
taken every 5 minutes. The beam is run at such a level 
that resonance points yield a count rate of 1 to 2 
counts per minute. Preliminary count rates are ob- 
tained during the run, and the final data are obtained 
by repeated counting in a bank of three to six counters 
over a period of several days to a week. In all cases at 
least three long counts are made on each point to 
eliminate data taken during a temporary high-back- 
ground interval. The research reported here is based 
on more than 1000 exposures taken in this manner. 


APPARATUS AND PROCEDURE 


The atomic beam apparatus used in the investigation 
has been described elsewhere’; the only essential 
modification has been the incorporation into the buffer 
chamber of a movable potassium oven which serves as 
beam flag and field calibrator. Intercalibration of 
potassium from this source and cesium from a source 
at the plutonium oven position shows no significant 
position- or velocity-dependent resonance shift for C 
fields between 0 and 50 gauss. 

The observed potassium resonance is symmetric, 
with a half-width between 70 and 90 kc/sec. A mean 
measurability of the C field under operating conditions 
is about 5 milligauss and the mean change in C field 
over a 5-minute exposure is about 2 milligauss; these 
effects introduce a 15-kc/sec mean uncertainty in the 
position of the plutonium resonance; therefore plu- 
tonium resonances are taken with points separated by 
25 to 50 kc/sec. Field calibration is performed every 
15 to 20 minutes, and the mean field at any exposure 
period is determined by a straight-line extrapolation 
between nearest calibration pcints. 

The high-temperature electron-bombardment oven 
system, which has not been previously described, is 
detailed in Fig. 4. Heat transfer and freedom from 
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Fic. 5. Results of a very-low-field search to obtain information 
regarding the electronic ground state of plutonium. The resonance 
at 1.0 Mc/sec is ascribed to a J=1, F =} state for which gy=1.5, 
whereas the resonances at 1.2, 1.8, and 1.5 Mc/sec are ascribable 
to the F=3 and F =} states of J/=2 and to a contaminant with 
I =0, respectively, all states having gy about 1.5. The size of the 
1.5-Mc/sec resonance is compatible with the known level of Pu 
contamination, but no proof can be made on the basis of decay 
because of the similarity of the Pu and Pu*” alpha spectra. 


1 Brink, Hubbs, Nierenberg, and Worcester, Phys. Rev. 107, 
189 (1957). 
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Fic. 6. Assumed 7F level structure in Pu. The approximate 
fine-structure splitting constant is deduced from optical data in 
U(1), U(1), and Am(1m). The diagram is used for illustrative 
purposes only and no connection with the quantitative features 
of the actual situation is inferred. The relative population of each 
level per magnetic substate is calculated for 1685°C, at which 
temperature beams of plutonium are made. 


outgassing are excellent up to an oven temperature of 
2000°C which is reached, for the standard oven design, 
with an expenditure of about 200 watts. 


EXPERIMENTAL DATA 


An initial plutonium search taken with a C field 
below.1 gauss was made to obtain information regarding 
the electronic ground state of plutonium. Resonances 
are found at frequencies corresponding to g values of 
1.0, 1.2, 1.5, and 1.8 (Fig. 5); the electronic state is 
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Fic. 7. Plutonium resonance at about 1.4 gauss which, together 
with Fig. 5, indicates that the level under investigation has an 
extremely small hyperfine structure. In this, as in all following 
data presentation, the value of the magnetic field is quoted to one 
milligauss and the uncertainty in the field value is absorbed into 
the uncertainty in resonance frequency. 
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Fic. 8. Observations of the J=1, F=3, Mrp= 4<+M r= —} double-quantum transition (Fig. 3) through intermediate field 
and into the Paschen-Back region. The uncertainties in each case are assigned values based on C-field drift and on the data. 
Most of the time additional points were taken at either side of the resonance and in some instances the observations were repeated. 
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strongly intimated to be ’F, the only probable assign- 
ment for which we have gy=}$ for J=1 and 2, and 
the Hund’s rule ground-state term for one of the two 
preferred configurations,’ (5f)®. The fine-structure 
splitting constant for this term is known, from U(1), 
U(i), and Pu(i1) data, to be about 450 cm™, and the 
sample is known to contain 5% to 10% Pu by 
activity, giving the central resonance (1.5 Mc/sec). 
Concluding that no appreciable gains were to be made 
by improvements in the precision and reliability of 
this data, we concentrated immediately on the strongest 
observed transition, that one corresponding to gr=1 
and presumed to arise from the /=1 first excited state 
(Fig. 6), and the F=# level (J=}4). 

Further observation of the F=#% state at 1.4 gauss 
(Fig. 7) showed a large quadratic shift characteristic 
of an extremely small hyperfine-structure separation. 
Because it is expected that all levels of the 7F multiplet 
have comparable hyperfine structure separations, and 
since the J=2 and J=3 states are expected to be 
appreciably populated at beam temperatures, the 
complexity of intermediate-field line structure is con- 
siderable. Therefore, the /=1, f=} line was followed 
at small field increments through the intermediate field 
region to 5.6 gauss (Fig. 8) near the Paschen-Back 
region. The observed resonance intensity serves as a 
further aid to identification. 

These data were first fitted to the transition F=3, 
M p=—}->M r= —} (Fig. 3). This transition was used 
to fit the observations because the separation of the 
lines Mp=—}M p=—} and Mrp=}0M p=—} is, 
in this region, about 500 kc/sec, and because an off- 
center geometry was used which is designed to refocus 
this transition in first order. Subsequent finding of the 
transition F=3, Mp=}«>F =}, Mp=—+} (Fig. 9) near 
8 Mc/sec and further observations in the Paschen-Back 
region (Fig. 8) showed, however, that all observations 
have made on the double-quantum transition F=3, 
M p=30M r= —, which results in a change in sign of 
the effective magnetic moment in the deflecting fields. 
Since the resonances are customarily observed at rf 
amplitudes about six times “optimum,” the only 
unexpected result, on the basis of conventional double- 
quantum treatments, is that full flop is observed with 
a difference between single quantum frequencies of 
about ten times the natural line width. The line width 
observed is 40 to 60 kc/sec in comparison with the 60 
to 80 kc/sec predicted from K* transitions, in good 
agreement with the theory of the double-quantum 
process. The double-quantum assumption was verified 
by repetition of several of the intermediate field points 
with a standard flop-in beam geometry which discrimi- 
nates against the F=3, Mr= —}<>M r= —3 transition 
by at least one order of magnitude. In each case the 
transition intensity was found to be about the“average 
1.5%. 

All observations of the Mr=}<>M r= —3 transition 
are summarized by Fig. 10, which presents the difference 
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Fic. 9. (a) Data obtained during the search for AF=+1 
transitions at low field. The resonance near 8.5 Mc/sec is due to 
the transition F=}, Mp=}4-F=}4, Mrp=—} (Fig. 3); the 
effect around 7.7 Mc/sec is probably due to transitions normally 
forbidden by apparatus selection rules but allowed in first order 
by an off-center geometry used in this search. (b) Detail of the 
transition F=}3, Mp=}4+F =}, Mp=-—+} (Fig. 3) on which the 
hyperfine-structure assignment is based. 


between calculated and observed frequencies as a 
function of magnetic field. No corrections have been 
made in the calculation for the small third-order shift, 
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Fic. 10. Summary of al] resonance data on the F=$ double- 
quantum transition. The ordinate is the difference between 
calculated and observed resonance frequencies (in kc/sec), while 
the abscissa is proportional to H?, a convenient scale for the 
points taken. The dotted line shows the permissible range of 
observations for the given uncertainty in gy only. A discrepancy 
between the assumed and correct values of AW in excess of 60 
kc/sec would cause most of the resonance centers to fall above or 
below the horizontal axis. 
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since it should be completely masked by uncertainties 
in the observed line position. The uncertainties given 
for each measurement are determined by inspection of 
individual resonance curves, with a 15-kc/sec minimum 
uncertainty set by C-field variations and a maximum 
set by the appearance of the resonance itself, the object 
being to determine a mean uncertainty. It would appear 
that the stated values are rather more generous than 
would be the mean. The dotted curves show the 
allowable range of observations for the stated uncer- 
tainty in the value of gy. 


THEORY 
A. Electronic g Factor 


The Landé g factor for a pure nonrelativistic un- 
shielded "F term, including the anomalous magnetic 
moment of the electron," is 


gs= (grtgs)/2=1.50115. 


The first-order value must be corrected for the following 
effects: (a) the deviation of the term from the Russell- 
Saunders limit, arising from fine structure; (b) con- 
figuration mixing; (c) higher-order relativistic effects, 
including the bound-state and radiative terms”; (d) an 
effect that may be interpreted as a diamagnetic shield- 
ing" of the valence electrons and is generally included 
in (c), but is here considered separately. Effect (d) is 
estimated to be comparable to the observed effect and 
to be much larger than (c); accordingly a calculation 
of the shielding effect is planned. For the present one 
can say only that the combined effects of (a) and (b) 
on the g factor is less than 1%. 


B. Hyperfine-Structure Separation 


The hyperfine-structure constant A, defined by Eq. 
(1), is essentially the product of the nuclear magnetic 
moment and a magnetic field at the nucleus arising 
from the electronic system. That is, since we define 
K=AI-J, and because for the first-order magnetic 
dipole interaction we have =—gyuoH-I, we obtain 
A=-—grmoH/J. This magnetic field is susceptible to 
calculation but is, in general, complicated by the fact 
that the valence electrons may not be describable by 
functions of a single configuration. The observed gy 
value suggests, however, that the assumption of 
Russell-Saunders coupling arising from a single con- 
figuration may be valid for the case under investigation. 
A calculation of the hyperfine-structure constant has 
therefore been made under these assumptions, and 


1 P. Kusch and H. M. Foley, Phys. Rev. 74, 250 (1948). 

2G. Breit, Nature 122, 649 (1928) ; Phys. Rev. 34, 553 (1929); 
39, 616 (1932). 

13 W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941). 
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neglects the breakdown of strict L—S coupling for 
relativistic wave functions. With these assumptions 
we require, for appropriately symmetrized wave func- 
tions corresponding to the configuration (5f)® and the 
term 7F, matrix elements of the z component of mag- 
netic field at the nucleus which are diagonal in the total 
angular momentum, J. The magnetic field operator in 
symmetrized form is 





H=-> BeE( 
i r® F 


=L{al+d[s(P)—31(0-s)+(1-s)I}}i. (2) 


The matrix elements of this field can be calculated by 
straightforward application of this operator to the 
appropriately symmetrized wave functions of the elec- 
tronic system. This procedure is very tedious, however, 
and offers little insight into the physical situation. 
Another method is the calculation by general arguments 
of the matrix elements, which are diagonal in J and My, 
of the magnetic field for an arbitrary electronic state in 
Russell-Saunders coupling. The appropriate constants 
of the general form for the Hund’s rule ground-state 
term of equivalent electrons can be expressed in closed 
form. The necessary numerical applications are made 
to the state (5f)* ’F, for plutonium. 

The total orbital and spin angular momenta, LZ and 
S respectively, are assumed to be good quantum 
numbers. Therefore the matrix elements of the indi- 
vidual momenta diagonal in LZ and S are 


(LM 1|1;|LM1')=CXLM_|L|LM 1’), 


3 
(SM s|S;|SMs')=Cs(SM 5|8|SM 5’), ( 


where, by equivalence of the electrons, there is no i 
dependence of the C’s. By the usual vector coupling 
rules, the appropriate matrix elements of the magnetic 
field reduce to 
(JMLS|H|JMLS) 

L-J (L-J)(L-S) L*(S-J) 

-|4——+2]3 . 
F F 





|}cap. (4) 


The J, My dependencies of the matrix elements of 
the magnetic field have now been removed. There 
remains only the evaluation of the coefficients A, B 
for an arbitrary number of equivalent electrons coupling 
to the Hund’s rule ground-state term. To accomplish 
this we return to the individual electron form, Eq. (2), 
which is applied to the state J=Mys=L+S. 

The matrix elements of the z component of the 
magnetic field at the nucleus which are diagonal in the 
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individual electron coordinates /;, s;, mi;, and m,; are 


(lsmym,| Hz|lsmum,) 


=— dud! 


+(sm,|8.|sm,)(lm;| 1—3 cos?6,| lm} ; 


|i) [mt eee 


x come—11+) | (5) 
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“125m etm 
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—e dud I 


The wave function for the state /=M,=L+5S is, 
for a shell that is less than half filled, 


1 
py 4 =—— © (—1) [1 (m,=1, m,=}) 
(n!)) P 
X u2(m,=l—1, m,=})-°- 
Xup(m,=l—n+1, m,=})], (6) 


where the 4 u’s are wave functions for the individual 





S(S+1) 





J(J+1)+L(L£+1)- 
A(J)=+2gim0 {Ah ee 


2) (J+1) 
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electrons in the states 1, m;, s=}, m,, and the permu- 
tations P may be taken over electrons or states. 

Application of Eqs. (5) and (4) to the wave function 
(6) gives 


(L+S, L+S|Hz|L+S, L+S) 
1 
———[—nl 


1 
= — dusk 1 — I) | + L+ 
r (21—1) (21+-3) 


+3P+43(I—1)?+-- +3(—n41)4]| 


1| L(2L—n’) 
" — ud! =\1)| u+ 
r| 


n(21—1)(21+3) 
=AL+B[LS(2L—1)]. (7b) 


Equation (7b) results from Eq. (4) evaluated for the 
state J=L+S, My=L+S. 

The treatment is extended to shells which are more 
than half filled by identification of the wave function 
(6) as a wave function for m missing electrons. It is thus 
found that for m equivalent electrons (or m missing elec- 
trons) coupling to the Hund’s rule ground-state term 
S= jn, L=}n(2l/—n+1) in Russell-Saunders coupling, 
the hyperfine-structure constants are given by 


(1+1) 





(7a) 





LL+N [I J+1)+5(S+1)-L(L+1)] 





n?(2L—1)| Be 
[y(J+1)— 


2I(J+1) 





The number of electrons, or of missing electrons, n, 
is of course less than or equal to 2/+1. 
For the 7Fy level of (5f)*, Eq. (8) gives 


{J | 
A(J) = 2TMo re ) | ———— 
sy 


- 
1 
A (F:)=gmtxi{—) . 
r 5f 


The value of (1/r*) appropriate to 5f electrons is 
estimated from Dirac wave functions calculated for 
uranium by a Hartree procedure. Values of /[(F? 
+G*)/F dr and {[FG/r |dr are determined by nu- 
merical integration of the wave functions on the 
IBM 650. The results are 


ID A 
So aa 


4S. «S. Cohen (private communication). 
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a= 89ay-3 9 


3: 99a. 


a ne (2) 


J(J+1) 


The ratio , of these two is the relativistic correction 
factor. It is thus evident that for 5/ electrons relativistic 
contributions to the hyperfine-structure constant are 
not important in the Hartree approximation. 

The hyperfine-structure constant is therefore, under 
the foregoing assumptions, 


3.89 
A = gud X§X—= 124g; Mc/sec. 
ag 


The observed hyperfine-structure constant is 


A=2AW/3=+5.14 Mc/sec. 


Therefore, the magnetic moment of Pu” is inferred 
to be 


w=g=+2.1X107 nm. 


The inferred magnetic moment is so different from 
that estimated by Bleaney‘ and co-workers that it is 
well worth while to consider other possible sources of 
information. In regard to (1/r*), an estimate may be 
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made from fine structure through'® 


e sidV 
Ats= ( ). 5C=A;,L-S. 
2m?c 


-_— (10) 
r dr 
Assuming the potential to be essentially Zere?/r in 
regions of greatest contribution to the average, we 
obtain 


1 ao 3 
An=2Zami{—)=5.84Z.14—) cm}, (11) 
r r 


Conway"* has observed a fine-structure splitting con- 
stant for Am*** in LaCl; in the 7F term of 450 cm™, 
and we estimate 760 cm" for the fine-structure splitting 
constant of the ‘J term in U(1) and U(1). These values 
predict a fine-structure splitting constant for 5/ elec- 
trons of 2700 cm™ and 2280 cm™ for Am and U 
respectively, so that from Eq. (11) we predict 


(1/r?)\~(4.5/a¢*) x (Zett/Z), 


in good agreement with our derived value of 1/r’ and 
reasonable values of Z.¢;/Z for 5f electrons. 

We also may crudely estimate the nuclear magnetic 
moment of Pu from the work of Klinkenberg,! who 
finds hyperfine-structure separations in the spectra of 
plutonium averaging about 50 cm™, and the work of 
Fred and Tompkins” on Am*! and Am*™*; they find 
total hyperfine structures for configurations containing 
S electrons averaging about 1500 cm~. Since the total 
hfs widths are directly proportional to the magnetic 
moment, for magnetic dipole interactions, and since 
Fred estimates reliably that wamn=1.4, Klinkenberg’s 
work intimates a magnetic moment on the order of 
0.05 nm. 


FURTHER OBSERVATIONS INDIRECTLY CON- 
CERNING THE ELECTRONIC STRUCTURE 
OF PLUTONIUM 


Data having a direct and unambiguous connection 
with the electronic structure of plutonium have been 


presented. Other observations have, however, been: 


made that have indirect bearing on the subject: 


18 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Structure (Cambridge University Press, Cambridge, 1935), p. 120. 

16 J. G. Conway (private communication). 

17M. Fred and F. S. Tompkins, J. Opt. Soc. Am. (to be pub- 
lished). 
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1. The mean fraction of the beam involved in the 
J=1 resonance is 1.5%. Empirically determined reso- 
nance factors predict a J=1 state population of 6% 
+3% per magnetic substate. The assumption of a 7F 
term obeying the interval rule and with a fine-structure 
splitting constant of 450 cm™ would give 5.6% (Fig. 5). 

2. The mean fraction of the beam involved in a 
Majorana transition at zero C field is about 3%. The 
prediction of the assumptions of Fig. 5 is 2.6%. 

3. The fraction of the beam that is not thrown out 
by the A and B fields is 62+5%. This consists of fast 
atoms, atoms in the state M;=0, and most of any 
molecules in the beam. Using for the first term an 
empirical value of 5% of atoms not in the state M,;=0 
and assuming the absence of molecules, we estimate 
that 60% of the beam is in the M,;=0 state. The 
prediction according to the above assumptions is 40%. 


SUMMARY 


The nuclear spin of Pu** is observed to be 3, and a 
low-lying electronic state is observed to have unit 
angular momentum with g value 1.4975+0.0010. This 
g factor and observed beam intensities are clearly 
consistent with the assumption that the J=1 level is 
the first excited state of the ground-state term ‘F. 
This term is, in turn, the Hund’s rule ground state for 
the configuration (5/)*, the preferred configuration for 
plutonium from optical spectroscopic investigations of 
U(a), U(m), and Pu(m). 

The magnitude of the g factor implies that the /=1 
level is very close to the L—S coupling limit. This 
result would be predicted from the fact that the first 
excited term in samarium, the rare earth analogous to 
Pu, lies 14000 cm™ above the ground state,!* and that 
a ‘F fine-structure constant of 450 cm™ is predicted 
for plutonium. 
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Attempt to Detect the Lyman a Line of the Positronium Atomic Spectrum* 


R. L. Brockft Anp J. F. Strerp 
Department of Physics, University of Washington, Seattle, Washington 
(Received May 27, 1957) 


An unsuccessful attempt to observe the 2430-A Lyman a line of the positronium atom is described. The 
construction of the source was based on the assumption that occasionally a slow positron at the surface of a 
metal will capture an electron to form an excited positronium atom which will emerge and radiate. 


EREIN is reported an unsuccessful attempt to 
observe the Lyman a line of the positronium 
atomic spectrum (2430 A, calculated). The experiment 
is related to recent research concerned with the behavior 
of positrons in solids. 

We assumed that when positrons, passing through a 
solid, have their energies reduced to ~5 ev near the 
surface, an appreciable fraction will capture negatrons 
to form positronium atoms, some in excited states, and, 
passing through the surface, provide immediately out- 
side a source of atomic positronium radiation. The 
results of Madansky and Rasetti! and the discussion of 
Garwin? lend support to this suggestion. The following 
arguments were also proposed: Once formed, the posi- 
tronium atom in the solid should be rather stable against 
ionization even if (as in excited states) its binding 
energy is small, for the ionization process will be 
impeded by the lack of empty states available for the 
negatron; the process requires enough energy to raise 
the negatron essentially to the top level of the Fermi 
sea. The positronium atom has the property (unique 
among atoms) of zero charge density (apart from 
perturbation) ; this will result in a small collision cross 
section, and hence a large mean-free-path, a low rate 
of energy loss (the initial energy is expected to be 
~5 ev), and a small surface barrier. The measurements 
of Hall* and the calculations of Jackson and Schiff‘ on 
the behavior of protons of comparable velocities at a 
metallic surface give some support to the proposal. 
With no detailed analysis, a mean diffusion length for 
positronium atoms in gold of 4X 10~* cm was assumed ; 
this is ten times the mean diffusion length for positrons 
estimated by Madansky and Rasetti.! It was assumed 
that, of the atoms escaping through the surface, 10% 
would be in excited states leading to the Lyman a line. 
Applied to the experimental setup, these assumptions 
led to an expected intensity 60 times as great as the 
minimum detectable signal. 

The spectrometer included two aluminized parabo- 
loidal mirrors and a 3X4 inch 60° NaCl prism. The 
detector was a 1P28 photomultiplier, cooled by liquid 

*R. L. Brock, Ph.D. thesis, University of Washington, 1955 
(unpublished). 

¢ Present address: Hughes Aircraft Company, Culver City, 
California. 

1L. Madansky and F. Rasetti, Phys. Rev. 79, 397 (1950). 

2R. L. Garwin, Phys. Rev. 91, 1571 (1953). 


3 T. Hall, Phys. Rev. 79, 504 (1950). 
4 J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 


nitrogen. The, source, spectrometer components and 
detector were enclosed in a single vacuum chamber. 
For the typical geometry (entrance slit 0.011? inch, 
detector slit 0.033X§ inch), the transmission (at . 
2430 A) was 0.1% and the resolving power (A/5A) was 
110. The detector was operated to count individual 
photoelectrons. In view of the background with source 
removed, the minimum detectable signal for a 10- 
minute run was computed to be 1.7 counts/min. Estima- 
tions of the characteristics of the detector indicated that 
this counting rate would correspond to 0.6 photon/sec 
(at 2430 A) incident on the detector slit. The opera- 
tion of the photomultiplier will be described elsewhere. 

One type of source was formed of gold foil 0.0015 inch 
thick bent into a hemicylinder of radius 0.02 inch and 
length 0.375 inch. Cu®!, produced by the University of 
Washington cyclotron, was electroplated (carrier-free) 
on the convex side; positron activities of 90 mC 
(measured with a scintillation spectrometer telescope) 
were used. The atomic radiation was expected to 
emanate from the space between the concave surface 
of the source and the spectrometer slit a short distance 
ahead of it. A magnetic field of 8000 gauss increased the 
yield of the source by returning many slow positrons to 
the foil. Radiation from the source produced a counting 
rate of 50 counts/min above the background, but with 
a roughly uniform spectral distribution, in the region 
2350-2650 A. There was no apparent indication that 
this radiation was associated with the formation of 
positronium. It was demonstrated that these counts 
were not the response of gamma or x radiation trans- 
mitted from the source to the detector directly. 

The experiment was repeated with a source modified 
by the addition of a coating of polystyrene ~0.001 inch 
thick deposited on the concave surface, and again with 
a source modified by the insertion of a fused quartz rod 
inside the hemicylinder. In these instances intense 
fluorescence of the transparent materials prohibited the 
search for the positronium line. Very similar spectra 
were obtained when such sources were excited by 
negatrons from Au'® produced by neutron irradiation 
of the gold foil.* 

The definitely negative result with the simple gold 
foil source indicated some error in our conception of the 
phenomena involved. 


5 Pile irradiation performed by the Oak Ridge National Labora- 
tory, Oak Ridge, Tennessee. 
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Isotopic Mass Ratios, Magnetic Moments and the Sign of the Electric 
Dipole Moment in Carbon Monoxide* 


B. RosenBiLum,t A. H. NETHERCOT, JR.,f AND C. H. Townes 
Columbia University, New York, New York 
(Received June 21, 1957) 


Precision measurements of the J = 10 rotational frequencies 
and the molecular magnetic moments for various isotopic species 
of carbon monoxide have been made in order to determine isotopic 
mass ratios. A correction amounting to several hundred micromass 
units and evaluated from the magnetic moment has been applied 
for the fact that the electrons are not spherically distributed about 
their respective nuclei. It is also shown that the rapidly precessing 
electronic angular momentum causes a “wobbling” motion of the 
nuclei which in turn produces a stretching of the molecule (‘‘wobble 
stretching”) inversely proportional to the reduced mass of the 
molecule, but independent of J. This stretching cannot be 


INTRODUCTION 


EASUREMENTS of the rotational frequencies of 
molecules can be made with very high accuracy 
in the microwave region. Since the rotational frequency 
of a diatomic molecule is approximately inversely pro- 
portional to the reduced mass of the molecule, the 
measurement of the rotational frequencies of two iso- 
topic species of a molecule could determine the ratio of 
the masses of the two isotopes involved with high 
accuracy if the precise dependence of the rotational 
frequency of a molecule on the atomic mass were known. 
From these mass ratios, mass differences could readily 
be computed. In this work the J/=1<0 rotational fre- 
quencies of a number of isotopic species of carbon 
monoxide have been measured, and the dependence of 
these frequencies on isotopic mass is analyzed in order 
to determine isotopic mass ratios for the carbon and 
oxygen isotopes. 
The rotational energy of a diatomic molecule is 
usually written (see for example, Townes and Schawlow') 


W(0,J) 
=B,J(J+1)—a.-(0+3)J(J+1) 


+ye(v+3)I(J+)—-DIP(I+1), (1) 


where » and J are, respectively, the vibrational and 
rotational quantum numbers, / is Planck’s constant, 
and B,=h/(8x°ur2). Here uw is the reduced mass of the 
molecule and r, the equilibrium internuclear distance, 
i.e., the internuclear distance in the absence of vibration 
or centrifugal distortion.” The terms in a, and 7. correct 
for the change in internuclear distance due to vibration 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Force Office of Scientific Research. 

+ Now at the Department of Physics, University of California, 
Berkeley, California. 

t Now at the IBM. Watson Scientific Laboratory at Columbia 
University, New York, New York. 

1C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 11. 

2 The definition of r, will be considered in greater detail later. 


accurately evaluated from theory and therefore appears to be the 
ultimate limitation on microwave determinations of mass ratios. 
This correction amounts to about 20 micro-mass units and is 
evaluated by the use of the nuclear reaction value for the C4#—C” 
mass ratio. The final mass ratios agree very closely with the nuclear 
reaction values. 

The sign of the electric dipole moment was determined from 
the relative magnetic moments of the several isotopic species and 
corresponds to the charge distribution, C-O*. This appears to be 
the first measurement of the sign of the electric dipole moment in 
any molecule. 


and that in D, corrects for centrifugal distortion. Coef- 
ficients of higher powers of » and J are negligibly small 
in most cases (including the present one). 

A more refined method of calculating the energy 
levels of a rotating vibrator was given by Dunham, 
who assumed a fixed electronic potential for the mole- 
cule which could be expanded in a power series in 
(r—r,.)/r, in the neighborhood of the potential minimum. 
Application of a WKB approximation then gives for 
the rotational energy the expression 


W (0, J) 
———= 2 Va n(ot+$)"J*(J+1)". (2) 
h nx0 
The Vm» are given in terms of the coefficients in the 
expansion of the molecular potential, the rotational 
constant (B,), and the vibrational frequency of the 
molecule (w,). The dependence of the Vmn on the 
reduced mass of the molecule is thereby determined. It 
is found that Vo, the coefficient of J(J+1), is not 
exactly proportional to (1/u), as is B,. However, since 
the difference between B, and Yo is quite small and 
since B, is a far more common notation, reference will 
be made throughout this paper to B, and the small 
correction given by Dunham will later be applied for 
the fact that it is Yo, which is actually determined 
experimentally. Since a,, y-, and D, are small compared 
to B,, the differences between these constants and 
their corresponding Ym» are too small to be significant. 
They can be measured for a single isotopic species and 
computed for the other species by the usual relation- 
ships‘ 
ae x (1/u)!, Ye (1/n)?, and D.« (1/n)’, (3) 
where approximate values of the reduced mass may be 
used. The B, of the various isotopic species can then be 
calculated from the rotational frequencies and used to 
determine the ratios of the reduced masses. 


’ J. L. Dunham, Phys. Rev. 41, 721 (1932). 
‘ The limits of the validity of Eqs. (3) will be discussed later. 


400 





ISOTOPIC MASS RATIOS 


For a diatomic molecule, u is approximately given by 
w=MsMp/(Mit+Msz), (4) 


where M, and Mz, are the atomic masses of the two 


atoms in the molecule. This approximation corresponds ~ 


to the assumption that the mass of each electron is 
effectively concentrated at its respective nucleus. This 
is a better approximation than might appear at first 
since the electrons are primarily in spherical shells 
about their respective nuclei and spherical shells can 
be shown to “slip,” i.e., the motion of such shells is 
similar to that of the chairs on a Ferris wheel. In this 
paper a distribution in which the electrons are all in 
spherical shells about their respective nuclei will be 
referred to as a “spherical distribution of electrons.” In 
this approximation, if M, and M, are the masses of two 
isotopes of one of the atoms in the molecule, then 


M, (M/M2)(u1/u2) (5) 
soeptie re) 
Mz 1~—w1/u2+M/M2 


where M is the mass of the other atom in the molecule 
and yu and ye are, respectively, the reduced mass of the 
molecule containing M,; or M2. The ratio M/M:2 
generally does not have to be known with great pre- 
cision to determine a precise value of M,/Mz since it 
appears in the numerator and the denominator with 
the same sign. 

For ' molecules it has been shown®-* that the error 
introduced by the assumption of a spherical distribution 
of electrons can largely be corrected for if the rotational 
magnetic moment of the molecule is known. This cor- 
rection will be discussed in detail in a later section of 
this paper. The essential result, however, can be seen 
in a simple, classical manner, essentially by Larmor’s 
theorem and the constant charge-to-mass ratio of elec- 
trons. The magnetic moment caused by rotation is pro- 
portional to the product of the deviation of the moment 
of inertia of the molecule from that of the idealized 
molecule composed of spherically distributed electrons 
(AJ) and the speed of rotation of the molecule (w). 
Hence it can easily be shown that 


AB/B=—us/poJ, (6) 


where uy is the rotational magnetic moment, yo the 
Bohr magneton, and J the rotational quantum number. 
AB is just the difference between the actual B value and 
the B value of an idealized molecule in which Eq. (5) 
for the mass ratio of two isotopes would hold exactly. 
Thus, a measurement of uy allows a correction for the 
moment of inertia of the electrons to be made. 

An additional correction, apparently untreated pre- 
viously, is also found to be required. The rapidly 
precessing electronic angular momentum in a molecule 
causes the nuclei to ‘“‘wobble.” This motion of the nuclei, 
which is dependent on the reduced mass, stretches the 





5M. W. P. Strandberg, Microwave Spectroscopy (Methuen and 
Company, Ltd., London, 1954), p. 62. 
6 C, H. Townes and A. L. Schawlow, reference 1, p. 207. 
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molecule, thus changing its moment of inertia. The cor- 
rection for this stretching cannot be evaluated accu- 
rately without prior knowledge of an isotopic mass 
ratio. In this work it is evaluated with the C4—C” 
mass ratio as determined from nuclear reaction data. 
This effect will be discussed in detail in the perturbation 
treatment of a nonrigid rotor below. 

There are thus three corrections which must be 
applied to the B,’s before their ratios are equal to the 
ratios of the reduced masses. These reduced mass ratios 
are then substituted in Eq. (5). In the order of their 
size, the corrections are: the correction for the non- 
spherical distribution of electrons; the correction for 
“wobble stretching,” which is almost an order of mag- 
nitude smaller; and the Dunham correction, which is 
still another order of magnitude smaller. Since they 
are all small compared to B,, they can be applied suc- 
cessively and independently. However, since the 
Dunham correction has the same dependence on the 
reduced mass as has the wobble stretching, it is not 
necessary to make this correction explicitly. 

The measured frequencies of the J = 10 transitions 
for CO'* and C¥O!* to be described below are in 
agreement with a previous measurement,’ but are 
about fifty times more accurate. The C!O!* frequency 
is also in agreement with a very recent measurement® 
and is three times as accurate. The magnetic moment 
for C'*O"* is in agreement with values previously re- 
ported,’ but is also more accurate. The measurements 
have also been extended to CO!8, C017, C#O!®, and 
C80O}8, 

From the magnetic measurements made on the 
various isotopic species of carbon monoxide, it was also 
possible to determine the sign of the electric dipole 
moment of carbon monoxide. This is, apparently, the 
first time the sign of the electric dipole moment of any 
molecule has been experimentally determined. 


EXPERIMENTAL PROCEDURE 


The rotational constant of each isotopic species of 
carbon monoxide was determined by the measurement 
of the frequency of the J/= 10 rotational transition. 
These transitions occur in the region of 110 000 Mc/sec. 
Power at these frequencies was produced by harmonic 
generator crystals driven by the Raytheon klystrons 
QK463 or 2K33, which operate near 25 000 Mc/sec. 
Techniques for the production and detection of high- 
frequency power have been previously described.U-“ 


7 Gilliam, Johnson, and Gordy, Phys. Rev. 78, 140 (1950). 
(sa Gordy and M. Cowan, Bull. Am. Phys. Soc. Ser. IT, 2, 212 

*B. Rosenblum and A. H. Nethercot, Bull. Am. Phys. Soc. 
Ser. II, 1, 13 (1956). ‘ 

10 J. T. Cox and W. Gordy, Phys. Rev. 101, 1298 (1956) 

1 Klein, Loubser, Nethercot, and Townes, Rev. Sci. Instr. 23, 
78 (1952). 

2 Gordy, Smith, and Trambarulo, Microwave Spectroscopy (John 
Wiley and Sons, Inc., New York, 1953). 

13 C. H. Townes and A. L. Schawlow, reference 1, Chap. 16. 
(1984) H. Nethercot, Jr., Trans. Inst. Radio Engrs. MTT, 2, 17 
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The first measurements® were made with a 1% con- 
centration of C and O'* and with an absorption cell 
consisting of a thirty-two foot length of RG53/U 
wave guide. This wave guide was coiled into a double 
helix and immersed in liquid nitrogen. The later meas- 
urements were made with more highly enriched isotopic 
samples and the absorption cell could then be reduced 
to a six foot length of RG98/U wave guide. 

The absorption lines were observed on a cathode-ray 
oscilloscope with the klystron swept in frequency. A 
frequency-marker pip was superimposed on the center 
of the absorption line. The sweep repetition rate was 
about one cycle per second and the final band width of 
the phase-sensitive detector was kept relatively large 
(about 100 cycles per second) to reduce phase shift. To 
eliminate the effect of the residual phase shift, the 
frequency of the klystron was swept in both directions 
and the two frequencies thus measured were averaged. 

It was found to be quite difficult to achieve a fre- 
quency sweep which was sufficiently linear in time by 
electrical modulation of the klystron. This was par- 
ticularly true at slow sweep rates and is probably caused 
by thermal effects in the klystron. The klystron was, 
therefore, mechanically swept in frequency by distorting 
the klystron cavity with a rubber band driven by a 
small variable-speed motor. The same motor also drove 
a potentiometer which controlled the x axis of the oscil- 
loscope which displayed the absorption line. The system 
gave a sweep of excellent linearity. 

The sensitivity of millimeter-wave spectrometers is 
usually limited by the small amount of microwave 
power available at such high frequencies rather than 
by reflections. Therefore, there is little advantage in 
using Stark modulation. Also, Stark-modulation systems 
are quite lossy at these frequencies. 

If absorptions are weak and reflections annoying, a 
square-wave frequency modulation of the klystron 
somewhat greater in amplitude than the width of the 
absorption line is advantageous. This reduces the part 
of the low-frequency noise which is dependent on the 
power level (and probably originates in the harmonic 
generator crystal), as well as the low-frequency ampli- 
fier noise. It also eliminates the major errors in frequency 
measurements caused by the absorption line appearing 
on a sioping base line due to reflections. In this work a 
four-kilocycle modulation frequency was employed. 
The four-kilocycle signal from the crystal detector was 
amplified in a tuned receiver and fed to a phase-sensitive 
detector which received its phase reference signal from 
the klystron modulator. 

The half-width at half maximum of the absorption 
lines observed was about 100 kc/sec at a frequency of 
110 000 Mc/sec. The major sources of this width were 
Doppler broadening and wall-collision broadening. 
Pressure broadening was made small by reducing the 
pressure in the absorption cell. It may be noted that 
the ratio of line width to frequency is 1/10°. The 
reasons for this small width are the absence of Stark 
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broadening, the fairly low-modulation frequency, and 
the reduction of wall collisions and Doppler broadening 
at liquid nitrogen temperatures. In order to sweep the 
_klystron over the absorption line is approximately one- 
half second without appreciable drift or frequency 
noise, several precautions had to be taken. However, 
electronic frequency stabilization was not necessary. A 
carefully selected klystron was shock-mounted in an 
oil bath, powered by a well-regulated supply, and 
protected from drafts. 

The signal-to-noise ratio on all lines except for C%O"8 
and CO!" was greater than 40. The signal-to-noise 
ratio on C#O!8 was about 10. In the case of C!2O!’, the 
low concentration of this isotopic form (1%) and the 
hyperfine splitting into three partially resolved com- 
ponents due to the O" nuclear quadrupole moment!® 
reduced the signal-to-noise ratio to about unity. This 
low signal-to-noise ratio accounts for the large error 
assigned to the measurements on this molecule. 

The isotopic enrichment and chemical preparation of 
the various samples of carbon monoxide was as follows: 

C¥O!* —A 15% C™ sample of barium carbonate (one 
millicurie) was obtained from the Oak Ridge National 
Laboratory. The barium carbonate was thoroughly 
mixed with approximately six times stoichiometric 
proportions of lead chloride. This mixture was then 
heated at 500°C in a furnace for three hours. Carbon 
dioxide was evolved in the reaction’®: 


BaCO;+ PbCl: > BaCl.+ PbO+ CO2. 


The carbon dioxide was then transferred to a tube con- 
taining acid-washed asbestos fibers impregnated with 
a fairly large amount of powdered zinc.!’ This mixture 
was heated for three hours at about 420°C. The carbon 
dioxide was thereby reduced to carbon monoxide in 


the reaction: 
Zn+CO,— Zn0+ CO. 


C#0'".—A sample of carbon monoxide containing 
about 66% CO!* was supplied by Dr. T. F. Johns of 
the Atomic Energy Research Establishment, Harwell, 
England. 

C0!8, C!2O!7.—A sample of oxygen enriched to 10% 
O'* and 1% O" by thermal diffusion by Professor A. O. 
Nier was available. This oxygen was heated for about 
three hours at 520°C in the presence of an excess of 
powdered carbon which was obtained by crushing spec- 
trometer electrodes. At 520°C the equilibrium constant 
is such that almost all the oxygen is converted to 
carbon dioxide. This was then reduced to carbon 
monoxide as described above for C“O"*. 

C“O'8.—The sample of carbon monoxide obtained 
from Harwell was actually enriched in all the stable 
heavy isotopes of carbon and oxygen. This sample 

aa Rosenblum and A. H. Nethercot, J. Chem. Phys. 27, 828 
neil Turkevich, and Miller, J. Am. Chem. Soc. 71, 376 


9). 
17R. B. Bernstein and T. I. Taylor, Science 106, 498 (1947). 











contained about 66% CO", 4.6% C08, but only 
0.4% CO"8. As suggested by Dr. Johns, this sample 
was placed in contact with a hot tungsten filament for 
a few hours to equilibrate the isotopic distribution. 
This resulted in about a 3% concentration of C¥%0"*, 

The frequency standard used in these measurements 
was a stable, crystal-controlled oscillator whose output 
was multiplied to a frequency close to that of the 
klystron. This standard was periodically compared with 
the 5-Mc signal transmitted by the National Bureau of 
Standards station WWV and was also intercompared 
with two other stable local standards. Care was taken 
to ensure that errors caused by the diurnal shifts of the 
ionosphere were averaged out. 

The actual frequency-measurement technique used 
in this experiment has been described in detail else- 
where.!® Briefly, a frequency-marker pip is formed 
whenever the klystron frequency, /;, is swept past the 
point fi= feta free, Where feta is an appropriate mul- 
tiple of the standard frequency and fre is the frequency 
to which a receiver is tuned. The receiver is tuned until 
the pip is coincident with the maximum of the absorp- 
tion line. The frequency of the receiver is then measured. 
Care was taken to ensure that the intermediate fre- 
quency stage of the receiver did not distort the fre- 
quency-marker pip; also, a ferrite isolator assured the 
noninteraction of the frequency standard with the 
klystron. Two different electronic systems were used 
at various times to multiply the standard frequency. 

In Fig. 1, the frequencies measured in each “run” 
are plotted as differences from the weighted average 
of all the runs. The errors shown for each run are the 
probable errors of the run calculated from the devia- 
tions of the individual measurements in the run. The 
error shown by the bold line is the assigned error in the 
final averaged frequency. The difference between suc- 
cessive runs on the same isotopic species is seen to be 
somewhat larger than might be expected from the 
stated probable error of the run. This is most likely 
caused by the average WWV frequency not yielding 
the true absolute frequency. This error should, however, 
be quite random since any unidirectional Doppler shift 
over a week or more is not reasonable. The psycho- 
logical factor in deciding on the coincidence of the 
marker pip and the absorption line under different 
conditions and at different times may also play a role. 
The assigned final errors are believed to allow for these 
effects. In the case of C"O'* only one run was made. 
The standard deviation of the individual measurements 
was 0.4 kc/sec and the assigned error +8 kc/sec. 

For the measurements of the magnetic moments of 
the various isotopic species, the absorption cell was a 
six-foot length of RG98/U wave guide. Four turns of 
this guide, bent in the E plane, were wound on a diam- 
eter of 5.5 inches in two layers. A small bag made of 
Koroseal plastic sheet and Scotch electrical tape was 





18 C, H. Townes and A. L. Schawlow, reference 1, Chap. 17. 
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Fic. 1. Reproducibility and errors of the frequency measure- 
ments. The final assigned error is shown by the heavy line. The 
deviations and probable errors of the individual runs are also 
shown for the various days on which measurements were made. 


placed around the guide and used as a container for 
the liquid nitrogen. The rf power transmission was 
approximately 25%. The wave guide and _liquid- 
nitrogen container were placed in the 0.8-inch gap 
between the eight inch diameter pole faces of a magnet, 
the faces being thermally insulated from the liquid 
nitrogen with asbestos. The effect of any possible para- 
magnetic liquid oxygen on the magnetic field was 
considered and found to be negligible. The magnet 
provided a field of about 8000 gauss. The magnet current 
(11 amperes) was supplied by six naval submarine cells 
and was therefore quite stable. The magnetic field was 
monitored with two rotating flip coils driven by a 
single synchronous motor, one of which was rotated in 
the experimental field and the other in a shielded 
reference magnet. The voltages they produced were 
compared in a bridge. With this system, the field could 
be monitored for relative changes to a few parts in 
10 000. 

The orientation of the dc magnetic and rf electric 
fields was such that only the A*”=+1 transitions were 
induced, where M is the ma_ etic quantum number. 
For the /=1<0 transition, the absorption line was 
split by about 3 Mc/sec into two components, sym- 
metric about the unsplit line. 

In none of the isotopic species for which the Zeeman 
effect was observed was there a nucleus with a quad- 
rupole moment. In only one case was there a nucleus 
with a magnetic moment (C"’). Here the 8000-gauss 
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TABLE I. The magnetic moment of C#O"* in the J = 1 rotational 
state as measured at four different times and in different magnetic 
fields. 





Magnetic moment 


Field (gauss) (nuclear magnetons) 





7071+15 0.2690 
7355415 0.2689 
7171415 0.2692 
3805+10 0.2691 
Final value 0.2691+0.0005 








field corresponds to an extreme strong-field case and 
therefore the nuclear spin is essentially uncoupled and 
does not take part in the molecular transition (i.e., 
AM ,=0)."° The Zeeman splitting is therefore unaffected 
except for a slight broadening of the Zeeman com- 
ponents. 

The magnet was allowed to come to equilibrium and 
then a number of measurements of the Zeeman splitting 
were made. The frequencies of the two Zeeman com- 
ponents were measured as described above for the 
unsplit lines. The absorption cell was then removed 
from the magnet gap without turning off the field. The 
region of the field previously occupied by the absorption 
cell was plotted with a Numar proton-resonance probe 
and averaged. The maximum variation in the magnetic 
field over the region of the absorption cell was +0.2% 
During the measurements, changes in the field, as 
monitored by the rotating coils, were of the order of 
+0.1%. Actually, a direct measurement of the magnetic 
moment against the proton resonance was only made 
for C!O"*, for which the data of four individual runs 
and the final value are shown in Table I. The magnetic 
moments of the other isotopic species were measured 
relative to that of CO"*. 


RESULTS 


The measured values of the frequencies and the 
assigned errors for the J=1<0 rotational transitions 
in the ground vibrational state of the six isotopic species 
of carbon monoxide are given in Column II of Table II. 
From these measurements of the rotational frequencies, 
the equilibrium rotational constants, B,, can be calcu- 
lated from Eq. (1) if a, y., and D, are known. The coef- 
ficients of powers of (v+ 3) and J(J+1) higher than 
those written in Eq. (1) can be shown to be too small 
to be significant. 

The small amount of microwave power available at 
these frequencies precludes the microwave measurement 
of a, and y,. However, very accurate infrared measure- 
ments have been made on the C!*O"* molecule,”-*? and 

19H. E. White, Introduction to Atomic — (McGraw-Hill 
Book Company, Inc., New York, 1934), p 

*” Plyler, Blaine, and Tidwell, j. ms Natl Bur. Standards 
55, 183 (1955). 

21. Goldberg and E. A. Miiller, Astrophys. J. 118, 397 (1953). 

2 Rank, Guenther, Saksena, Shearer, and Wiggins, J. Opt. Soc. 
Am. 47, 686 (1957). This new value of a (525.70 Mc/sec) is 
within the adopted error and was received too late to be included 
in the calculations. 
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Qe, Ye, and D, are known with sufficient accuracy for 
our purposes. Microwave measurements™-* of the 
J=2—1 and J=3+-2 rotational transitions in C!20"* 
have also been made which give even more accurate 
values for D, and which are in essential agreement with 
the infrared measurements. The standard deviation of 
the measurement by Plyler et al. of Bo—B,&2a, as 
computed on the SEAC,”* is 0.16 Mc/sec. The value of 
ae Of 525.24 Mc/sec measured by Plyler et al. is in 
perfect agreement with the value measured by Goldberg 
and Miiller. Professor Goldberg has kindly estimated 
that the possible systematic error in his measurements 
might be about one part in one thousand, or about six 
times the standard deviation quoted by Plyler. Con- 
sidering the perfect agreement between the two meas- 
urements, the value a=525.24+0.5 Mc/sec was 
adopted. The adopted values of y.= 0.0887 Mc/sec and 
D,.=0.1853 Mc/sec are small and their errors are not of 
significance. The a, y., and D, for other isotopic species 
were computed from those of C!*O!* from Eqs. (3). The 
error in a, results in an error of about 0.25 Mc/sec in 
the B, given in Column III of Table II. These errors 
are, of course, not independent, and they largely cancel 
out when ratios of the B,’s are taken for the deter- 
mination of isotopic mass ratios. Furthermore, in the 
empirical correction made for wobble stretching, a cor- 
rection for the error in a is automatically included. 
Since a, does not have quite the same dependence on 
reduced mass as does wobble stretching, the correction 
is not complete, but it does insure that the error in a, 
is not significant in the final mass-ratio determination. 
The same situation exists for any error introduced by 
the use of Eqs. (3) for the determination of a,, y., and 
D. for isotopic species other than C!20"*, 

The final value of the magnetic moment of C!*O!* is 
—0.2691+0.0005 nm, where ‘‘nm” is the nuclear mag- 
neton. The sign of the magnetic moment was not di- 
rectly measured in the present work. However, a 
negative sign is expected for almost all molecules other 


TABLE IT. Rotational frequencies, rotational constants, and mag- 
netic moments of carbon monoxide. 














J =1—0, »=0 

Isotopic Rotational frequencies ws (nuclear 
species (Mc/sec) Be. (Mc/sec) magnetons)® 
C®O'% = - 115 271.204+.0 005 57 898.568 —0.26910+0.0005 
C#O! ~—-110 201.370+0.008 55 346.447. —0.25704+0.0005 
CXO'8 ~—-109 782.182+0.008 55 135.449 —0.25622+0.0005 
CH¥O! 105 871.1104-0.004 53 166.936 —0.24664+0.0005 
C8O'8 ~=—- 104. 711.416+0.008 52 583.288 —0.24418+0.0005> 
C®O' 112 359.2764.0.060  56432.675 —0.26227+0.0005> 








* The errors given are absolute errors; the relative errors are about three 
times smaller. 
» Calculated. 





* Bedard, Gallagher, and Johnson, Phys. Rev. 92, 1440 (1953). 

4M. J. Cowan and W. Gordy, Phys. Rev. 104, 551 (1956). 

25 W. Gordy and M. J. Cowan, Bull. Am. Phys. Soc. Ser. ITI, 2, 
212 (1957). Received too late to be included, but would produce 
no significant change in calculated results. 

26 E. K. Plyler (private communication). 
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than hydrides, and in this case a positive magnetic 
moment would lead to completely unreasonable mass 
ratios. The magnetic moment was measured both at 
about 4000 gauss and at about 7000 gauss. Thus it was 
verified that the Zeeman splitting is linear in magnetic 
field to the above accuracy. The magnetic moments of 
the three other isotopic species (C“O*, C¥O!*, C208) , 
which were measured relative to C!*O!*, as well as the 
magnetic moments calculated for CO" and C¥O!8 
are given in Column IV of Table II. 

To a good approximation it would be expected that 
the magnetic moments of the various isotopic species 
of a molecule would be proportional to their speed of 
rotation. Vibrational effects and higher orders in the 
perturbation theory would be expected to be small and 
to be functions only of the speed of rotation. However, 
if the molecule has an electric dipole moment, the mag- 
netic moment is not only dependent on the speed of 
rotation, but also on the position of the center of 
gravity of the molecule. It has been shown?’:** that 
since this dependence is linear in the dipole moment, it 
can be used to determine the sign of the electric dipole 
moment of a molecule. The equation obtained for the 
change in the magnetic moment due to the change in 
center of gravity when the mass of one of the nuclei in 
a diatomic molecule is changed is*’ 


Au= 2] MAM,(nm)d/(M,+M2)M pero, (7) 


where M, and M: are the masses of the two atoms in the 
molecule, AM; is the change in the mass of M,, ro is the 
internuclear distance, d the dipole moment, e the elec- 
tronic charge, (nm) the nuclear magneton, and M the 
proton mass.” Equation (7) should give the only sig- 
nificant variation of magnetic moment which is not a 
monotonic function of the rotational frequency. 

In Fig. 2(a) a plot of the ratio of magnetic moment 
to rotational frequency, vo, versus rotational frequency 
for the four measured isotopic species is given. The 
probable error is indicated by the arrows. This error is 
the relative error of the magnetic moments. The ab- 
solute error is about three times larger. Figure 2(b) 
and Fig. 2(c) show the same data as does Fig. 2(a), but 

TABLE III. Rotational constants corrected, respectively, for 
higher excited states and also for wobble stretching. B,* is the 
value of the rotational constant B, after correction (by adding 
AB) for higher excited states. B,’ is the value after further cor- 
rections for wobble stretching. 











Isotopic 

species AB (Mc/sec) Be (Mc/sec) Be (Mc/sec) 
Cx0'* 8.4828 57 907.0508 57 907.9692 
CO} 7.7457 55 354.1927 55 355.0322 
Cus 7.6913 55 143.1401 55 143.9731 
Cxols 7.1393 53 174.0751 53 174.8497 
CBO} 6.9904 52 590.2779 52 591.0355 
CxO" 8.0581 56 440.7331 56 441.6055 








27 Townes, Dousmanis, White, and Schwartz, Discussions 
Faraday Soc. 19, 62 (1955). 

28 C, H. Townes and A. L. Schawlow, reference 1, p. 296. 

2% The same equation can be derived classically starting from 


Eq. (6). 
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Fic. 2. The ratio of magnetic moment to rotational frequency 
vs rotational frequency. After the proper correction for electric 
dipole moment, the points should lie on a straight line. 


with the effect of the change in the center of gravity 
removed by the application of Eq. (7) with d equal to 
0.1 debye. In Fig. 2(b) it has been assumed that the 
carbon atom carries the excess negative charge and the 
oxygen atom the excess positive charge, while in Fig. 
2(c) the dipole moment has been assumed to be in the 
other direction. Since, except for the variation given in 
Eq. (7), the variation of us/vo with frequency would be 
expected to be slow and monotonic, the choice of sign 
made in Fig. 2(b) (C~O*) appears to be correct. This 
is opposite to the sign which might be predicted for the 
dipole moment on the basis of electronegativity dif- 
ferences, but since the dipole moment is so small, there 
is no strong reason for believing that other molecular 
factors should not determine its direction. Most experi- 
mentally measurable effects of molecular dipoles depend 
on the square of this moment or on its absolute value. 
Hence magnitudes of many dipole moments have been 
measured, but it appears that there has been no 
previous experimental determination of the sign of a 
molecular dipole moment. 

The magnetic moment for each isotope can now be 
substituted into Eq. (6) [or Eq. (20) ] and AB deter- 
mined. AB is added to the equilibrium B value, B,, to 
give the equilibrium B value, B,*, for the idealized 
molecule consisting of atoms with a spherical distribu- 
tion of electrons. AB and B,* are listed in Columns II 
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TABLE IV. Mass ratios of the carbon and oxygen isotopes. The exact agreement of the microwave and nuclear reaction values for the 
C4—C¥ ratio is forced by the evaluation of the wobble stretching as explained in the text. 











Mass spectroscopic 
mass ratio® 


Isotopic species 
Isotopes use 


Microwave mass 


Nuclear reaction 
ratio*® i 


mass ratio» 





1.166 937 434-23 
(1.166 937 55423) 


1.083 613 08+ 20 
(1.083 612 78+20) 


1.166 937 43423 


1.083 612 83227 
1.083 612 90+28 
1.083 612 86425 
1.125 304 71435 
1.125 304 71+38 
1.125 304 71+28 


Cv cr 
CB cr 


CHois, Crore 


COI Crois 
CuQ18° CRO! 
Average 
C2O}8 CRO} 
C8018 CBO!6 
Average 


1.083 613 09+-03 


o's —o'eé 


1.125 304 19+-70 1.125 305 27+05 


Ol -—ole C2017, C2Xo!16 


1.062 784 724-105 


1.062 783 38+30 
(1.062 783 254-25) 


1.062 783 52+11 








* Calculated by Eq. (5). 
> See reference 30. 
© See Scolman et al., reference 30. 





and III of Table III for each isotopic species. It is noted 
that the magnetic moment was measured with suf- 
ficient accuracy to make the error in AB negligible 
compared to the error in the frequency measurements. 

The correction to B, for wobble stretching is almost 
an order of magnitude smaller than the correction for 
nonspherically distributed electrons, but it is still large 
enough to be significant in this experiment. However, 
its evaluation requires information from other measure- 
ments of nuclear masses. The nature of the effect is 
considered in detail in the following section of this 
paper. It is shown there that the contribution of this 
effect to the rotational energy is proportional to (1/u). 
In order to evaluate this wobble-stretching correction, 
the B,* values for CO" and C“O"* are properly adjusted 
to give the accepted nuclear reaction value for the 
C4—C! mass ratio. The correction thus evaluated can 
then be applied to the B, values for the remaining 
isotopic species. The B,* values corrected for wobble 
stretching, B,°, are given in Column IV of Table III. 
Dunham’s correction and a correction for any error in 
a, are automatically taken into account in evaluating 
B,° as has been explained above. 

The isotopic mass ratios are computed with the B,° 
(which are proportional to the reduced mass) from Eq. 
(5). They are listed in Column III of Table IV. The 
errors listed include both the errors in the nuclear reac- 
tion and the microwave determination of the C4—C” 
mass ratio. In Column IV of Table IV are listed the 
nuclear reaction values for the mass ratios.*® The exact 
correspondence of the microwave and nuclear reaction 
values for the C'— C" ratio is, of course, forced by the 
choice of the value for the wobble stretching. The very 
good agreement in the other cases serves as an excellent 


% The nuclear reaction values for the C8—C”®, C4—C®, and 
O!7—O!* mass ratios are from the work of A. H. Wapstra [Physica 
21, 367 (1955) ]. The O'8—O"* ratio is the one computed by 
Scolman, Quisenberry, and Nier [Phys. Rev. 102, 1076 (1956) ] 
and is based on new and more accurate nuclear reaction data. 
Also, the values computed by Mattauch, Waldmann, Bieri, and 
Everling [Annual Review of Nuclear Science (Annual Review, Inc., 
Stanford, 1956), Vol. 6, p. 179] are included in parentheses for 
ready comparison. 


check on the consistency of the nuclear reaction values 
with each other. The two sets of nuclear reaction values” 
(computed from essentially the same data) agree very 
well with each other and with the microwave results 
except for C¥—C', where the microwave value lies 
between the two nuclear reaction results. The agree- 
ment of the microwave values with the mass spectro- 
scopic results* is fairly good. The disagreement for 
O'8—O!* may perhaps not be significant. The close 
agreement of the two microwave determinations of the 
C¥—C and O''—O!® mass ratios serves as a check of 
the microwave-frequency measurements and demon- 
strates that there are no effects of significant magnitude 
which vary rapidly with reduced mass. No such effects 
are expected theoretically. 


PERTURBATION TREATMENT OF A 
NONRIGID ROTOR 


This treatment is an extension of one given by Townes 
and Schawlow*® for rigid rotors. The dependence of the 
rotational energy on the masses of the nuclei will be 
considered for nonrigid '2 diatomic molecules. 

The Hamiltonian for the m electrons in a molecule 
with fixed (or infinitely heavy) nuclei may be written: 


j 1 
H.=—> » # Put V+X, (8) 
2m n a 


where m is the electron mass, png is the gth component 
of the momentum of the mth electron in Cartesian coor- 
dinates, and V+X is the potential energy_of the elec- 
trons. Here, 


X=Dan Le GngSnglngy 


where Sng and /,, are, respectively, the gth Cartesian 
component of the spin and orbital angular momentum 
of the mth electron, and a,, is a constant. V is the 


remainder of the potential energy. This separation’ is 


4! Scolman, Quisenberry, and Nier, reference 30. 
*® C. H. Townes and A. L. Schawlow, reference 1, p. 207. 
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made so that X may be treated as part of the per- 
turbation, and the unperturbed system may be con- 
sidered as having pure Russell-Saunders coupling. If the 
molecule rotates, the Hamiltonian for the electrons is 
of the same form as above, but p,, then refers to the 
generalized momentum referred to a set of axes fixed 
in the molecule. The eigenvalues of this operator are 
therefore the same for the rotating and the nonrotating 
molecule. The Hamiltonian of the nuclei in a diatomic 
molecule may be written 


= (0°/2A)+G, (9) 


where O is the angular momentum of the nuclei about 
an axis perpendicular to the internuclear axis and A is 
the moment of inertia of the nuclei about the same 
axis. G is the vibrational energy of the nuclei. The total 
Hamiltonian for the molecule is then 


H=H,+4H,. 


When the molecule rotates, the angular momentum 
of the electrons cannot be strictly zero since the elec- 
trons at least partially rotate with the molecule. The 
total angular momentum, #/, is equal to the sum of the 
nuclear angular momentum, QO, and the electronic 
angular momentum, #L, or® 


=(J—L)h. (10) 


The Hamiltonian can then be written 


_¥P n'y. L #7? 
a $4644 L Pro? 
eg A 2m n @ 


+V+moee-L. (11) 


Since the electrons are rotating with the molecule, elec- 
tronic states with orbital angular momentum must be 
mixed into the ground state. The presence of these 
states will cause a molecular magnetic moment. The 
last term in the above Hamiltonian was added to give 
the interaction energy of the electronic magnetic 
moment with an applied magnetic field, K (uo is the 
Bohr magneton). The additional magnetic moment 
caused by the rotation of the nuclei can be computed 
straightforwardly and will be considered later. 

In the above Hamiltonian all terms except the sixth 
and the seventh are considered part of the perturbation 
Hamiltonian, H’. The perturbation consists of allowing 
the nuclei in the molecule to rotate and vibrate, i.e., 
allowing the masses of the nuclei to become noninfinite, 
and letting the a,, be nonzero. 


% It would be more complete to write O= (J-—L—S)h, where S 
is the electronic spin angular momentum. However, since the 
unperturbed molecular electronic states are diagonal in the spin 
and the ground state is a 'Z, § will not contribute any nonzero 
terms in the second order. The effect of spin in the third order will 
be discussed below. 
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The first-order correction to the molecular energy is: 


W =f? J (J+1)(0|1/2A |0)+(0|G| 0) 
+h0|L?/2A|0), (12) 
where 0 designates the wave function in the rotating 
coordinate system of the ground vibrational and elec- 
tronic state. The first term is just the rotational energy 
a rigid molecule would have if the mass of the electrons 
were neglected compared to the mass of the nuclei. The 
second term gives the zero-point vibrational energy of 
the nuclei. The third term is the energy of a “wobbling” 
motion of the nuclei. This wobbling is caused by the 
electronic angular momentum which, although aver- 
aging to zero, has an instantaneous value perpendicular 
to and precessing rapidly about the internuclear axis. 
This term can be of the same order of magnitude as the 
first term in W“, This motion and its consequences 
will be discussed below. Both the second and third 
terms in Eq. (12) are independent of J and therefore 
will not themselves be of further concern. All other 
terms in the perturbation Hamiltonian have zero 
diagonal values. 
The second-order correction to the energy is given, 


as usual, by 

|(0| H’ i 
pm PERMEATE et i 
nO W o—-W, 


W= (13) 


where m designates the wave functions in the rotating 
coordinate system of all the excited states of the 
molecule. This includes all the vibrational states in each 
electronic state, including the ground electronic state. 
W —W,, is the energy difference between the ground 
state and the excited state, m. The six terms in H’ give 
rise to twenty-one terms in the second-order energy. 
Fortunately, most of these either do not depend on J, or 
are zero, or both. 

In the following, the moment of inertia of the nuclei, 
A, must be considered as an operator. This operator 
causes excitation of higher vibrational and electronic 
states by the motion of the nuclei in vibration. Since 
this vibration is along the internuclear axis, it cannot 
excite angular momentum about this axis, and therefore 
can only connect the ground state with vibrational 
states in higher '2 electronic states. The operator Z can 
only connect the ‘2 ground state with 'II states. The 
operator LZ? can connect the ground state only with '2 
or 'A states. The operator X does not connect states of 
the same multiplicity. It will, therefore, not contribute 
to the rotational or magnetic energy in the second 
order. (Its contribution in the third order will be con- 
sidered below.) From such considerations, many cross 
terms vanish since their individual operators never 
connect the same states. The only nonzero terms which 
involve J are given below.™ 


4 Tn the treatment of Townes and Schawlow, the second, third, 
and fourth terms in Eq. (14) do not appear since that treatment 
was for the case of the rigid rotor. 
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h*|(0! J-L/A|n)\? 
We= > — 
nx Wo-W,, 
hX0| J?/2A n)n\G 0 
+2 —— 
nx W VW, 
AKO! J?/2A n)n\ L?/—2A\0 
+2> 
n*0 WoW, 
h4 | (O0| J?/2A |n)\? 
+> aa 
n~0 W —W,, 
nO J-L/ Al n\n! 3-L/0 
—2yuwo + — ; id 
n= Wo-W, 
If the internuclear axis is chosen as the 2z axis, 


(0 L,,n)=0. Cross products of the form (0 L,\n 
X (n|L,\0) which arise in Eq. (14) when the dot products 
are squared must also be zero: upon rotation of the 
coordinate axis about the z axis by 7, 2, the sign of such 
a term changes; but since the x and y directions are 
equivalent, the value of the term must not change. 
From these considerations and the equivalence of the 
x and y directions, Eq. (14) can be rewritten: 


(0 L,/A\n 
W®=hJ(J+1)> - 
n* WoW, 
(0 1/A nn GO 
+hJ(J+1)y¢0 — 
rn“ WoW, 
0.1/A\in\n| L?/A 0 
+3nI(J+1)> 
nv) WoW, 
0}1/A \n)'* 
+4744 72(J+1P > 
nm Wy—W,, 
0|L,/A inn L,'0 
— Qu J- Hn > . (15) 
nx W.-W, 


The sum of the first term of W® plus W'”’ gives the 
total rotational energy of the molecule, both electronic 
and nuclear, to the second order plus the interaction 
energy of the electronic magnetic moment with the 
field, 30. The negative of the first term of W®’, —W,, 
is essentially the rotational energy of the electrons. 
The physical significance and the evaluation of the 
various terms in W) will now be discussed. 

For the case of a rigid rotor with all the electrons in 
spherical shells about their respective nuclei, W,° has 
been evaluated® as 


J(J+1) (0| L,|n) |? 


Wo—-W,, 
J(J+1) 


= —h > 72m, 


W,P%=h 


9 <= 
A° nx 


(16) 
2A 


38 C. H. Townes and A. L. Schawlow, reference 1, p. 213 
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where 7; is the distance of the ith nucleus from the 
center of gravity of the molecule. }°;7,*m is the 
moment of inertia of the spherical-shell electrons, and 
h?J(J+-1)/A* is the square of the angular speed of 
rotation. In Eq. (16) above, the average 4 has been 
removed from the matrix elements; since the electrons 
are assumed to stay in the same spherical shells at all 
times, A cannot mix the electronic wave functions. 

A new moment of inertia, Ags, which includes the 
effect of W,°® can be written as 


1 1 (0|L./A\n 


+h? > (17) 
Aett A no WoW, 


In order to evaluate the added term accurately, the 
molecular Zeeman effect is measured. The matrix ele- 
ments appearing in W;‘* are almost identical to those 
in Eq. (17). However, the Zeeman measurement yields 
the molecular magnetic moment, uy, where uy is the 
sum of the magnetic moment of the rotating nuclei, up, 
and the electronic magnetic moment, -. It is convenient 
to equate wr to the negative of the moment that would 
be produced by spherical shells of the electrons about 
their respective nuclei: 


J 
LR > T.-M. 18) 
A 
Therefore, 
(0 L,/A nin L,,0)  Suo 
py = 2) hu 2 . 4 > rom. 19) 
nA WW, 1 


Let it be assumed that 


A 
A 


W.-W. — We—W. 


The error introduced by this assumption is small and 
will be discussed later.*® Then, on elimination of the 
matrix elements between Eq. (17) and Eq. (19), and 
using the condition that A>>>-; 7.2m, 

—AB/B. 


py /pod =AA/A (20 


Here AA=A+)30, 72m—Aceu, and is therefore the dif- 
ference between the moment of inertia of the actual 
molecule (however, still neglecting W;°) and W,°?’) 
and an idealized molecule composed of bare nuclei and 
spherical shells of electrons. This is just the equation 
whose classical derivation was indicated in the Intro- 
duction. 

The second term in the second-order energy, W2°?, 
is the vibration-rotation correction. The matrix ele- 
ments are nonzero only when n designates vibrational 
states in !Z electronic states. This sum can be divided 
into two separate sums, one over the ground and one 
over the excited electronic states. It would not seem 





86 See Appendix I. 
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unreasonable that the average matrix element of 1/4 
and G in the first sum would be of the same order as in 
the second sum. Since the vibrational energy level 
spacing in carbon monoxide is about thirty times smaller 
than the electronic energy level spacing, it might be 
expected that the sum over excited electronic states 
would be as much as a few percent of the total vibration- 
rotation interaction. Dunham, in assuming an electron 
potential fixed in space for the molecule, does not fully 
treat the contribution of excited electronic states to the 
vibration-rotation interaction. The larger sum is the 
part whose dependence on reduced mass was deduced 
as 1/u!. The dependence of the smaller sum would 
be somewhat different. Measurements of the vibration- 
rotation interaction in C¥O!® are, unfortunately, not 
accurate enough to determine the size of the second 
sum. The error in the mass ratios caused by the uncer- 
tainty in the reduced mass dependence of the vibration- 
rotation interaction might not be insignificant, but 
would be largely corrected in the present case by being 
included in the adjustment made for wobble stretching. 
In principle, this uncertainty could be eliminated by 
measuring a for each isotopic species. 

rhe fourth term in the second-order energy, W,’, 
is the change in rotational energy caused by the cen- 
trifugal stretching of the molecule. Again, che only 
nonzero matrix elements are those connecting vibra- 
tional states in the ground and excited 'Z states. As in 
the case of the vibration-rotation interaction, the con- 
tribution of excited electronic states to W,‘* is not 
explicitly considered by Dunham. However, since D, is 
very small and since the contribution of these terms is 
probably not more than a few percent, no significant 
error in mass ratios would be introduced. As with the 
vibration-rotation interaction, the effect could be 
eliminated by measuring D, for each isotopic species. 

D, is often considered a ‘determined constant” of the 
molecule: if w, and B, are known, D, can be computed 
from 

De=4BE/we. (21) 

The more refined treatment by Dunham gives a 
negligibly small correction to Eq. (21) and also permits 
the calculation of Do. Since equation (21) is derived on 
the basis of an electronic potential fixed in space, it 
could be in error by as much as the contribution of the 
excited electronic This error might 
then be as much as a few percent. However, it is possible 
that a partial correction for the effect of excited elec- 
tronic states on D, may be automatically included by 
deriving the molecular potential constants from ob- 


states to W,?. 


served spectral constants (a, Ye, etc.). These observed 
spectral constants also contain effects of higher elec- 
tronic states similar to those in W’,’ and hence do not 
obey the idealized Dunham relations, but it is not clear 
that the deviations must invariably, if ever, com- 
pensate each other. It is also true that Eq. (21) would 
be in error correspondingly less than a few percent if 
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the matrix elements to the excited electronic states are 
less than those within the ground electronic state. It is 
possible that these matrix elements are considerably 
smaller. 

The value of Do computed from (21) for CO is 
0.1835+0.0001 Mc/sec, where the error is that due to 
the error in B,, w, and to the error in the molecular 
potential constants used in computing the Dunham 
correction. The experimental situation here is not 
completely clear. Microwave measurements by Bedard, 
Gallagher, and Johnson™ on the J=1—0 and J=2+-1 
transitions give a value for De of 0.1890+0.0007 Mc/sec. 
This value deviates in the expected direction from the 
one calculated from Eq. (21) by 3% and the deviation 
is about eight times the stated experimental error. A 
paper by Cowan and Gordy” on the J= 10, J=2<1 
and J=3+—-2 transitions reports a value of 0.1888 
Mc/sec, in excellent agreement with Bedard ef al. 
However, a later measurement by Gordy and Cowan” 
gives 0.1838+0.0005 Mc/sec, which is in agreement 
with the value calculated from Eq. (21). The infrared 
values of D, are 0.1878 Mc /sec,”° 0.1854 Mc/sec,™ and 
0.1836 Mc ‘sec.** D seems to be somewhat larger than 
given by Eq. (21), but the exact amount of the dis- 
crepancy is uncertain. 

The remaining term in the second-order energy W;°, 
is not a familiar one. Measurements of vibrational and 
rotational levels in only one isotopic species of a mole- 
cule would reveal no effects caused by this term. It 
would merely be treated as a part of B,. However, since 
it is proportional to (1 ‘4)* instead of 1/u, as is expected 
for B,, its effect will appear when measurements in two 
different isotopic species are compared. This term is 
seen to be quite similar in appearance to W,?, the 
centrifugal-distortion term. In the approximation that 
L? can be removed from the matrix element and set 
equal to L(L+1), W3° and W,° are almost identical. 
The matrix elements connect the ground state to the 
same excited states as in W,°. The largest contribution 
would similarly be expected from the ground electronic 
State. 

A brief digression will be made to discuss this angular 
momentum, L. LZ can be considered to be the resultant 
of the two atomic orbital angular momenta which are 
coupled together when the two atoms form a molecule. 
Because of the large electric field along the internuclear 
axis, L precesses rapidly about this axis. In a 'Z molecule 
it always remains perpendicular to the internuclear 
axis. Since this precession is very rapid, the molecular 
electronic states cannot be considered characteristic of 
L, but only of its projection on the internuclear axis. 
However, the average value of L? is not necessarily 
small, but would be expected to be of the order of one 
or two units of squared angular momentum. Indeed, 
for CO, from a comparison of W;°? and W,®, L(L+1) 
=2.5 if (n| L?/A|0)=L(L+1)(0/1/A|n). Since the 
total angular momentum, J, is a constant, this rapidly 
precessing electronic angular momentum must be 
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dinates; the inset represents space-fixed coordinates 


exactly canceled by an equal and opposite angular 
momentum of the nuclei, .V. It is readily seen that the 
motion of the nuclei corresponding to the precessing 
angular momentum _V is a ‘“‘wobbling”’ motion in which 
the nuclei move in small circles about what otherwise 
would be the internuclear axis. This is illustrated in 
Fig. 3 in a coordinate system rotating with the molecule. 
The resultant motion of the nuclei in a fixed coordinate 
system due to J and JN is shown in the inset of Fig. 3. 
The curved arrows on L and N in Fig. 3 indicate the 
precession of these vectors. The energy of this motion, 
which is of the order of the rotational energy of the 
nuclei for J™~1, is given by the third term in the first- 
order energy, Eq. (12). Since this energy is independent 
of J, it is not of direct concern. However, the precessing 
angular momentum has an indirect effect which is 
important. 

As the nuclei move in small circles about the z axis in 
Fig. 3, they will experience a centrifugal force propor- 
tional to L*. This centrifugal force is balanced by forces 
on the particle perpendicular to and along the inter- 
nuclear axis. The component of the centrifugal force 
along the internuclear axis (which stretches the mole- 
cule) is just equal to the force caused by simple rotation 
of the molecule with an angular momentum of L. The 
stretching caused by this wobbling of the nuclei thus 
changes the moment of inertia of the molecule by an 
amount which is to a first-order independent of the 
rotational or vibrational quantum numbers. It will 
therefore cause a change in the rotational energy pro- 
portional to J(J+1) which is just that given by W3. 

Since this change of moment of inertia is independent 
of vibrational or rotational states, it cannot be evaluated 
from measurements on only one isotopic species. In this 
work both W;° and corrections such as those caused 
by the contribution of higher electronic states to a have 
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been evaluated by assuming the value of the C’—C” 
mass difference from nuclear reaction data to be correct. 
W;® is probably considerably larger than the other 
effects. 

B, is usually considered to be proportional to 1/ 
except for the very small correction given by Dunham. 
Because of the wobble stretching, the rotational con- 
stant deviates from this proportionality. B, is often 
defined as B,=h/(8r°ur.2), where r, is the internuclear 
distance in the absence of vibration or centrifugal 
stretching, 1.e., it is the internuclear distance in the 
J=0, v=0 state with the effect of zero-point vibration 
subtracted out. The quantity r, is therefore generally 
regarded as a constant of the molecule which is the 
same for all isotopic species. If it is desired to consider 
yr, as such a constant of the molecule, the term W;° 
must be added to Eq. (1). In this case r, must be defined 
as the internuclear distance when_N is also equal to zero. 
This is equivalent to saying that r, is the internuclear 
distance for a molecule with infinitely heavy nuclei. 
Alternatively, Eq. (1) can be kept intact and the con- 
dition that r, is exactly the same for all isotopic species 
must be relaxed. The latter situation is probably to be 
preferred in view of the small difference in r, from one 
isotopic species to another (e.g., Ar,=10°°A for a 
C=C" substitution; the change would be 10-° A if 
the Zeeman correction were not made). 

The third-order energy is given by the expression: 


cg O/H! RXR) H! ny(n| 0 


W 3 
(Wo—W,)(Wo—-W,) 
(O|H’ kXO!| HH’ Ok H’\0 


— ’ 


(Wo—-W,) 


(22) 


where the notation is analogous to that in Eq. (17). In 
the third order there are a number of nonzero terms 
which depend on J. However, all the terms in H’, with 
the exception of G and X are extremely small compared 
to the electronic energy. Third-order terms not involv- 
ing G or X will, therefore, be negligibly small. 

Since X only connects states of different multi- 
plicity,®” and since it is the only operator in H’ that 
can connect such states, it must appear in the numerator 
twice or not at all for the numerator to be nonzero. 
There are, therefore, two types of terms which might 
be large enough to be significant: first, those involving 
G with J?/2A or with J*/2A4 and L*/24; and second, 
those involving X twice and a term containing J. 
Terms of the first type are higher order corrections to 
the vibration-rotation interaction, to the centrifugal 
distortion, or are vibrational corrections to the wobble 
stretching. The effects of such higher terms have 
already been included in the empirical evaluation of 

‘7 X connects both the Zo” and the *Il9* states with the ground 
1y state. The matrix element with the *Z%»~ may be as large as 
100 cm~ while the matrix element with the #II9* probably is of 
the order of 30 cm™. W. Lichten (private communication). 
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these corrections and will not be considered further. 
Of the second type there are terms involving X twice 
with J-L/A, or J-S/A. For the case of J-L/A, the 
second sum in Eq. (22) is zero. Consider a typical term 
in the numerator of the first sum involving J-L/4: 


J-(O| X |?A)GA|L/A |34’)AA"| X 0), 


A and 
operator Y 
about the internuclear axis (the z axis). 


can connect !Z 


A’ denote triplet electronic states. The 
angular momentum 
Therefore, X 
states only with triplet states having 


where 


cannot induce any 


zero angular momentum about the z axis (#Ao states). 


The operators 1, and L, change the projection of 
the orbital angular momentum, and therefore also that 
of the total electronic angular momentum along the z 
axis by one unit. Since the electronic states are diagonal 
angular 


in this projection of the total electronic 


momentum (2), 


"AL |2A! A| L,|2A’)=0. 


The matrix element (A L *A’) is not necessarily zero, 
but since X did not induce angular momentum along 
the internuclear axis, J A 2,;°A 0. 
lerms of this type are, therefore, zero. A similar argu- 
ment shows that terms containing J-S/A and X twice 
are also zero. This was expected since otherwise there 


, 


is zero and J, 


would be an energy term which changed its sign for a 
change in the direction of rotation of the molecule. In 
the case of terms containing X twice and J*/ 2.4, neither 
sum in Eq. (27) is expected to be zero. These terms 
correspond to a change in the internuclear distance (and 
a change in B, proportional to 1/4) due to the admixture 
of other electronic states into the ground !B state by the 
operator X. The empirical determination of B, includes 
this effect. Terms of higher order than third should be 
negligibly small regardless of which operators they 
contain. 


DISCUSSION OF HYDROGEN IODIDE 


rhe authors have previously discussed** the tritium- 
deuterium mass ratio as derived from measurements on 
tritium iodide** and deuterium iodide.**° However, at 
that time magnetic moment measurements could not be 
made and the correction for the nonspherical distri- 
bution of electrons was estimated by assuming the pure 
precession hypothesis. It now appears that the con- 
sequent discrepancy was caused by the pure precession 
hypothesis giving far too large an estimate for the 
magnetic moment in this case. 

The magnetic moment of tritium iodide in the J/=1, 
v=( state was experimentally determined to be less 
than 0.05 nm during the course of the work on CO. 
Therefore the moment of inertia of the molecule is not 


* B. Rosenblum and A. H. Nethercot, Phys. Rev. 97, 84 (1955 
J. A. Klein and A. H. Nethercot, Phys. Rev. 91, 1018 (1953 
”(C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953 
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very different from that of the idealized molecule with 
a spherical distribution of electrons. Since this is the 
case and since the moment could not be exactly deter- 
mined experimentally, in order to calculate the deu- 
terium-hydrogen mass ratio it was decided to make an 
empirical correction (inversely proportional to the 
reduced mass squared) such that agreement is obtained 
between the tritium-hydrogen mass ratio from the 
microwave measurements and that from nuclear reac- 
tion data." The recent microwave measurements on 
hydrogen iodide* were used. This empirical correction 
(amounting to 0.000161 in the tritium-hydrogen mass 
ratio) takes care of the nonspherical distribution, the 
wobble stretching, and also tends to correct for any 
possible inaccuracies in the infrared constants used. In 
fact, any error in a is overcorrected by five percent. The 
microwave value of the deuterium-hydrogen mass ratio 
is then calculated to be 1.998 468-++0.000 009 (including 
the correction of 0.000 081) and can be compared with 
the nuclear reaction value of 1.998 463+0.000 002. The 
error in the microwave value is primarily caused by the 
rather large errors in both the microwave frequency 
measurements and in the infrared value of a. Both these 
measurements could be improved in accuracy. 

The values of the rotational frequencies of the various 
isotopic species used in the above calculation were 
385 293.27+0.70; 195 068.15+0.30 and 131 501.50 
+0.40 Mc/sec, respectively. The infrared constants* 
used were ay; =0.1698+0.0013 cm™, yor= — 0.00068 
cm, and Dy;= 2.03 XK 107* cm™. 


DISCUSSION 


Before the B, values were used to compute the iso- 
topic mass ratios, three corrections were applied. These 
were a correction for the nonspherical distribution of 
electrons, a correction for wobble stretching, and the 
corrections given by Dunham. 

The first and largest correction was the contribution 
of the nonspherical distribution of electrons to the 
moment of inertia of the molecule, and was about one 
hundred times greater than the error contributed by 
the frequency measurements. This correction corre- 
sponds to the moment of inertia of about three electron 
masses at a distance of one angstrom. To evaluate this 
correction, the molecular magnetic moment was 
measured with sufficient accuracy that no significant 
error in the isotopic mass ratios resulted from this 
effect. This is the first case in which this correction has 
evaluated with high from Zeeman 


been accuracy 


measurements and applied in the determination of 
isotopic mass ratios. 

The second correction and a basic limitation on the 
method of nuclear mass 


accuracy of the microwave 


determination is the effect described above as ‘‘wobble 


“1A. H. Wapstra, Physica 21, 367 
eD.R. J 


1955 


Boyd (private communication). 
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stretching.” It depends on the square of the electronic 
orbital angular momentum, L?, whose average value 
cannot be evaluated accurately. The correction required 
in the isotopic mass ratios resulting from the wobble 
stretching is about ten times the error contributed by 
the frequency measurements. In the present work the 
wobble stretching has been evaluated by use of the 
nuclear reaction value for the C—C'!* mass ratio. 
This limits the accuracy of the microwave determina- 
tion of the C*—C and O'8—(O!* mass ratios to about 
that of the nuclear reaction determination of the 
C¥— C'8 ratio. 

The third type of correction, that given by Dunham, 
is about the same size as the error due to the frequency 
measurement. The Dunham correction is, therefore, 
considerably smaller than the correction for wobble 
stretching. In the empirical correction for wobble 
stretching, corrections for any small effects which do 
not vary extremely rapidly with reduced mass are 
automatically included. Since the Dunham correction 
is proportional to 1/y? as is the wobble stretching, it is 
unnecessary to include the Dunham correction ex- 
plicitly. The close agreement of the two determinations 
of both the C’—C™ and the O'%—O'* mass ratios 
indicate experimentally that there are no unknown 
effects of significant size which vary very rapidly with 
reduced mass. 

Actually, the corrections to the various molecular 
constants given by Dunham are also smaller than errors 
to be expected in these same constants because of the 
excitation of higher electronic states by the vibration 
of the molecule. Dunham, in assuming an electronic 
potential fixed in space for the molecule, did not fully 
take into account such effects. This is perhaps illus- 
trated by the difference in the value of the centrifugal 
stretching constant predicted by the Dunham treatment 
with the experimental value as discussed above. 
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APPENDIX I 


In order to derive Eq. (20), one of the A’s in the 
matrix element in Eq. (17) was removed from the 
matrix element and then the sums in Eq. (17) and Eq. 
(19) were equated. This introduced an error, ¢, in Eq. 
(22), where 


NETHERCOT, 





AND TOWNES 
(0| L,/A |n) |? 
=a 5 ——-- 
nx Wo—-W, 
1 (0| L,/A\n)(n| L,|0 
-—> (23) 
A n¥# Wo—-W, 


If, in both of the summations of Eq. (23), an 
electronic energy” W is factored out, « may be written 


“average 


h 
€ > |(0| L,/A\n)|? 
Wla- 
1 
—-—¥ OL,/A nn L, 0) (24) 
A n# 


The assumption made was that the average denomi- 
nator in both sums is the same. Since the molecule is 
actually quite rigid, the change in each matrix element 
in the sum caused by factoring out 1/1 should be small 
and to a first order proportional to the size of the 
matrix element, thus leaving the average denominator 
unchanged. The sum rule for matrix products is now 
applied and it yields (noting that matrix elements 
involving n=0 are zero) 


(25) 


h? 1 
«= | (L,/A)?|0)—-—{0| L?/A (0 
W A 


If the sum rule is again applied to the first matrix 
element in Eq. (25), it yields 


(n| L,?/A |0) 


n 


h? 
é= ba 1/Ain 
W 


(26) 


The n=0 term in the above sum is now written sepa- 
rately, and it is noted that (0;1/4_0)=1/A. The a in 
Eq. (26), of course, designates all of the excited states 
in the molecule, including the vibrational states of the 


ground electronic state. Since L?=1/2L’, 
i? 
= > (0/1/A | n\n! L2/A | 0). (27) 
2W nx 


It is seen that Eq. (27) is quite similar to the expression 
for the change in rotational energy due to wobble 
stretching, W;°). However, since the major contribution 
to W;” comes from the vibrational states in the ground 
electronic state and in Eq. (26) W is an electronic 
energy, then ¢ should be about 6% of W;°°’. Therefore 
€ was automatically included as a small contribution in 
the empirical correction for wobble stretching. 
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lhe shift and penetration factors are shown to have certain monotonic properties in the variables p, n, and 


! for both positive and negative energies. T} 


threshold) is 


aiscussed 


I. INTRODUCTION AND SUMMARY 


HE Wigner theory of nuclear reactions! has the 

central feature that it separates the various 
nuclear reaction parameters into two types: internal 
quantities, such as the reduced widths which are 
independent of energy; and energy-dependent external 
quantities, which are functions of the (spherically 
symmetric) interaction of separated pairs of particles. 
The Wigner theory is necessarily complicated, and in 
the region of widely separated levels a drastic simplifi- 
cation, the ‘‘one-level approximation,’” is employed. 
In this approximation, the external parameters required 
for the width and energy shift are the penetration 
factor, P, and the shift factor, S, defined in Eqs. (8 
and (4). These factors also occur in the general case, 
but enter in a more complicated manner. 

It is the purpose of the present note to detail a few 
general properties of the external quantities S and P, 
for the particular case that only the Coulomb field (for 
definiteness taken to be repulsive), and the centrifugal 
barrier, are operative in the external region. Many of 
these results are obvious on physical grounds, such as, 
for example, the fact that P is a positive, monotonically 
increasing function of the energy; others relating to 
the shift function are more Besides their 
usefulness for facilitating a numerical treatment of the 
functions P and S, such results are of value in furnishing 


involved. 


an intuitive feeling for the over-all behavior of these 
functions. 

The point of departure for the present work is an 
unpublished result of R. G. Thomas [Eq. (9) ] giving a 
very convenient form for an investigation such as 
follows. For the general case, we show that P mono- 
tonically decreases with 9 and /; monotonically increases 
with p, and correspondingly monotonically increases 
with energy. For the shift function, S, we demonstrate 
that the shift monotonically increases with ». For 
increasing p, we show that S//p decreases monotonically ; 
S itself, however, apparently does not behave so simply. 
(See also the remarks in Sec. IV.) In consequence, we 
can show, at best, only that S/p is a monotonically 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at The University of Kansas, Lawrence, Kansas. 

1. P. Wigner, Phys. Rev. 70, 15 (1946); Proc. Am. Phil. Soc. 
90, 27 (1946); Phys. Rev. 70, 606 (1946); E. P. Wigner and L. 
Eisenbud, Phys. Rev. 72, 29 (1947). 

2 We take this to mean that not only is the R matrix approxi- 
mated by a single pole, but also that R“ is set to zero. 


he behavior of the shift factor in the neighborhood of zero energy 


decreasing function of energy. The particular case of 
E=0 is given in detail. 

For the case where only the centrifugal barrier occurs, 
the general formula is shown to reduce to a remarkably 
simple form for both P and 5S. It is possible to show 
for this case that both P and S are monotonic with 
changing energy 

The one-level approximation requires, however, that 
the externa! functions also be considered for negative 
energy, corresponding to closed channels. The required 
generalization of P, S to this region has been given by 
Thomas.’ For negative energy, S is shown to be mono- 
tonic in n, p, and /; but not in energy. 

A particularly interesting situation occurs at thresh- 
old, that is, the behavior of S and P near zero energy. 
A typical example physically, which led in part to this 
investigation, is the case of the reaction ,H*+ ,H*—He** 
and the inverse reaction o!+.He+~He*™, currently 
under investigation at this laboratory.‘ For these 
reactions the shift factors are required in the neighbor- 
hood of the (d,t) threshold; the linear approximation® 
will clearly not suffice. Application of our results to 
this, and other reactions, will be reported elsewhere. 

It is well known® that the behavior of P near zero 
energy suffices to illustrate the general rules of Wigner® 
for those cases where the threshold occurs in an entrance 
or exit channel. Our investigation below yields a similar 
conclusion for S. The shift factor near threshold is 
shown to be continuous in energy for »>0, and con- 
tinuous through / energy derivatives for »=0. The 
0 has therefore a discontinuous slope; 
specifically Soca E)4, E<0; Soo=0, E20. The one- 
level approximation thus shows for n=0, /=0 a singular 
behavior which is just midway between the two extreme 
general behaviors given by Wigner® (‘‘cusp”) and 
recently by Breit’ (“‘tilted S’’). 

II. SUMMARY OF FORMULAS 

The one-level approximation leads to a scattering 

matrix of the Breit-Wigner form: 
Saa a exp[i| Eat Eq’ ) bea’ ci 12 aa’ 
(Ex +A,—E-3iT))]. (1) 

§R. G. Thomas, Phys. Rev. 88, 1109 (1952). 

‘ Bonner, Prosser, and Slattery, Bull. Am. Phys. Soc. Ser. IT, 2, 
180 (1957). 

5J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 


6 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
7G. Breit, Phys. Rev. 107, 1612 (1957). 


case n=0, [= 
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The notation and application of this result is discussed 
in Blatt and Biedenharn’ and in many other places too 
numerous to detail. The relevant features for the present 
discussion are the total energy shift, A,, and the total 
width, ee 
The total energy shift, 4), is composed of the partial 
shifts, 
[= a Ars, (2) 


where the sum 7 extends over all (open or closed) 
channels. The partial shifts 4); are determined? by: 


ow 


Ay =," he it+d;), \. 


where y,,° is the reduced width, 6; the boundary 


condition matrix, and 


S,.1=— pl Filn,p) Fi’ (no) +Gi(n,p)Gi' (np) 
x[F? ,p) 7 GF 7,P) } a 4 


with F,(n,o) and G,(n,p) denoting the regular and 
irregular Coulomb wave functions'® (the prime denotes 
d/dp). Equation (4) is taken as the general definition 
of the shift factor for positive energies (open channels). 
For negative energies (closed channels), we have 


=—pW'/W, 


wn 


Sex 


with W=W_,, 44(2p) being the Whittaker function. 
The total width Ty is similarly composed of the 


partial widths, 
r= Tas, 6) 


where the partial widths I); are given by 
Ty =2ya7P ot (7) 

es = = 
P,.1=pl FF (9,p)+GF(n,p) F. (8) 


This last equation is the general definition of the 
penetration factor for positive energies. For negative 
energies, P,, ;=0. 

These formulas are often given alternative forms 
depending upon the choice of reference energy and 
boundary condition applied to the internal region.’ 
The form given above requires, however, that 6, 
= —S,(Eyes). That this is necessary can be seen from 
the fact, obtained from the results of Sec. IV, that 
otherwise difficulty would arise from the contribution 
of distant closed channels. 


III. MONOTONIC PROPERTIES FOR 
POSITIVE ENERGIES 


(a) Penetration Factor 
Thomas has shown that the quantity F/(n,p) 
+G/?(n,p)=A,,? may be expressed in the form of an 


* J. M. Blatt and L. C. Biedenharn, Revs 
267 (1952). 

9R. G. Thomas, Phys. Rev 
97, 224 (1955). 

Tables of Coulomb Wave Functions, National Bureau of 
Standards Applied Mathematics Series 17 (U. S. Government 
Printing Office, Washington, 1952), Vol. 1. 


Modern Phys. 24, 


81, 148 (1951); 88, 1109 (1952); 
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integral: 


exp(2n tan~'z) (1+)! (9) 


xab( -l—in, —l+in, 1; . ) 
1+: 


t 


(3s) 
t 


(a proof of this is included in an appendix for con- 
venience). 

It will be seen immediately that the integrand is 
everywhere positive and real.'' It that the 
penetration factor is positive; and is an increasing 


follows 


function of p, since 0.1,/0p is everywhere negative. In 
a similar fashion one sees that 04, 01 and 0A/0n are 
both positive, so that P decreases monotonically with 
both J and ». Since 0n/0F is negative, the result that 
dP/dF is always positive also follows at once. 


(b) Shift Function 


To draw conclusions for the shift function is not quite 
so trivial as in the above case for the penetration factor. 
Consider first the variation with p. An alternative form 
for A is useful here: 


dQ dz. (10) 


The function Q’ is again everywhere positive and real.” 
Using this, we find: 


d/dp)(S/p) 


Using (10), the bracket may be written: 


[---] } (f« 22()'dz fe a (ds) 
x fe aQ'dc) | 1(A?)”. (12) 


The term in curly brackets is everywhere negative. 
To see this, we write this term formally as a double 


integral: 


pag J fexaye 2oztw)'(x)O'(y)y(x—y). (13) 


This double integral, however, is symmetrical in x and 


1! The series for the hypergeometric function converges abso 
lutely over the range of integration, so that it is permissible to 
draw such conclusions from a termwise examination of the series 

12 Jt is an immediate result that (4?)’=(d/dp)(A?) is negative 
everywhere and behaves oppositely to A?. 














SHIFT AND PENL' 


y. Upon making this explicit, one finds 


Beaok bff axaye erty)’ (x)O'(y)(x— y)?, 


which is now obviously everywhere negative 


ss 
As (A > (), 


the result now follows that 
d/dp)(S/p) <0. 


The behavior of S with respect to changes 
| 


in 7 is 
Eq. (9 


i 


more involved to examine. Use the form in 


and symmetrize the results. One finds 


as . 
A f fats () 
an J 


M (x,y) v—y)L (d 


16) 


The burden of the proof is that the sign of the term in 


brackets varies as sgn(x—14 
To see this, we note tha t ative nV co tins two 
terms 
a(inO } 
\ itis . 7 
On } 
and clearly sgn(tar tar gy so that only the 2F; 
is of concert The relevant quantity a eviating Fy yl 1, 
is 
a | at i] 
In( ) F(x)! 1, } 18 
i * a 
Introduce now the series definition 
oe ae 
“— 
( " 2 l+tr j n if) 19 
OF (x . ark (y . x? " " a Ce 
F() ! st { ) (“) 
on on a.e 1 x” 1 + an 
Noting now that 
a 
sgn— In (¢ S n— 
an 
20 
era “ie Ge 
sg sgn (nm — 
we find that 
a fi 
sgn— In ) = sg 21 
an I y 


and therefore 0S) dn 20 


Combining the n and p dependence yields the result 
that 


(d/dE)(S/p) <0. (22) 


The variation of S with / is apparently more compli- 
cated, for similar results have not been obtained for 


nx. 


(c) Limit E=0 


The general form Eq. (9) is quite unsuited to investi- 
£ | | 


gate the limit H--0,. Since, however, A,,;°>->G/ and 
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A,, °)'(G? the limiting form for S is readily 


obtained from the results 


Gi(n,p)—2 (2d) 4p [ (21-+-1)!Ci(n i= 
*xK &\ 
: 23a 
G 7,p , 2(2d p | (21+1) !Ci(n) | 
x {1K 8d }#)+ (2d)4K o([ 8A }4)} 
where 
21+1)!C)(n) = 2'e-3*7 T(l+1+1n 
carn 23b) 
A= pn h SATA e’Ma, 
and A denotes the modified Hankel function. As a 
result, one finds: 

S:..-+5 1+-(2d)'K Sd kK TSX 24 
The behavior of this limiting form of the shift function 
is indicated by: 

{1+-d2/1, 140 
t >, "\)7_ 9 ) , y= 
|] ZA nZa, t=, Zo) 
is LO 

b a ~ (2d 

26 
isv\->= 

It is easily shown that S, is a monotonically 
increasing function of A 

From the general results above that Sp decreases 


for increasing energy, it is clear that zero energy should 
yield a maximum for this quantity. It is not surprising 
then for S to be also large at zero energy. One notes 
that, in 


energy; for, if ti 


general, S cannot vary monotonically with 
1is were true in general it would imply 
using previous results 


a and Z should be everywhere opposite 
zero-energy limit shows that here they behave similarly. 


that behavior with increasing 


while the above 


d) Special Case of Z=0 


illows an interesting 
Using Kum- 


Che general formula of Eq. (9 
result to be derived for the neutron case. 
mer’s transformation, 

() S oF f. i+ i. 


i s*), i] Q. af 


This function is now a polynomial in 2’, with /+1 


positive terms. Integrating termwise, we find 


where the 3/*p is defined by the terminating series, 


9) 


(a2)m=T(a+m)/VT (a). 


18 Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Trans 
cendental Functions (McGraw-Hill Book Company, Inc., New 
York, 1953), Vol. 1, Chap. VI. The result is originally due to 
Breit and co-workers: Yost, Wheeler, and Breit, Phys. Rev. 49, 
174 (1936). See also J. G. Beckerley, Phys. Rev. 67, 11 (1945). 
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This series for Ao? gives a simple prescription for 
the penetration factor, and is ideally suited for a 
machine calculation. 
The shift function now takes the form: 


1—/, /+-2, 4; —e 
Fo(—1,1+1,3;—p*). (30) 


So.= M41) p> oF 


This shift function (in a manner similar to the proof 
for the variation with 7, above) can be shown to be 
monotonically decreasing for p, and therefore £. In 


addition, one may also show that So, 412 So,:. 


IV. MONOTONIC PROPERTIES FOR 
NEGATIVE ENERGIES 


The shift factor is given by Eq. (5); it is convenient 
to write this as 


der --1+(f eé ee) ods) 
1 


e2c()'(z)dz |, (31) 


a s—1\" 
()(s) 1p % 
+1 


Using methods exactly as in Sec. III, and omitting 
for the moment the case /=0, n=0, we find that 


dS 2 pp 
(fe **Qdz f faray sa 
dp 1 


32 
XQ(x)Q(y)M (x,y), 
M (x,y) = (x—y)[xQ' (x) /Q(x)— yQ’(y)/Q(y)]. 
It is easily shown that for x, y>1, sgnM(x,) 


=sgn(y—x). It follows that dS dp20, upon noting 
explicitly that for /=0, »=0 the result is also true. 

In a similar fashion, the relevant functions M (x,y 
being elementary, one sees that dS dn>0 and 
as /al>0. 

Since now an increase in either p or n increases S“’, 
it no longer follows that S“~ is monotonic in F. 

For n=0, the shift factor S“~ has the simple form of 


a ratio of polynomials." 


So, =ptM(I41)p> oFo(1—1, 


~ 
~ 
" 

to 
-@ 


V. THRESHOLD BEHAVIOR 
The threshold behavior of the penetration factor has 
been extensively discussed in reference 5, and need not 
be repeated here. The results of the one-level approxi- 


14 Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Trans 
cendental Functions (McGraw-Hill Book Company, Inc., New 


York, 1953), Vol. 1, p. 264, Eq. (5). 
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mation are in complete accord with the general behavior 
shown by Wigner.® 

Let us consider now the shift factor, for a situation 
where the threshold channel, /, is neither an entrance 
nor an exit channel. According to (2), the total shift 
A, will involve the shift, Ay, of this channel as the 
energy varies across threshold. 

Now for positive energy, in the vicinity of & 
n>0O, the amplitude A,,7 is essentially determined by 
Gf, FoG)~e**"<1. Very near zero energy, 
therefore, S is completely determined by the irregular 
function G;. We may therefore use for S‘*) the form: 


eY’/Y, (34) 


0, if 


since 


S=—p(F+iG 


'/(F+iG 
which for very near zero energy is equivalent to the 
correct S. But S is just the form which continues into 
S@); hence S$ and S 
another as functions of £4. To see, however, that the 


continue correctly into one 


variable is really /, instead of £4, we note that for 
positive energy S——pG/'/Gi, this is an 
function of k (kn=constant). Thus, across zero energy, 
as a function of FE, for n>0. 

For the case where n=0, we can apply a variant of 
this argument directly, upon noting that the irregular 


and even 


S) goes smoothly into § 


function now dominates the regular function by the 
factor k?'*', The irregular function is, as before, even 
in k; thus the previous argument shows that the 
functions S‘*) and S“’ are the same functions of k? up 
to order k?'*', Hence for E=0, S 


derivatives in the energy. 


is continuous to / 


For n=0, the shift functions are ratios of polynomials. 
Consider, for example, the case /=0. 
SqoH=0, S p=ka=(2Ma*/h?)) E335 


Thus as the energy decreases across this threshold, the 
total shift, Ay, 


the general case, Wigner has shown® a cusp at threshold 


shows a discontinuous derivative. For 


is possible. Recently, Breit’ has given a general proof 
that the cusp behavior may be modified, for the general 
case, so that the slope on both sides of the singularity 
may have the same sign. (To use Breit’s descriptive 
phrase, the curve is like ‘the central portion of the 
letter S turned on its side’’). We see that the one-level 
approximation yields a not unreasonable compromise 
between these two extreme possible behaviors, and 
appears to be satisfactory as an approximation. 
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SHIFT AND PENETRATION FACTORS 


APPENDIX Ww, (e)=IT(1—e 
The function Y= F+-1G is given by: 


r 


¥ i(n,p) = LT (l+-1—1in)/T (1+ 1+ 1) |! 
Meter». r.4(2ip), 


where W is a Whittaker function. Thus, ‘ 
where 


Ay P= VV *=eTW yg 44 (2p) Vi 
However, we have the relation! 


Introducing values for the various parameters, x, A, ---, 


1 W.) Magnus and F. Oberhettir ind 1 for j Leite, Ws ) eR ahs P ce: cael 
the Special Functions of Mathematica 155 helsea Publishing @24 €mMploying ummers relations lor the hyper- 


Company, New York, 1949), | geometric function yield the result given in Eq. (9). 
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rhe scattering of slov trons by indium was observed by using a crystal spectrometer as a mono- 
energetic neutron sour hin ring samples were placed in the neutron beam with the plane of the 
he i ream. The samples therefore appeared thick for the transmitted 
ht angles to the direction of the incident beam. A measuremer 

ns gives a, o;. The total cross section o; was also measured 

the value of a, then compute 1. Both the totz ross section and o, 
mulas from 0.3 to 3 ev with the same set cf parameters, 
for the 1.456-ev level was 5. No determination of the 


r higher levels 


I. INTRODUCTION ing cross section, ¢,=capture cross section, o;= total 


HE Breit-Wigner single-level equation gives the ‘TOSS 5 at ¢ energy of incident neutron, Eo= reso- 
nance energy, 2rA)= neutron wavelength at resonance, 
I’, = partial width for neutron decay, ',= partial width 
for electromagnetic radiation, [=I,+I,= total width 
of resonance, Re= radius of nucleus for resonance inter- 
action, and Rypr radius of nucleus for nonresonance 
interaction. 


variation of scattering, capture, and total cross 
sections with the energy of the incident neutron. These 
formulas are given in Eqs. (1), (2), and (3).! In Eqs. 
(1’), (2’), and (3’) are presented alternative formula- 
tions which abbreviate certain groupings of the primary 
parameters by expressions which are convenient for 
analysis. ool” I(E—E5) 
drpro'T’,,’ lomgdol Rei k T.=Tp ’ 
treRp4 j—Eo?+I? 4(E—E>)*+I 


: where 
O1—O4 Tc, ) irgRp’ +4r(1 g)R, R’, 


where the symbols represent the following : o,=scatter- = dorghe(',/P)T? 


i This work partially supported by the U. S. Atomic Energy ol? = 4rgho(P,/T)(T,/T)T?, 
(ommission 

1]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics — 
(John Wiley and Sons, Inc., New York 1951) L6rg\oRal ne 
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Another paper? describes an improved method for 
measuring the slow neutron scattering cross section of 
materials and results are given for a measurement of 
the cross section of gold. The present paper describes 
an extension of this technique to the much more difficult 
element, indium. The principal features of the measure- 
ment as described in detail in reference 2, henceforth 
referred to as I, are as follows: 

(a) A beam of monoenergetic neutrons from a crystal 
spectrometer impinges at a small angle (about 6°) upon 
a target of the material under investigation. Part of the 
incident beam is transmitted through the target, the 
remainder is either captured or scattered. With the 
geometry used, the probability is high that a neutron 
which is scattered in the direction of the scattering 
counter (perpendicular to the incident beam) will leave 
the target without suffering another collision. Therefore 
the multiple-scattering correction will be small. 

(b) The scattered and transmitted neutrons are ob- 
served for a standard and an unknown target. The 
relation between the observed counting rates, scattering 
and total cross sections is given by 


Os Os We {l—TL gaat) Cua 
(22s « 
Ori/ z OF wa Naa (1—T3*) Cz 
where the subscripts “x” and “std” indicate the 
unknown and standard targets, respectively, the N’s 
are observed scattering rates, the 7’s are observed 
transmissions, the C’s are multiple-scattering correc- 
tions, and a is a numerical factor equal to 1.106 deter- 
mined in paper I. Lead, which has a ratio ¢,/0,=1, was 
the standard used. The multiple-scattering correction 
is given in I in graphical form as a function of ¢,/a¢ 
and 7. 

(c) By using o,/o; from (b) and o; from transmission 
measurements, g, is calculated. 

(d) o, as a function of neutron energy is fitted by a 
Breit-Wigner equation to determine the parameters of 
a level. 

Indium was chosen as the second element to be inves- 
tigated because (a) there is a considerable body of 
total cross-section information on indium and by using 
the scattering and total cross-section data available, 
it should be possible to evaluate all the Breit-Wigner 
parameters for at least the first level; (b) in the region 


TABLE I. Multiple-scattering correction for lead. The percentile 
difference between the two values of the correction is given 
in the last column. The agreement is satisfactory. 











Cz/Caa Cz/Cma Difference 
Transmission Ne expt. corr. curve % 
0.8866 76.2 0.928 0.932 0.5 
0.7946 141.3 0.957 0.955 0.3 
0.6273 (std) 265.1 1.000 1.000 0.0 
0.4107 434.7 1.052 1.068 1.7 


*H. E. Foote and J. A. Moore (to be published). 
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to be investigated the source of neutrons was strong 
enough to yield a good counting rate; (c) since the spin 
of In"® is 9/2, indium is a suitable element for inves- 
tigating the sensitivity of the present experiment in 
determining the ‘“g” value of the compound nucleus; 
(d) In" has three levels in the range up to 10 ev. There- 
fore the single-level formulas given by the Breit-Wigner 
equations will overlap. However, if the individual levels 
could be successfully separated in the analysis, a 
valuable check on the validity of summing single levels 
would be obtained. 

For the case of gold, where there is a single isolated 
level and the difference between possible g values is 
fairly large, the cross section can be evaluated from 
Eq. (4) using a rough value of the multiple scattering 
correction. However, in order to obtain the higher 
accuracy required to achieve significant results from 
the analysis of indium data, many other factors involved 
in the measurements and the analysis of results had to 


Fic. 1. Neutron transmission as a function of neutron energy for 
1.456-ev level of indium for several] different sample thicknesses 


be carefully investigated. The factors studied were (a) 
the effect of the energy loss of a neutron having an 
elastic collision; (b) instrument resolution; (c) a more 
accurate evaluation of the Doppler effect; (d) effect 
of a mixing of individual levels. These effects are dis- 
cussed in separate appendices. All analysis was done 
for values of E (the neutron energy) such that | k—/: 
> 31’, where I is the total level width. Fortunately, all 
the corrections are quite small in the wings of the 
indium 1.456-ev level where corrections for these 
effects are applied. 

To check the validity of the multiple-scattering cor- 
rection, which was calculated in I by using a ray-tracing 
technique, two simple experiments were performed. The 
first experiment was to measure the ratio of o,/o; of 
carbon using lead as a standard and compare the value 
obtained with the known value which is o,/o;=1, for 
the energy range considered. The calculated multiple- 
scattering correction for both the lead and carbon was 
1.10. The correction for energy loss on collision for 





| 
| 
| 
| 





carbon was 0.925 and for lead it was 1.00. The result 


was o,/0;=0.99+0.01, after applying these corrections. 
Phe error is calculated from the statistical accuracy of 
lead and carbon 


tne 


the number of counts taken on 
targets. 


Phe second experiment was to determine the mul 


tiple-scattering correction for lead, using targets of 
varying thicknesses. Equation 


the form 


The results of this experiment are 
II. RESULTS AND ANALYSES 


Total Cross-Section Measurements 


and 3. 
} 
i 


in Figs. 1, 2, 


Because the resonance en¢ rev was not well known, 1 


Ow! 


3.85 ev, with the results as s 
1¢ 


central region as well as the wings was studied for the 
9 Ol-ev level 
} 


The experimental value ol the Mal Cross 


secuion 1s 


calculated from 7 C 
Phe experimental c1 
Doppler effect and the effect of other levels and the 


a Breit-Wigner formula. 


ss section is corrected for the 


ant curve fitted by 


result 


1.456-ev Level 


1», } , / 
bMdiydl ile 


lo remove the effects of the 3.85-ev and 9.01-ev levels 
from the first level in indium, a set of Breit-Wigner 
parameters was calculated using the results of Landon 
and Carter! together with an approximate value of ¢ 
of 4 and a nuclear radius of 1.5X 1078 13 


section predicted by these parameters was subtracted 


cm. The cross 


Sailor, P} Rev. 98, 1267 (1955 


H. Landon and \ 


R. Carter pri 


m in the range 0.3 ev to 


neasured cross section 
lting cross section was fitted to a Breit- 


The 


Wigner curve by means of least squares and the param- 


resul 


1.456-ev level obtained. To determine the 


weak 1.80-ev level of In 


eter r the 
t of the 
reported by Borst and Sailor,® the residuals, which are 


effec abundance 3 ( 


Ired cross sections minus the cross sections 
the 


were examined in the 
m 1.7 to 1.9 ev. The residuals sh 
nts were excluded from the 


ror edi 


he paran eters, 


ow consistent 


ire statistical 


in accordance with 
determined from 
ig. The parameters obtained were: ayol 213+4 


I=13.43 


—_ = ri " } 
errors quoted are t] 


$ barn-ev; o 6.7+1 barns. The 


‘t 
ose obtained from the sum of the 


residuals squared and the effect of varying the reso 
nance energy /». Figure 4 shows the corrected total 


s vs the neutron energy and the curve cal- 


cross section 


lated from the parameters. If the value of the cross 


er yer a istinaeiite’ a aaliienitiiad 
calculated using the parameters is subtracte¢ 


he measured cross section in the vicinity of 1.8 ev 


urve sl Fig s obtained. The resonance 


Ow! 














420 





aa 
c 
é | 
—_ 
b \ } 
| 
| 
| / 
a oo 
| A 
| é A 
| * \ 
OFo- | 
-10+ | 
| | 
1 c R — 
lic. 5. Total cross section as a function of neutror 
energy for 1.8-ev level of indiun 


energy is 1.81+0.02 ev. From this figure the limits of 
<0.12 ev and o>50 barns can be placed on 1! 
Breit-Wigner parameters for that level 


Analysis of the 9.0 1-ev Level 


Using the Breit-Wigner parameters determined above 
for the 1.456-ev level and the estimate of the 3.85-e\ 


level from Landon’s* results, levels were subtracted 
from the total cross section in the vicinity of 9.01 ev 
Che resulting further 
for the Doppler effect and the following parameters 


from a 


cross section was corrected 


obtained least squares fit: owl?=19.7+3.0 
$.8+1.0 barns. The 


experimental and calculated cross-section « 


barn-ev?; J/=6.3+2.0 barn-ev; o, 
urves are 


shown in Fig. 6. 


N olds 


A 


SECTK 


TAL CROSS 


Fic. 6. Total cross section as a function of neutron 
energy for 9.01-ev level of indium 
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Level 


Analysis of the 3.85-e 


Proceeding as before, the cross section was corrected 
for the Doppler effect and the effects of the levels at 
1.456 ev and 9.01 ev. The resulting cross sections are 
shown in Fig. 7. Omitting the points in the vicinity of 
4.7 ev the remaining values were fitted and the following 
parameters obtained: o,1?=8.2+0.1, /=0.28+0.16, 
+,=6.1+0.1. The error associated with the interference 
term is large, however there is yet another effect which 
rhis is the 
effect on the 3.85-ev cross sections pr duced by varying 


tends to make all the errors even larger. 


the 1.456-ev resonance parameters within their limits 
of uncertainty. (The correction from the 9.01-ev level 
is so small that it need not be considered in this con 
nection.) Upon taking oj1?= 217, / 
eters of the 1.456-ev level and using the 


17, for the param- 
CTOSS Se tion 


predicted by these values to correct the 3.85-ev level, 


the values obtained by fitting are: a, I &. 340.1, 
x 
| 
Cc 4 
= 
2 3 j 
oO 1 
u : \ 
/ \ 
> 20 / 
e ‘\ 
) / \ 
} 
P 
Sod 
Fic. 7. Total cross section as a fu eutr 
energy for 3.85-ev level 


1=051+0.28. o 
errors for the 3.85-ev level are therefore 


5.5+0.2. The parameters with their 


ool?=8.2+0.2, I 6.1+0.6. 


Che error in the interference coefficient is so large 
that this quantity is essentially undetermined. The 
effect of this upon the scattering fit is considered below 

The observed cross sections near 4.7 ev after the 
values calculated from the parameters have been sub- 
tracted are shown in Fig. 8. These results show the 
resonance in the indium 113 isotope at 4.69+0.01 ev.° 
Che value of I for this level must be less than 0.15 ev 


and oy must be greater than 11 barns. 


Scattering Measurements 


The scattering counting rate for indium as a function 
of the spectrometer arm angle is shown in Fig. 9. The 


6 Dabbs, Roberts, and Bernstein, Oak Ridge National Labora 
tory Report ORNL-CF-55 5 126 (unpublished 
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k I 
discontinuity at 52° is occasioned by the introduction 
of a cadmium filter in the beam to remove thermal back- 
ground. The oblique transmission of the scattering 
10(a). By 
using the values of the counting rates and oblique trans- 


target from 0.3 to 3.0 ev is shown in Fig. 


missions, the ratio a,/o0; was calculated. This was cor 
rected for multiple scattering and the result for the 
1.456-level is shown in Fig. 10(b). 

from the 


By using the values of o; fitting Breit 


Wigner curve to the transmission data for the level, 
a, is obtained. The significant contributions from the 
levels at 3.85 ev and 9.01 ev may be calculated by using 
the parameters obtained from the transmission analysis, 
for both levels and the value of 
I’ from the analyses of Landon*® and Carter.‘ There 1s a 
the value of J for the 3.85 


the assumption of g 


considerable uncertainty in 


as a function of neutro 


evel of indiun 


Po ascertain the effect of this uncertainty, two 


The 


ev level 
fits were made to the scattering cross-section data 
lirst used a correction for the 3.85-ev level with / 
gave the results: o,ol'*= 8.64 
4.88+0.08. The second fit 
a Aa | 


We. 
0.2 


large) and 
I =17.42+0.27, o, used 
I=0 small) and 17515, 
o,= 4.65. When this uncertainty is included, the values 
of the parameters for the 1.456-ev level are o,91°= 8.6 
$0.2, /=17.4+0.4, ¢,=4.8+0.2. The fit calculated 
from these parameters is shown in Fig. 10(c) 

There is another method’ of analyzing the resulis of 


too 


(too yave a ol 


the scattering experiment which makes no use of the 
results of the transmission measurements except the 
value of the resonance energy. The basic data from the 
scattering measurement are the ratios a, o;. This ratio 
has no simple analytical representation. However, if it 
\. Moore, Phys 98, 565 (1955 


C. Sheer and J Rev 


LECT CTT TTT eT ee 
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COUNTER ANGLE (DEGREES) 
| \ 


| 
4 


2.0 10 : 
NEUTRON ENERGY (ev) 


) 


ng rate of indiun 


1 spectrometer arn 
is converted into / 


is obtained 


where o@ 
thky+cl 

The values of (fy / from the 
together with the standard deviation 
are shown in Fig. 10(d). A 
Breit-Wigner 
0.0747 


calculated 
observed Oo, 0 
associated with each point 
data gives the 
parameter ratios: 1',, P= 0.03940,001 ; Ja .o1* 
+0.0015:¢, c-ol 0.01944 0.0005 


Upon using a value of oy 


‘weighted tit to these 


214 barn-ev’, which is 
an average of the result of the wing analysis, and 
Landon’s’ value, the following parameters are obtained 
Tol t0.40; J=15.4+05; o $.0+0.2. The 


values of and J are appreciably lower than tl 


& 35 
those 
obtained from the other method of analysis to obtain 
o his occurs because the contribution of the higher 
levels cannot be removed from the ratio analysis. This 
is a fundamental shortcoming of the ratio analysis, 
which makes it applicable only to well-separated levels 

Phe 


mentioned in Sec. 


results must also be corrected for the effects 
The effect of the 
corrections which come from the Doppler correction and 


I of this paper 


the interference between levels is to change the value of 
I by 0.72 
loss on collision were of the order of one percent and were 


yarn-ev. The effects of resolution and energy 


neglected. One other correction is the net effect of the 
interference terms from the levels higher than 10 ey 
Making some rough estimates of the level parameters, 
a contribution of 0.5 barn is to be added to the measured 
value of the potential cross section. Listed in Table II 
are the measured parameters obtained in this experi 
ment and those obtained by Landon‘ in his central peak 
analysis. 

By using a combination of Landon’s parameters and 
the results of the o, analysis, a complete set of Breit- 
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Fic. 10. (a) Oblique transmission of indium as a function of 


neutron energy. b) Ratio of scattering cross section to tota 
cross section for indium as a function of neutron energy. (c) Scat 
tering cross section of indi 





of neutron energ 


lium as a function 
d) (Eo/E)*e,/o, for indium as a function of 





neutron en¢ 


Wigner parameters can be obtained. These are 


Fo=1.456+0.002 ev; IT 

1,,=0.0030+0.0001 ev: ie 0.072+0.002 ev: 

Rr=0.58+0.03 barn}; Ry p=0.74+0.02 barn 
g=11/20 


0.075+0.002 ev: 


The g is calculated by using Landon’s measured 
peak cross section, of o:9= 38 5004-1000 barns, with the 
value of I’,,/l’ determined by this experiment. The value 
of g obtained was g=0.54+-0.02. The possible values are 
g=0.45 or g=0.55. The fact that the g value is deter 
mined within 4% indicates the accuracy of the experi- 
ment. There is direct experimental confirmation of this 
selection of the g value in the work of Dabbs et al.' 

Because the errors assigned to both a, I? and a,ol 


are important in determining the g value, one additional 
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source of error was considered besides the counting 
statistics. To determine the effect on the parameters of 
the uncertainty in the resonance energy (0.002 ev),' 
unweighted fits were made for both o; and o, with this 
change in the resonance energy. The change in the 
parameters was taken as indicative of the error asso 
ciated with this effect. The amount of this error is 
contained in the quoted results. 

Possibly a comment merited the 
inequality of the radii for the resonant and nonresonant 
interactions. Since the nuclear forces are spin-dependent, 
these radii should be different. It is difficult to make a 
theoretical estimate of how large this difference should 


is concerning 


be. Perhaps the wavelength of a neutron inside the 
compound nucleus would be a reasonable order-of- 
magnitude estimate of the uncertainty of the nuclear 
radius for the resonance case. This is of the order of 
0.18 10 ‘of the difference 
of the nonreso- 


12 ¢m, which is about the 





between the two radii. The deviation 
nance interaction from the value predicted by 0.14 
«10 {3 0.52 barn 
addition to the potential scattering cross section from 
the levels higher than 10 ev. If t 
negle ted, the radius is essentially equal to the value 


cm might be attributed to the 


his contribution is 
calculated from this formula. The slowly varying inter- 
ference tails from distant resonances make the whole 
concept of potential scattering cross section difficult to 
understand in the region near € ey 


Scattering Analysis of 3.85 and 9.0 1-ev Levels 


{n attempt was made to analyze the higher levels 
in indium using the scattering cross section obtained 


ratio. The value of ¢, Il? for both levels 


was found to be negative. The reason for these impos 


from the o,/o, 


sible values may be seen by inspecting Fig. 9, which 
shows the scattering rate as a function of the spectrom- 
Indicated on the figure is the 


he 


eter angle. resolution 


triangle of the instrument. The dips corresponding to 
the levels at 3.85 ev and 9.01 ev are too steep to be 
an 


resolved. With the resolution available not even 


order of magnitude estimate could be made for I,/T. 


Ill. CONCLUSION 
| 


of the principal difficulties of a scattering measurement. 


1¢ present experiment indicates clearly the nature 








[)ispersing the incident beam over 47 steradians 
ras.e Il. Parameters obtained in this experiment and those 
ibtained by Landon in his central peak analysis. Scattering I are 


the results of ratio analysis, and Scattering IT are the results of 


ross-section analysis 


ool? ool I 
I I barn bar bar ’ 
ev ev? ev? P bar 
Lando 1.456 0.075 216 
Transn tae 213 











RESONANCE SCATTERING 
decreases the intensity to such an extent that the reso- 
lution had to be decreased substantially, making sig- 
nificant analysis of results above 3 ev impossible. 

Che chief merits of this experiment were: a fairly 
small multiple scattering correction (1007) ; a relatively 
simple relation between o,/o, and the scattering rates; 
simpli ity in experimental technique, chietly the ease 
of changing specimens; a small target size (4 em X5 em 
0.1 em 

The experiment 


that the Breit-Wigner 


single-level equation with slight corrections for con- 


indicates 


tributions for other levels gives an adequate des« ription 
of the variation of the 
indium in the energy range 0.3 ev to 3 ev, “adequate” 


scattering cross section of 
meaning that the observed cross section can be fitted 
within its error of observation by a unique choice of 
Breit-Wigner parameters. However, the Breit-Wigner 
single-level equation contains six independent param- 
eters: £y, Ty ow, 1,1, 1, ¢). The general shape of a 


Variation is that 


cross-section of a resonance peak 
somewhat asymmetrical because of the interference 
term in the scattering and the 1 Variation in the 
capture cross sections. Some finite region is chosen over 
which this is dictated by 
experimental limitations or the presence of other levels. 


With this number of independent parameters available 


the curve is to be fitted; 


and the limited range to be fitted, it should not be 
lit may be obtained. 
possibly 


surprising that an “adequate” 
Any small deviation of not too drastic nature 
caused by the presence of other levels) could be taken 
into consideration by slight variations in the six 
parameters. The point is not that the Breit-Wigner 
description should be suspect, quite the contrary since 
it admirably represents the shape of resonances (height, 
width, asymmetry), but that the parameters determined 
from any given fit may not be the parameters of the 
single level. One suspects that a considerable improve- 
ment in experimental technique must be effected before 
such quantities as the interference between levels can 


actually be observed. 


ACKNOWLEDGMENTS 


The author wishes gratefully to acknowledge the 
assistance of the many individuals who aided him during 
the performance of this investigation. In particular he 
thanks Professor W. W. Havens, Jr., under whose 
guidance the work was performed; Dr. E. Melkonian 
of Columbia University and the members of Dr. V. 
Sailor's crystal spectrometry group at the Brookhaven 
National Laboratory. Finally, he acknowledges the 
friendly cooperation of Dr. H. L. Foote, with whom the 
experimental and analytical techniques of the thick-thin 
method were jointly devised. 


APPENDIX 1. ENERGY LOSS ON COLLISION 


In deriving the Eq. (4) for o,/o;, the nuclei of the 
target were assumed to remain fixed, i.e., have infinite 


mass. The neutron after the collision has the same 


OF SLOW NEUT 
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energy as the incident neutron. Because of the finite 
mass of the nucleus, the neutron after collision has an 
energy £’ which is E’= E(1—m/M)/(1+m/M), where 
Ff: is the incident energy, m is the neutron mass, and M 
is the mass of the nucleus. Here the neutron comes off 
at 90° to its initial direction, the condition for the 
counted first order neutrons in this experiment. This 
loss of energy results in two effects on the scattering 
counting rate: first, the probability of the neutron 
leaving the target is altered, it decreases if do,/dE is 
negative and increases if 
do,/dk is positive to the left of a resonance 
because the efficiency of a BF; counter increases with 
decreasing energy, the probability of the neutron being 
These effects will be considered in 


to the right of a resonance 
> om ond, 


counted increases. 
turn. 

1. The effect of will be 
greatest where the cross section changes most rapidly, 


change of cross section 


l.e., near a resonance. The point of nearest approac¢ h 


to the resonance energy in the analysis was 3IP. Even 
at a distance of 31° the effect would be appreciable if it 
were not for the particular geometry of this experiment. 
Here the neutron has a path length in the sample before 
the collision about ten times the path length after col- 


lision. This tends to lessen any effects which occur after 
the collision. A straightforward calculation of the effect 
for the 1.456-ev level in indium gives an asymmetric 
change about £ would tend to change J by 
about 1°%. All other terms would be affected by less 
than 1%. 

2. To determine the increase in counting rate asso- 


which 


ciated with a change in energy of the counted neutron, 
the variation of the scattering counter efficiency with 
energy was measured. The efficiency was found to 
vary as --° *, The counting rate would therefore change 
by a factor [(1—m/M)/(1+m/M)}°*. The only 
element for which this factor was greater than 1% was 
carbon for which the change amounted to 8%. This 
large effect occasioned by the small mass of the carbon 
nucleus was the principal reason for choosing lead 
rather than carbon as the standard scatterer. 


APPENDIX 2. INSTRUMENT RESOLUTION 


The effect of resolution on the scattering counting 
rate may be represented as follows: 


N ns (Oun) fr .(0)R(@—6,,)dé, (6) 


where 6,, is the spectrometer crystal angle, .V,, is the 
measured counting rate, V4 is the counting rate with 
perfect resolution, and R is the resolution function of 
the instrument. 

An approximate expression for R is obtained by 
taking a “rocking curve’’ for the spectrometer crystal. 
This resolution function has a bell-shaped variation 
with energy and is symmetric about the vertical axis 
of the bell. For convenience in analytical treatment it 
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was represented by a normalized Gaussian function: 


La ia (6—6,,)* 
R(6—60,,) =— jexp| - = | 
7 ty] 


To find the first-order effect on the counting rate 
produced by resolution, V4(@) was expanded about @,, 
in a Taylor series of powers of (@—6,,). This was multi- 
plied by R(@) and then integrated over 6. All even 
terms in the series were zero. The result to the first 
approximation was 


Nm(8m)22N 4 (8m) +-C3, ( 


O\° PN 4 8\ 2 d? Nm (Om) 
=~ ° 
() ( df }: « dB,” 

The quantity d@?V,,/d6,,2 may be evaluated experi- 
mentally from the observed counting rate vs spectrom- 
eter angle curve. From this, C; can be calculated and 
the effect of resolution on the counting rate determined. 
The maximum value of C; for the 1.456-ev level in 
indium was only 0.01 V,,. 


7) 


with 


C3= 


APPENDIX 3. DOPPLER BROADENING 


The effect of Doppler broadening on the scattering 
analysis is to change o,/o; toao,’/o;’: 


a, (Em) - fob kE,,—E)dk, &) 
(Ek) = fou E\w(k,,— E\)dE, (9) 
where w(E,,—E)=x~ exp[—(E,,— E)*/A?]/A, with 
A=2(mE,KT/M)'. See Bethe® for derivation and 


details. 

Tables of the integrals Eq. (8) and Eq. (9) are 
presented by Rose ef al.° in a form convenient for 
treating the resonance region. Because the Doppler 
effect on a, is much the same as on o; the overall effect 
for the ratio will be small. The actual change for the 


§H. Bethe, Revs. Modern Phys. 9, 140 (1937 
® Rose, Miranker, Leak, Rosenthal, and Hendrickson, Westing 
house Electric Corporation Atomic Power Division Report 


WAPD-SR-506, 1954 (unpublished 


A. 


MOORE 


ratio was calculated for energies in the region of the 
1.456-ev level of indium and represented a contribution 
to the cross section which could be absorbed by a 
change in the parameter J by 2%. 


APPENDIX 4. INTERFERENCE BETWEEN LEVELS 


If the level width is assumed small in comparison to 
the level spacing, the scattering cross section may be 
represented by!§ 


’ 
Aol ni 


o,=4rg\|Ret+>d t+4ar(1—g)Ryr*®. (10) 


2(E— Eo) +10 


For the following analyses, it is convenient to let g 
be } for all levels. As a first approximation, the mixed 
terms in the product are neglected. The result is a sum 
of Breit-Wigner single level cross sections. To determine 
the effect of the neglected terms consider the terms due 
to nearest neighbors. This may be expressed most simply 
in terms of two levels. The expanded quadratic consists 
of the sum of two single level cross sections plus a term 
corresponding to the effect of the interference between 
levels. This term is 


Pal C,011 10, ol*s*) E- Eo )(E -E 2) 


[4(E— Eye)? 


L 2 


dP Ped Aol 


(4(E—En)?4+P? 


(11) 


+ 


(4(E— Eo)? +49 214 (E— Eo)? +P 2) 


The product of the two partial widths, II's, in the 
second term makes this negligible with respect to the 
first for the case of indium. To find an expression for 
the contribution to the first level because of the presence 
of the second, the interference term can be expanded in 
a Taylor series about the first resonance energy. Upon 
neglecting all but the first term, this becomes 

2(o 011" 12a 021" 2")! (E— Eo) 


x : 12) 
Fo1— Eo) 4(E—Eo)? +? 

To this approximation the net effect of the interfer- 
ence between levels is to increase the interference term 
for the first level by the coefficient of the energy- 
dependent factor. For the 1.456-ev level this change 


was 2.2%. 
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The excitation functions and absolute cross sections for the P®™(n,p)Si® and Al**(n,a) Na* reactions have 
been measured by the activation method for neutron energies below 9.5 Mev and at 14.1 Mev. The excitation 
function for P™(n,p)Si™ rises from 1.6 Mev to 5.5 Mev, is fairly constant at 0.14 barn to 9.5 Mev and 


considerably lower at 14 Mev. The Al?7(n,a)Na™ excitation curve rises from 6 to 9 Mev neutron energy 









and is greater at 14 Mev. Comparisons are made with earlier measurements of the P™(n,p)Si® cross section 
and some discrepancies appear , 
I. INTRODUCTION work. T'wo additional corrections were applied to the 


neutron flux values given by Allen: (1) a constant 
factor of 1.051 to correct for the difference in sample 
distance; and (2) a variable correction of +0.2 to 
+14°%, to correct for the anisotropy of the incident 
neutrons which results in a higher average intensity 


CONTINUING investigation of differences in 

fission neutron spectra from the principal ther- 
mally-fissile isotopes! makes use of a number of thresh- 
old reactions including P*'(n,p)Si®! and Al*7(nja)Na™, 
For interpretation of results, it was desirable to supple- 
ment the meager information concerning the excitation °° the phosphorus sample. than over the larger 
functions for these reactions. The P®! n,p) CrOSs Sec tion 
has been measured between 1.9 and 3.6 Mev? and at 
14 Mev,’ while only determinations at 14 Mev have 
been published on the Al*?(n,@) reaction.’ 

Measurements at this laboratory of the S**(n,p)P 

cross section® for neutron energies up to 9.5 Mev 
afforded an opportunity for the simultaneous determi- 
nation of the P®! n,p) Cross se tion. A single irradiation For the Al(n.@) measurement, a semicircular ‘'2S”’ 
of high total neutron flux provided the basis for aluminum strip of radius 6.65 cm was centered about 


diameter U™* monitor foil. The phosphorus samples, 
0.130 g disks and 1.07 cm in diameter, were punched 
from a sheet of polyethylene-p! osphorus mixture (29.5 
wt. % (CH2),, 70.5 wt. % P, 0.094 cm thick) prepared 
by the plastics group of this laboratory. 


Aluminum Irradiations 


the Al*’(n.@) measurement. Subsequent calibration of the gas target so that the midpoint of the strip was in 
counters makes it possible to report the P*!(n,p) and — the forward direction. The same fission chamber served 
Al’7(n,a) excitation functions on an absolute cross as the neutron'monitor and the absolute neutron flux in 
section scale Unreported results of an earlier rough the forward direction was obtained as described by 


measurement of the Al*’(,a) excitation function are Allen ef a/.° Earlier measurements® of the angular distri- 


included for completeness. bution of neutrons from the D(d,n)He’ reaction (deu- 
teron energy=5.80 Mev) were used to get the relative 
Il. EXPERIMENTAL METHOD neutron intensities. Six adjacent samples, 1.06 cm 


diameter and 0.165 cm thick, at angles up to 50° with 
the deuteron beam were punched from this strip after 
Samples of phosphorus along with sulfur were the irradiation. 


Phosphorus Irradiations 


fastened to the outside of an ionization chamber con- The earlier cursory investigation of the Al(m.) 
taining a U™* fission foil and irradiated in the forward excitation function made use of individual hollow 
direction with neutrons of various energies produced by cylinders about an inch in diameter placed at various 
the D(d,n)He® and T(p,)He® reactions at the large angles to the deuteron beam in a flux of neutrons from 
Los Alamos Van de Graaff generator. The samples were the D(d,n)He® reaction (deuteron energy =4.15 Mev). 
about 5 cm from a 3-cm long gas target. Neutron fluxes The angular distribution of neutrons was determined 
were measured by observing the fission disintegration with a long counter, and samples were subsequently 
rate in the U™® foil and using the known fission cross — counted on a thin-walled Geiger-Miiller counter. 
section for U8, Details of source and sample arrange- . 

ment as well as neutron energy and flux determinations Beta Counting 


are given by Allen ef a/.° in their account of the S**(,p) : ‘ 
For the present work, counting was done with two 


* Work performed under the auspices of the U.S. Atomic — insertion-type, methane-flow proportional counters of 


Energy Commission. : eis os a : 
. : : ' > es » de a ee ee W > 

1]. A. Grundl and J. J. Neuer, Bull. Am. Phys. Soc. Ser. IT, 1, the aR design. Che beta activity of identic al 0.020 — 
95 (1956). thick foils of U*5S was used as a standard for the counting 


* R. Ricamo, Nuovo cimento 8, 383 (1951). systems throughout the experiment. Sensitivities of the 
3S. G. Forbes, Phys. Rev. 88, 1309 (1952). - : and Sa 
‘E. B. Paul and R. L. Clark, Can. J. Phys. 31, 267 (1955). two systems for standard foil and sample activities were 
5 Allen, Biggers, Prestwood, and Smith, Phys. Rev. 107, 1363 
(1957) 6 J. E. Perry and R. K. Smith (private communication) 
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Paste I. Summary of P"(n,p) results 
Q € 
( 108 neutrons Absolute 
Source ; Initial cou ng o/(Ums ( ) , uncertainty 
reactior E,* (Mev rate (counts/min barns cm? min millibarns (millibarns 
T(p,m)He 1.59+0.08 38.543 0.40 5.67 1.31 + 0.14 + 0.13 
1.98+0.07 1026 +6 0.55 10.4 11.00 1.0 0.45 
2.08+0.07 331 +4 0.56 11.9 6.50 0.65 0.30 
2.19+0.07 1128 +6 0.56 13.2 16.80 1.0 0.45 
2.57+0.06 2560 +15 0.56 14.7 44.7 4.5 1.8 
2.92+0.06 5282 +20 0.55 15.4 80.6 12 3.0 
3.56+0.05 4451 +15 0.56 12.6 96.2 9 10 
4.05+0.05 3665 15 0.56 11.8 95.9 9 +0 
4.54+0.05 3485 25 0.56 11.1 106.3 10 +0 
4.82+0.06 3802 +15 0.565 7.87 134.3. 13 5.0 
§.33+0.05 3123 +15 0.57 7.81 134.6 13 5.0 
§.69+0.05 1220 +5 0.59 $.65 136.9 13 3.5 
D(d,n)He 6.11+40.12 3233 +30 0.605 5.17 145.9 14 8.5 
6.61+0.11 2067 +15 0.805 7.03 148.1 14 90 
7.11+0.11 $292 +30 0.975 8.32 136.4 13 8.0 
7.61+0.10 3392 +30 1.01 9 40 136.7 13 0 
8§.09+0.09 4643 +80 1.02 10.0 144.2 14 90 
8§.58+0.09 3392 +30 1.02 8.05 138.9 13 8.5 
9.07+0.09 5689 +40 1.01 13.5 143.4 14 9 
9.57+0.10 5921 +250 1.01 11.4 142.1 14 12 
I'(d,n)He* 14.1 +0.04 2672 +24 6.94 85.5 7 3.0 
»Er le s erg ge t f sa 
Ur s me sq t t € it 





determined so that counting results could be normalized. 
Differences in the over-all sensitivity of the two systems 
did not exceed 3% 

The 2.65-hr silicon activity in the phosphorus sample 
was followed for three half-lives in general, and weighted 
averages taken after conversion to initial counting rates. 
The 15.0-hr Na®* activity in the aluminum sample was 
followed for about 1} half-lives and the data treated 
similarly. The possibility of perturbing long-lived a 
tivities was investigated by counting samples that were 
irradiated in a slightly degraded fission spectrum. In 
phosphorus, a long-lived activity amounting to less 
than 0.1% was attributed to the 14.3 day activity 
resulting from the P*!(n,y)P** reaction. No long-lived 
activity was noted in aluminum. 

Efficiencies of the beta counting systems were deter 
mined by counting phosphorus and aluminum samples 
irradiated in the degraded fission spectrum and then 
obtaining their absolute specific activities by means of 
thin-window methane-flow proportional countess of 
known sensitivity developed and operated by the radio- 
chemical group of this laboratory. Extensive calibra- 
tion work on the latter counters’ has related absolute 
counting efficiency to average beta energy and sample 
thickness over a limited range of sample sizes. In terms 
of these parameters, the efficiency appears to be inde- 
pendent of the sample material. The general procedure 
consisted of making a series of individual efficiency 
determinations based upon the 4x counting (100°% 
efficiency) of ‘“‘weightless samples” of the beta-emitting 
atoms which were chemically separated from macro- 
samples. Each macro-sample was counted previously 


7B. Bayhurst and R. Prestwood (unpublished). 


on the thin-window counters. The efficiencies of the two 
counting systems used in this experiment were thus 
found to be 0.30+0.015 for the phosphorus samples and 
0.137+0.007 for the aluminum. 


III. P*\n,p) ACTIVATION RESULTS 


If the observed counting rates are converted to the 
equilibrium disintegration rate 4, then the cross section 
for a thin sample is given by o= A (.V@), where .V is 
the number of atoms in the sample and ¢ 1s the incident 
neutron flux. Table I presents the most important 
observed quantities involved in this relation and the 
resulting cross-section values. The U** fission cross- 
section values used in the neutron flux calculation® are 
also included so that any subsequent information may 
be applied to these data. Because there is a significant 
difference between uncertainties assigned to relative 
response and absolute cross section, they are tabulated 
separately. 

In this experiment the sources of uncertainties are 
manifold. The absolute uncertainty, however, is domi- 
nated by two factors--the U*> 
which is used in the flux measurement, and the counter 
efficiency. Both of these have been set at 5°) leading, 
along with other estimated errors, to an over-all un- 


fission cross section 


certainty of about 9% in absolute cross section. 

When one considers the data as an excitation func- 
tion, the counter efficiency can be ignored, but the 
uncertainty is still dominated by the U** fission cross 
section, although in the flat region of the cross section 


between 2 and 6 Mev it is felt that the relative un- 


* Smith, Henkel, and Nobles, Bull. Am. Phys, Soc. Ser. II, 2, 


196 (1957); see also reference 5. 
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certainty might be as low as 3%. Some lesser uncer- There are two exceptions to the last entry at the 
tainties now become significant and although in many — lowest and highest energies where the deviations are 


cases they represent only rather rough guesses, they 


are listed below for comparison. The percentages given 
are the maximum, there being in some cases consider- 
able variation between runs 


Sample weight and composition 
| 


8% and 5%, respectis ely : 
Essentially 


check, 


compared with t 


counter-eftic lency 
14.1 


he 90.6+9 mb value given by Forbes.’ 


as independent 


an 


an additional measurement at Mev was 


Neutron source, flux monit al Osition were 


or and sample | 





” the same. The results differ by 6°% which is within the 
Absolute Vad ‘ ‘ . 
Relativ o7 estimated accuracy of each measurement 
Relative 1% rat ce 
. Bes 2s , the phosphon ss-section values are plotte 
Sample positioning 13% All the phosphorus cross-section values are plotter 
Neutron anisotropy correction 1°% in Fig. 1. Included are the results of Ricamo? which 
Background neutrons (>6 Mev only 1% can be seen to differ significantly. Notably the present 
Normalization to counting standard 27 data are smaller at low energy and larger at high energy. 
Initial counting rates (rms deviation 2% The same qualitative difference appears between S**(1,p) 
Pape If. Summary of AP?(s esults 
10% € 
( ) tial nting t it 
Ex® (Me n it ite/n cn ; - 
6.73+0.60 0.32 16+ 2 11.3 + 1.2 +().9 
7.45+0.40 0.23 76+ 3 25.5 $3.3 + 2.3 
8.09+0.25 0.38 181+ 3 37.6 $4.9 +2.8 
8.58+0.14 1.23 624+ 4 39.7 $6.0 +3.5 
&.90+0.08 2.75 1675412 18.1 $5.3 + 2.4 
9.01+0.04 3.68 2425413 31.3 +4.6 $1.5 
14.1 +0.04 13.6 4149+ 10 116 8.1 + 4.6 


ludes effects of 
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Energy resolution is indicated by the triangles 


cross sections obtained by Ricamo,’ presumably under 
similar conditions, and later measurements by Huber 
and Hiirlimann” and by Allen ef al.* Since, however, 
the energies at which resonance peaks occur seem to 
coincide quite well, one questions the flux determina- 
tions of Ricamo, who obtained energy variation by 
placing samples at various angles to the deuteron beam 
and computing corresponding flux values from the work 

*Luscher, Ricamo, Scherber, and Zunta, Helv. Phys. Acta 23 
561 (1950). 


1 P, Huber and T. Hiirlimann, Helv. Phys. Acta 28, 33 (1955 





AND 


PERKINS 


of Hunter and Richards." Since the latter workers 
used long counters to monitor neutron flux, some of the 
present discrepancy might be attributed to the then 
unknown details of long counter efficiency versus energy. 


IV. Al” (n,a) ACTIVATION RESULTS 


Table II summarizes the results of the latest set of 
data for aluminum. Again the absolute and relative 
uncertainties are tabulated separately because of sig- 
nificant differences. In addition to the uncertainties 
discussed in Sec. IIT which apply here, there are others 
associated with beth the relative and absolute position- 
ing of samples as well as the neutron angular distribu- 
tion measurements. These vary considerably and for 
some angles exceed 8% even in the relative case. 

A measurement 14.1 Mev to 
compare with the value of 135+9.5 mb obtained by 
Forbes. This time the results differ by 17°] which just 


was again made at 


exceeds the sum of the estimated uncertainties. In 
Fig. 2, all the Al(n,a) cross-section values are plotted, 
the earlier data having been normalized to the later 
measurements at 7.45 Mev. Agreement at 6.73 Mev is 
reassuring. 

A very recent measurement by Yasumi!* gives the 
14.1-Mev Al(n,q) 120+14 mb, in 
excellent agreement with our value of 116+8.1 mb. 


CTOSS section as 
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\ quadratic dependence on momentum is assumed for the two-nucleon interaction energy in the inde 


pendent-particle model, and is used in a study of the nuclear binding energy and symmetry energy. The 
corresponding optical potentials for elastic nucleon scattering are discussed. The semiempirical interaction 
used is compared with the two-body potentials commonly used in shell-model calculations. These are.found 


to be inadequate 


I. INTRODUCTION 


T has been proposed by Brueckner and others! that 
the energy of the ground state of nuclear matter 


can be obtained from a model in which the nucleons 


move independently in a common (velocity-dependent 
potential U arising from their mutual interactions. This 


potential is also the optical potential’ used to describe 


elastic scattering of nucleons by nuclei. The actual 


two-body interactions between free nucleons are 


replaced In 
scattering operators / If 


effective interaction. or 
are known, 


the ¢,; in principle may ve calculated. An alternative 


the model by 


the actual 
approach‘ is to assume some simple form for the matrix 


elements of the /,; and study its properties in a semi- 


phenomenological way. We describe here some simple 


lines, chiefly using a quadratic 


calculations along these 





dependence on t nucleon momenta. First we adjust 


the parameters of the nuclear potential 


} and two-body 


interaction energy ¢ to give the observed binding and 


separation energies of nucleons in nuclear matter with 


equal numbers of neutrons and protons. Then we 
generalize to nuclei with unequal numbers of neutrons 
+] 


and protons, using the nuciear syrnmetry energy Lo 


place restrictions on the difference in interaction energy 


of like and unlike pairs of nucleons. Incidentally, we 
1 


note a general relation between the symmetry e 1 
and the difference in optical potential seen by neutrons 
and protons. Finally, we inquire how closely the inter- 
actions ¢,; correspond to the effective central potentials 
used quite successfully in shell-model calculations of 


nuclear spectra. 


II. NUCLEAR POTENTIAL AND 
BINDING ENERGY 


Weisskopf has pointed out® that the equality of the 
separation energy S and the volume binding energy P 


* This work was supported in part by the [ 
PI L 


Commission. 

t On leave from Clarendon Laboratory, Oxford, England 

1K. A. Brueckner and J. L. Gammel, Phys. Rev. 105, 1679 
1957), where earlier references are given; H. A. Bethe, Phys. 
Rev. 103, 1353 (1956 

? Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954 
Brueckner, Eden, and Francis, Phys. Rev. 100, 891 (1955). 

‘In recent papers by K. A. Brueckner ef al., the symbol K,, is 
used; Bethe! uses G, 

‘T. H. R. Skyrme, Phil. Mag. 1, 1043 

>V. F. Weisskopf, Nuclear Phys. 3, 423 
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‘packing fraction’) requires the common potential U 


of an independent-particle model to be velocity- 
dependent. He finds relations between the mean po- 
tential l’, the potential felt by nucleons at the Fermi 


surface lp, the Fermi kinetic energy Ty, and P. 
l } P Te: l —2P 6 5)T rp. 1 


In particular, for a quadratic dependence of U’ on the 
momentum, 
tl (k/ke)’, 2) 


2U,=5P+Tr. 3) 


Now the potential l’, felt by a nucleon in a state |a 
arises from its interaction with the nucleons in all other 


Ot upied states b). 


l > ab t ab ab l ha 
oY 
> » ter. 4) 
The exchange term, of course, arises from antisym- 


metry, and the labels a, 6 include spin and charge. The 


pair interaction /,), 1s easily evaluated in the Fermi gas 


approximation (infinite nuclear matter). If we assume 
equal numbers of neutrons and protons, and average 
can only depend on the 
relative momentum q=k—k’ of the pair of states a, 0. 
then replaced by an integral over 
k’ in the usual way. Writing t.,=1(q), 


over spin and charge states, tg 


The sum over 6 is 


KF 


dk’t(k—k’). (5) 


2n*)™ 


As a first trial we shall assume a quadratic dependence 
of t q) on q: 
l g lot ty q ky i 6 


This, of course, gives a corresponding quadratic de- 
) 


pendence for the potential U’ as in (2), with 

U; 1p, 7) 
where p is the nuclear density. We then obtain fo, 4; 
from (3), using P=15.75 Mev found from the mass 
formula by Green.* The density p found in electron 
scattering experiments’ gives 7 (assuming neutrons 


6A. E. S. Green, Phys. Rev. 95, 1006 (1954) 


7R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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Fic. 1. Variation of optical potential l’ with incident energy, 
when adjusted to give nuclear binding energy. 1. Quadratic, Eq 
2); 2. Gaussian, Eq. (7a); 3. form of Eq. (7b). The experimental 


“points” are only intended to be representative. The appearance 
of experimental points at megutive energy is due to surface effects 
These raise the energy of a finite nucleus so that a zero-ene 
incident neutron is actually only about 8 Mev above the Fermi 





surface. In an infinite nucleus this would appear as a negative 
energy, 8— P~>—8 Mev. The dashed curve was obtained by T. B 
Taylor [ Phys. Rev. 92, 831 (1953) ] from analysis of neutron tota 
cross sections, but using a square well 


and protons occupy the same volume); the central 
densities correspond to Tr from 34 to 38 Mev. The 
results are given in Table I, together with the reduced 
mass ratio 


* 


mm*=1+(U1/T? 
For comparison, the earlier value of P=14 Mev given 
by Feenberg’ is also used. 

We see the values of 9 and /; are not very sensitive 
to the choice of P or Ty. But we require a value of ty of 
about 37, in contrast to the value 37» used by 
Skyrme’ to explain the nuclear surface energy. Our 
value would lead to a surface thickness nearly twice 
that 
assumed negligible by Skyrme) is unlikely to produce 


much effect, and the value of the compressibility he 


observed.’ Inclusion of scattering in odd states 


uses is consistent with recent results of Brueckner.! A 
possible source of error lies in the assumption that, in a 
region of varying density, the interaction f is just that 
appropriate for the local density. Thus any possible 
dependence induced by the surface on k+k’ in addition 
to q=k—Kk’ is neglected. This point will be investigated 
further. 

Also, as already remarked by Weisskopf,® the reduced 
mass m*~0.4m is somewhat smaller than is usually 
assumed. For example, the nuclear photoeffect® seems 
to require m*~0.5m for nucleons near the Fermi 
surface. To see how much the discrepancy can be put 
down to the simple quadratic form we chose, we have 
fitted the two more realistic 


also two-parameter 


8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952), Chap. 6 


9D. H. Wilkinson, in Proceedings of the 1954 Glasgow Conference 
Pergamon Press, London, 1954); S. Rand, Phys. Rev. 107, 208 


(1957). 
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TABLE I. Parameters for the nuclear potential well Ul’ and 
interaction energy ¢, with corresponding reduced masses. All 
energies are in Mev 





P Tr I U; t t t/t m/m* 
15 3 106.1 56.4 140.0 564 0.40 2.66 
15 36 =-:109.1. 57.4 143.6 57.4 0.40 2.59 
15 38 112.1 58.4 147.2 58.4 0.40 2.54 
14 36 103.0 53.0 134.8 53.0 0.39 2.47 
14 38 106.0 54.0 138.4 54.0 0.39 2.42 

potentials: 
[ {J exp! a k ky " Sa 
U=—Uf1+B(k/ke by. (8b 
Using P=15.75, Tr=38, we find for (Sa) that 
Uo= 124.1 Mev, a=0.837, while (Sb) gives U'y= 150.5 


Mev, 8= 1.80. 

The photoeffect is interpreted’ as the raising of single 
nucleons from bound levels of energy /, to states of the 
next shell at &,. The difference in the single-particle 


energies is given by 


I E,=l VetTy-T. 


T,.—T.)m/m**, 9) 


say, where the “effective” reduced mass m** over the 


range l’, to Uy is given by 


m m** ] U,-—l ‘§ i 


~(dU aT 10 
evaluated at the Fermi surface. With the figures just 
given, m m**=2.18 for (Sa), 1.91 for (Sb), which are 
much closer to the experimental value. 

It is also interesting to compare these potentials 


with those found ne essary to describe elastic nucleon 


scattering. They are plotted in Fig. 1 for external 


t 

incident energies up to 150 Mev. The experimental 
points scatter somewhat; those from an analysis using 
a Saxon potential are displayed in Fig. 1 in a schemati 
way. In general, they follow the curve for potential 
Sb); part of the scatter is due to the difference in 
potential seen by neutrons and protons. However, this 
has little significance other than showing that (Sb) may 
be a convenient expression for the velocity dependence 
in this region. Apart from a certain amount of ambiguity 
in choosing potentials to fit the scattering data (un 
certainty about the amount and distribution of the 
imaginary part, for example), no analysis has yet taken 
into account the velocity dependence. This introduces 
in the case of a square well) a discontinuity in the 
logarithmic derivativet!° of the wave function, which 
tends to strengthen reflection from the surface. 

In passing, it is of interest to note the degree of non- 
locality this velocity dependence implies. In a coordi- 
nate representation, (8a) and (8b) lead to nonlocal 


’ Ross, Mark, and Lawson, Phys. Rev. 104, 401 (1956 
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potentials! of the form 
11a) 
11b) 


A exp[ — (p/a)* }, a= 4a/kyp, 


b (3? kp, 


U(r,r’) 


l re B b p exp p b 


where o=r—r’. The above figures give a=1.4X10-% 
1.0K 107 cm. Whatever the true form of ('(k). 
these results should remain qualitatively correct 


cm, 6 


Ill. NUCLEAR SYMMETRY ENERGY 


In the preceding section, we assumed equal numbers 
over their 
However, 


and and averaged 
interactions. We now 


first we make a few general remarks about the difference 


of neutrons 


protons, 


relax this condition 


in potential seen by neutrons and protons. This arises 
in two ways, due to the Coulomb energy and to the 
nuclear symmetry energy. When we have equal numbers 
of neutrons and protons, each will experience the same 
potential, as a function of its kineti energy T, provided 
the forces exhibit charge symmetry, t' pp. However, 
protons 
»a smaller kinet 


neutrons of the 


energy in the medium than 


and thus experience 


same fotal ene rgy, 
a different potential.!| With our quadratic momentum 
dependence, the potential for both types of nucleon is 
U(T UotaT, a=U,/T; 
have a total energy / [ / 


is £=U(T)+U.4+T. 


fun 


But for neutrons we 
, 

+7, while 

to express the optical 


Pe. we have 


tor protons it 
Using these 
tion of total ¢ 


potential as a nergy 


Ui (£ lutal l+a 
U 2 l otal l+a)—al Il+a 


even in this case, protons will see a nuclear 


Thus, | 
potential al l+-a deeper than neutrons of the same 
incident energy. For Ca*’, for example, this 
Mev, if one uses [ 1.4(7—1)A Mev.' 
With neutrons and 


there is a further contribution to this difference from 


1S about 5 


unequal numbers. of protons 


energy. |] because the 


the 


symmetry is arises partly 
ranges of relative momentum between one nucleon and 
those of the two groups are now different, and partly 
from any difference in the force between like and unlike 
pairs. Then, for example, the constants (’) and Uy (or 
a) for a proton will differ from those for a neutron. 

lei which are 8 stable 


A simple relation holds for nu 


on the statistical model (i.e., ignoring shell effects). 


For these, the most energetic neutrons and protons 
(those at the Fermi surface) have the same total energy. 


Thus, 

T.tU,(T,)=T,+U,(T,)+l 
where 7,, 7, are the respective proton and neutron 
Fermi kinetic energies; most medium and heavy nuclei 
depart little from this. It is well known’ that 


T,—Tp=(4/3)T re, e=(N—Z)/A, 


A. M. Lane, Revs. Modern 


"This has also been pointed out by 
Phys. 29, 191 (1957 
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if 7» is the Fermi energy appropriate to the mean of 
the neutron and proton densities, 3(p,+ p,). Also, this 
stability condition is essentially the same as that used 
with the mass formula to extract values of the symmetry 
energy® «, from empirical nuclear masses. When the 
symmetry energy just balances the Coulomb force 
(or JF de=0 


mass difference 


we have (neglecting the neutron-proton 


l teu, 
we obtain 


3] Pp). 13 


Putting these results together, 
U,.(T U’.(T,) =4e(u, 


Numerical values of this icluded in Table II. For 
1 about 60, e~1/10, and for A about 200, e~2}, giving 


a potential difference of 5 to 10 Mev. While this is only 


are ll 


true at the Fermi surface, the change in going to low 


incident energies should be less than 10°7. These values 


are consistent with the reported difference in neutron 


and proton potentials. We note that | eenberg’s value® 


for u, of 18 Mev leads to only half this difference. The 
experimental evidence, if significant, would seem to 


support Green’s larger value.‘ 

l'o obtain a more detailed insight into the symmetry 
effect, we continue to use the simple quadratic form for 
the interaction /(g), but allow it to be different for like 
ke particles. A simple way to do this is to write 


the interaction, still averaged over spin orientations, 


and unli 


lan) (q/ kr)’. 14 


upper sign refers to ike es (77 or pp _ the 


particl 
Averaging over these leads again 


to (6), so fo and /; have the same meaning as in Sec. IT. 





Unfortunately we now have two new unknowns. and 
only one new datum (the symmetry so we 
shall only be able to establish a relation between v and 
n. This will be of interest, however, when we come to 


study the relation between fig) and two-bodv forces 


commonly used in shell-model calculations. We shall 


also point out further possible sources of information 
on v and n separately. 
Phe expression (5) for the potential must now be 


yenera ized to 


‘err 
4or*) dk't.,,(k 
z 


+f ake, k k)), 15) 


n or p tor neutron or proton respectively. This 
? 


with x 
is readily evaluated, giving in 
Utk l +l ky ky 


ion (14) cannot be strictly 


harge svn 


true, since, 


the forces between free nucleons show ¢ metry, Van =Upp, 
this property will not in general be retained by the ¢’s. They have 
to be evaluated ir medium, and the differing densities 
However, 


order effect than 


the nuclear 
t 


of neutrons and protor 
it is reasonable to suppose that this is a higher 


“ny , 
IS Wii introduce some asvmmetry 


the one we are considering 
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TABLE II. Empirical parameters in the relation cv—n=d, and 
the difference between neutron and proton potentials at the Fermi 
surface for “stable” nuclei. All energies in Mev 


P Tr le l Up)/e 
15.75 34 23.7 1.24 0.11 49 
15.75 36 23.7 1.25 0.13 47 
15.75 38 23.7 1.26 0.15 44 
14.00 36 18.1 1.27 0.22 24 
14.00 38 18.1 1.25 0.23 22 

with 
—U »=tp (lave) +hp(t+net+ he 
160 


Un=tp(l+ne). 


The + now refers to x=n or p. Using kf? =kp*(1te 
and (13), or by explicitly calculating the total energy, 
we soon find the symmetry energy 

u,=4{ tov t2t,(4+n) lot+47r. 17) 


Inserting the values of fo, 4; found in Sec. IT we obtain 
a relation of the form cv—n=d. The ¢ and d are included 
in Table II: we see c is about 5/4, and d is about 1,10 
to 1/5. We shall return to this in the next section. 
Equation (16) shows that the velocity dependence 
of U’ is sensitive to n, but not y, in the &? approximation. 
That is, (dU dT) at the Fermi surface depends on 4 
and is different for neutrons and protons by perhaps 
5% for medium weight nuclei. It follows from (10) that 
y,p) and (y,n 
different energies. Figure 1 shows the &* approximation 
not to be very good above the Fermi surface, so the 
not hold exac tly. 


will show giant resonances of slightly 


simple dependence of (16) will 
However, we might hope to find some measure of 7 in 
this way. 

Further, we may use (16 
beginning of this section to write down the difference 


and the arguments at the 


between neutron and proton potentials at a total (or 
incident) energy E. We find to order é 
U,(E)—U,(E (18) 


Ar=Aot2y(1—y)enE, 


where 


y=hp/(iptTr 


Ao=2€(1—y)[too(v—yn) +hipn(1— dy) 

+y[1—en(1 y) IU. 
This reduces to (12) when e=0, and to (13) when 
e=U./4u,. We see the energy dependence of Ag is 
proportional to » as well as ¢, as already remarked 


above. With P=15.75, Tr=38, we have 


Ag= (99.4n—116.0v)e+ (0.61 —0.24en)U 4+ 0.48enE. 


Thus more careful analyses of neutron and proton 
optical potentials and their variation at low energies 
could reveal further information on the symmetry 
effect. 
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IV. SHELL-MODEL TWO-BODY FORCES 


In shell model calculations of nuclear spectra near 
closed shells,’ a two-body central force 2,; with some 
exchange mixture, usually Rosenfeld or Serber, has 
been used quite successfully. We ask now how far such 
a force can be regarded as a reliable characterization 
of the true interaction ¢,;. The usual central force with 
exchange is 


v= (wt+mP2+bP7+hP) I(r, 
wt+m+b—h i; 
The interaction between pairs is, analogous to (4) 


lap=(abiviab abv ba). 


‘a 
Averaging over spin states, and using plane waves to 
evaluate the matrix elements, we soon find 
{(nn)=l( pp) = 1 ( Iw+t2h+b—m) f(O 


+-2( 2m—2b—h—w) fia), 
: 19) 


£ 


M(q) [ dr exp 


J 


iq:r)J (r) (20) 


is the Fourier transform of the space dependence of the 
two-body potential. To compare (19) with our phenome- 


nological quadratic expression 6) for t(g), we can 
expand f q 
f(q) ta| fears | rédrJ (r) 
| 
{ g' | r°drJ(r)--- 
120 
atp(g kp)*+y7 q Ryp)iee Sa) (21) 


This is closely connected to the technique" of expanding 


1 


1e potential in powers of its range. The quadratic 
approximation for ¢(q) corresponds to retaining the 
first two terms of such an expansion. Collecting terms, 


we can identify 


eee. | 


lo= ja(3w+ 3m) ; t= }8(4m—2h—2b—w) 


tN 
tm 


toev=4a(wt+m+2); tn=—}8(2b+u 


We see that /) and v depend only on the amounts of 
Wigner and Majorana force. We can use (22) to study 
the relation cv—n=d. Take c=1.26, corresponding to 


T r=38, P=15.75 (Table Il). The popular Rosenfeld 
mixture gives d= —0.30 instead of the empirical +0.15. 
A Serber force has d= —0.09, which is closer. In fact, 


18M. G. Redlich, Phys. Rev. 99, 1427 (1955); J. P. Elliott and 
B. H. Flowers, Proc. Roy. Soc. (London) A229, 536 (1955); M J 
Kearsley, Phys. Rev. 106, 389 (1957). 

“J. H. Van Vleck, Phys. Rev. 48, 367 (1935) 

'° [). M. Brink, Proc. Phys. Soc. (London) A67, 757 (1954). 
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, “almost Serber” (aS) and Rosenfeld (R) exchange mixtures, when P = 15.75 Mev, T r= 38 
Ba*r3!?, B/a= —}(akp)*, y/a=4(B/a)*; for the Yukawa, a=4rBa', 8/a=—(akp)?, 


TABLE III. Force parameters for Serber (S 
Mev, and t:/to= —0.40. For the Gaussian, a 


2 
y/a=(B/a)* 


Gaussian 


a(10-% cm 


to/a u/s 
—().375 


0.262 ‘ 
0.6000 : 0 


0.750 
0.750 
0.600 


iL, 
r. 


if we restrict ourselves to Wigner and Majorana forces, 
for Tr=38, P 
0.41, which we might call an ‘‘almost- 


the empirical values 15.75) give 
i 0.59, m 
Serber” mixture. 
rhe strength of the interaction fy and its velocity 
are related by (21 22) to the 


21) and 
hrough @ and 8, as well as 


dependence {y/l 
shape of the potential J(r) t 

to the exchange character. It is difficult to disentangle 
the two influences, but in Table III we give the strength 
and range required for a Gaussian, J = B exp [— (r/a)? 
and Yukawa shape, / 
the Serber, 
(mentioned above) exchange mixtures as representative. 


B(a/r) expl—(r/a) ]. We have 


chosen Rosenfeld, and ‘almost Serber”’ 
In addition, the corresponding coefficients of the q 
21 The striking 


strengths B, 


terms in the expansion are given. 


thing is the large and short ranges a, 


required for the Yukawa potential, compared with 


those used in the shell model.'!? The more ‘‘square”’ 


Gaussian shape shows a weaker velocity dependence 


hen¢ e 


than the long-tailed Yukawa, and yields more 
conventional values for range. In this way, the inter 
action energy averaged over the whole momentum 
range gives more information as to the potential shape 
than shell spectra, which are concerned with a narrow 


interval of momentum close to the Fermi surface. 
However, until more extensive calculations have been 
carried out, it is difficult to draw any definite conclu- 
sions on this. It is not clear, for example, how sensitive 
the shell-model results are to the choice of strength, 
range, and exchange mixture. In addition, it is quite 
plausible that the more energetic nucleons concerned 
in shell-model spectra are more strongly affected by 
surface restrictions than the average, more deeply 
imbedded, nucleons. Our model completely neglects 
these finite-size effects which, for example, will intro- 
duce elements of / off-diagonal in momentum space. 
The large values of y a lor the two Serber forces 
lead one to suspect that it is nota very good approx1- 
mation to take just the first two terms of (21). Using 
the exact expression for the Fourier transform /(q), 
and adjusting the constants to give the same average 
interaction over the 
increases the range a required, but also increase; the 


momentum range of interest, 


strength 4. In addition, the usual criterion that the 
parameters for different well shapes be adjusted to give 
the same (observed) low-energy free nucleon scattering 
is clearly not adequate. Thus there seems to be strong 
evidence against the conventional ‘‘shell-model’’ forces 
being an effective representation of the actual inter- 


action operators / 


V. CONCLUSIONS 


’ 


A simple quadratic 
lot l q ky 


interaction energy, averaged over like and unlike pairs. 


dependence on momentum, 


, has been assumed for the two-nucleon 


At the normal density p of nuclear matter, the observed 
binding and separation energies require / 

145 Mev, and 
three times larger than 


p to be about 
{ip to be about 58 Mev. The value of 


f; is about that required by 


Skyrme to explain the nuclear surface energy; it is 


suggested the discrepancy may be due to the nonlocal 


nature of / near the surface. This interaction corre- 


potential with a reduced mass 


Agreement with the value 0.5 required 


sponds to an optical 
m* m of O.4. 
by the nuclear photoeffect Is mproved by the use of 
more 


1 

realist velocity dependences for the potential 

U, which ith 

scattering data. 1 

range of about 1X10 
A general relation is noted between the 


aiso consistent with elastic nucleon 


hese 


are 
potentials are nonlocal over a 
cm 

nuclear 
symmetry energy and the difference in potential seen 
by slow neutrons and protons 
U,—U, about 45 (V-—Z) A 


the scattering data. To study further the difference in 


rhe predicted value, 
Mev, is consistent with 


interaction between like and unlike nucleon pairs, two 
new parameters have to be introduced in our approxi- 
mation. We obtain a relation between then from the 
observed symmetry energy. It is possible to get further 
information from the different velocity dependence of 
slow neutron and proton optical potentials. 

Finally, we compared the semiempirical /(g) with the 
two-body interactions usually assumed in shell-model 
calculations. It was seen that these are not an adequate 
representation of /. However, it is possible that the 
interaction of the most energetic nucleons, concerned 
in shell spectra, is moditied by surface effects. 
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Response of CsI(T1) Crystals to Energetic Particles* 


S. BASHKIN, R. R. Cartson, R. A. DouGias, AND J. A. JACOBS 
State University of Iowa, Iowa City, Towa 
(Received August 5, 1957) 


The light output of thallium-activated cesium iodide was measured as a function of bombarding energy 
for protons (240 kev < E, £2550 kev), alpha particles (980 kev < Eg £4920 kev), and C” ions (320 kev < Ec 
¢ 1850 kev). The relation of the light output to the particle energy is approximately linear in these energy 
ranges. The light outputs for different particles of the same energy are in the ratio p:a: C= 1.00:0.59:0.35. 
Saturation effects account for these results. The resolution varies inversely as the square root of the light 


output. 





HE use of scintillating substances as detectors of 
charged particles is well-known, and is based 
partly on the fact that the light output of the scintil- 
lator is a function of the particle energy and the kind 
of particle. The light output for a given particle in- 
creases as the particle energy increases. Also, for a 
given energy loss the light output is greatest for 
electrons, and is reduced as the particle mass in- 
creases.'-" Scintillating liquids, plastics, and organic 
crystals show saturation effects**°* which are re- 
vealed in a clearly nonlinear relationship between light 
output and particle energy. In ionic crystals, like 
Nal(TI),?4:8:93—5 KI(TI),!® and CsI(TI),’® the light 
output is apparently a linear function of particle energy 
for protons. However, a nonlinear dependence has been 
reported! **.8.°.17 for ionic crystal detectors with alpha 
particles, although the deviation from linearity is small. 
Furthermore, the response curves for various particles, 
even when apparently straight lines, have not always 
extrapolated to the origin.‘:%>!6!8 Little has been 
done to explain these effects in ionic crystals. 
In order to understand scintillator behavior, it is 
important to acquire additional data on the effects of 


various particles on scintillators. This is especially true’ 


of heavy particles which accentuate any effects due to 
high specific energy losses.’ It is also of considerable 
practical utility to develop detectors suitable for 
experimental work. Thallium-activated crystals of 


* Supported in part by the U. S. Atomic Energy Commission. 
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cesium iodide have been shown to be satisfactory for 
the detection of fast protons,'® and nitrogen ions.! 
Although they give less light’* and have a longer decay 
time’ than crystals of NaI(Tl), they are nonhygro- 
scopic and easily shaped. The present paper corroborates 
the earlier work on protons and discusses the light 
output of CsI(TI) crystals from monoenergetic alpha 
particles and C’? ions. 

Protons, accelerated in a Van de Graaff generator to 
energies between 650 kev and 3300 kev, entered a thin, 
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PULSE HEIGHT IN VOLTS 


Fic. 1. Pulse-height distributions from a CsI(T1) crystal bom- 
barded with charged particles. The particles resulted from 1210- 
kev proton bombardment of N" enriched nitrogen gas. Their 
energies are given at entrance to the crystal. The solid lines were 
drawn through the data points; the dashed lines show the gamma- 
ray background pulse-height distributions. (a) Expanded gain. 
(b) Compressed gain. 


434 








nitrogen gas target containing N’* with an enrichment 
of either 61% or 95%. A 1000-A thick nickel foil sealed 
the gas, at a pressure of about 2 mm of Hg, from the 
vacuum system of the accelerator. The following nuclear 
reactions occurred and were used as a source of protons, 
alpha particles, and carbon ions: 

N¥+ poN"+ 9, 

N¥+4 poNi4+ p, 

N+ pC" (ground state)+ao, 

N”®+p->C (4.43-Mev excited state)+a1. 


Carbon ions and alpha particles from both of the 
latter reactions were used. Protons scattered from 
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traces of hydrogenous material present in the gas were 
used at forward angles. 

The particles from these reactions were detected 
with a thallium-activated cesium iodide crystal,’ 
water-polished to a thickness of 0.006 in. and cemented 
to a Dumont 6291 photomultiplier tube with Spra- 
Koat.”° The crystal was % in. in diameter. Collimators 
restricted particles striking the crystal to a 4-in. 
diameter circle in its center. No light-shield or reflector 
was used in these measurements. 

The energies of the particles under study varied as 
the incident energy and the angle of observation were 
changed. Since the Q values for the reactions are well- 
known,” the energy variations of the reaction products 
helped to identify the particles. Additional identifi- 
cation came from noting anomalies in the particle yields 
at known” resonances for the reactions, and by com- 
parison of the crystal’s response to the reaction products 
and to polonium alpha particles. The particles under 
study passed through 3 inches of the target gas in order 
to get from the reaction volume to the detector. The 
energy loss by protons in going this distance was 10% 
at the lowest energy used and less than 2% for energies 
greater than 0.5 Mev. Corrections were made by using 
Weyl’s data on the stopping power of gases for protons.” 
Corrections of at most 6% were made for the energy 
losses of alpha particles in the target gas, using the 
alpha-particle stopping power of air.* A cruder cor- 
rection was made for the carbon-ion energy Joss in the 
gas. That correction was taken as the energy loss of an 
alpha particle of the same velocity times the square of 
the ratio of the effective charges. An effective charge 
ratio of 1.6 was used.” The correction amounted to 


19Qbtained in bulk from the Harshaw Chemical Company, 
Cleveland, Ohio. 

* An acryllic plastic, General Cement Manufacturing Company, 
Rockford, Illinois. 

21—D. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

2S. Bashkin and R. R. Carlson, Phys. Rev. 106, 261 (1957); 
F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 

2% P. K. Weyl, Phys. Rev. 91, 289 (1953). 

*M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937). 

25S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953); see p. 804. 
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Fic. 2. Resolution versus particle energy for protons, alpha 
particles, and carbon ions. Points are experimental. Lines are 
drawn for resolution varying inversely as the square root of the 
particle energy. 


20% at the lower energies and 8% at the higher ones. 

The Dumont photomultiplier showed gain shifts 
dependent on the counting rate averaged over a several 
hour period. Shifts of about 3% were observed for the 
extremes of counting rate in the present work. To 
overcome such shifts, the pulse heights corresponding 
to one group of particles of a given energy were observed 
at the different counting rates and used to normalize. 

Figure 1 shows the distribution of the pulse heights 
from the detecting system (crystal, photomultiplier 
tube, cathode follower, nonoverloading amplifier,” and 
ten-channel pulse-height analyzer’’) for scattered 
protons, alpha particles, and C! ions at a bombarding 
energy of 1210 kev. Pulses, from a pulse generator, fed 
into the cathode-follower input showed the following 
part of the detecting system to be linear to 0.5%. 
Figure 2 shows the resolution (full width of the peak 
at half-maximum divided by the pulse height) as a 
function of energy for the various ions detected. The 
lines were drawn to represent a resolution which varies 
inversely as the square root of the particle energy. Such 
lines are expected if the resolution depends on the 
statistical variation in the number of photoelectrons 
released at the photocathode and the pulse height is 
proportional to the energy loss. A plot of resolution 
against pulse height gives a single straight line of the 
same slope as that of the lines drawn in Fig. 2. 

Figure 3 shows the pulse height as a function of 
particle energy. Similar results have been obtained for 
CsI(T1),!4® KI(TI),°"8 and NaI(TI).4:5°15 For the 
energy range common to the three types of particles 
observed here, the ratio of pulse heights for the same 
energy is p:a:C!?=1.00:0.59:0.35. The curves through 
the experimental points were calculated by using the 


26 Beva Laboratory, Trenton, New Jersey. 
27 W. C. Johnstone, Nucleonics 11, No. 1, 36 (1953). 
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Fic. 3. Pulse-height versus particle energy for protons, alpha 
particles, and carbon ions. Points are experimental]. Curves are 
calculated. 


form of the specific light output, dL/dx, suggested by 
Birks’: 
bdE/dx 
dL/dx=—___—__, 
1+ (1/a) (dE/dx) 


where dE/dx is the specific energy loss in CsI(T1) and 
a and b are adjustable parameters. Pulse heights, 
L(E)/b, were obtained by numerical integration : 


al dE 
L(E)/b= f ion oredr 
» 14(1/a)(dE/ds) 


The calculated curves pass through the origin, of course, 
and show their largest curvature in the region of 
maximum specific energy loss. If a straight line approxi- 
mation is used to any region of this calculated curve, 
it may have a positive or negative intercept on the 
energy axis depending on the particular energy range 
chosen. The fit to the present data depends only upon 
the shape of the specific-energy-loss curves and the 
relative magnitudes of these curves for the different 
particles. The specific-energy-loss curves for protons 
and alpha particles in NaI(TI), calculated by Eby and 
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Jentschke,*? were used here. The specific energy loss 
curve for carbon ions was derived from that for alpha 
particles by assuming the carbon-ion specific energy 
loss equal to the specific energy loss of an alpha particle 
of the same velocity times the square of the ratio of 
the effective charges. The effective charge ratio was 
again 1.6. A value of the parameter, a, equal to 2.2 
times the maximum specific energy loss of a proton 
was used to fit the data in Fig. 3. The absolute value of 
a does not enter the calculation. The parameter, }, is 
simply a scale factor but it is the same for all three 
curves. 

The agreement between the calculated shapes of the 
response curves and the data does not mean that those 
shapes are necessarily correct, since straight lines 
match the experimental points equally well. However, 
the different light output for different particles is 
adequately explained. Moreover, by proper adjustment 
of the parameter, a, the response curves found by other 
groups for other crystals could be fitted. Within the 
accuracy of these calculations and for the energy range 
of interest, it has not been considered fruitful to include 
the contribution from hard scattering.*:?8 

The light output of a CsI(T1) crystal was measured 
by Halbert! as a function of energy for nitrogen ions 
from 2.9 Mev to 23.8 Mev, and for alpha particles up 
to 5.3 Mev. The particle energy was varied with ab- 
sorbing foils. His results are very similar to ours as to 
the near linearity of the response curves and a different 
light output for the different particles. He quotes in 
the latter connection : 


(dL/dE) nitre gen! (dL/dE) alpha > J . 
The energy at which this is evaluated is about 5 Mev. 
In the present work we found: 
(7L/dE) carbon /( IL/dE) atpba= 5 


at an energy of 1.5 Mev. The saturation mechanism 
used in the above calculations can account for this 
difference since the alpha particle saturates less at the 
higher energy whereas the heavier ion saturates more. 


28N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948) ; Phys. Rev. 59, 270 (1941). 
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The absolute alpha energy of Po? alpha particles was measured by a 180° magnetic spectrometer. The 
value obtained was 5.3054+0.0010 Mev (absolute volts). Measurement of the energy (ao) of the alpha 
particles from Cm** leading to the ground state of Pu’ was made relative to the energy of the Po*” alpha 
particles. A value of 5.8025+-0.002 Mev was obtained for this Cm™* ap energy. The energy difference between 
the ground state transition ao and the transition a; to the first excited level ef Pu” from Cm™ was found 


to be 43.541 kev. 





INTRODUCTION 


NTEREST in the determination of nuclear binding 

energies by mass spectrographic measurements and 
nuclear reaction Q values has been shared by many 
workers in recent years. The instruments used in 
measuring nuclear reaction energies have been cali- 
brated in a number of ways including precise Bp 
measurements,!? utilization of nuclear resonance,’ and 
the reaction threshold of Li’(p,)Be’ for electrostatic 
analyzers.‘ Comparison of nuclear binding energies 
computed from nuclear reaction energies with those 
derived from mass spectrographic measurements gives 
information on the original energy calibrations used 
for the nuclear reaction energy measurements. Addi- 
tional recent measurements of the alpha energies of the 
transuranic elements, either by magnetic spectrographs 
or ion chambers with multi-channel analyzers has made 
desirable the absolute alpha energy determination of 
one or more radioisotopes which can be easily obtained 
as standards. 

The measurement of alpha-particle energies with 
magnetic analyzers has previously been done by careful 
measurement of Bp values. The difficulties associated 
with these measurements, and the various sources of 
errors, have been discussed by previous investigators.!~* 
It is not practical to construct a magnet of large radius 
of curvature which has the desired uniformity of field 
strength over the complete pole-face area. Hence, very 
careful mapping is required in order to obtain the mean 
field strength over the precise trajectory of the alpha 
particle. Even if the variations in magnetic field are 
completely determined, it is impossible to maintain the 
relative field values along the trajectory if the mean 


* Now at Phillips Petroleum Company, Idaho Falls, Idaho. 

{ Operated by the General Electric Company for the U. S. 
Atomic Energy Commission. 

1S. Rosenblum and: G. J. Dupouy, Compt. rend. 194, 1919 
(1932); J. phys. radium 4, 262 (1933). 

2 Rutherford, Williams, Bowden, and Lewis, Proc. Roy. Soc. 
(London) A142, 347 (1933); W. B. Lewis and B. V. Bowden, 
. Proc. Roy. Soc. (London) A145, 235 (1934). 

3 Collins, McKenzie, and Ramm, Proc. Roy. Soc. (London) 
A216, 219 (1953). 

4 W. J. Sturm and V. Johnson, Phys. Rev. 83, 542 (1951). 


field strength is varied over a large range, because of 
differential hysteresis. 

The method presently described was conceived as 
one which would eliminate the necessity of knowing 
either the absolute or relative value of the field along 
the alpha-particle trajectory. For the large electro- 
magnet described below, it seemed desirable to relate 
the alpha-particle energy to the kinetic energy of an 
ion of high atomic mass traversing an identical tra- 
jectory, utilizing a common magnetic field for both the 
high-mass ion and the alpha particle. The problem is 
thus resolved to that of making an accurate voltage 
measurement related to a standard cell in order to 
deterimine the kinetic energy of the accelerated posi- 
tively charged ion of known mass. 

By using nuclear magnetic resonance control to 
eliminate magnetic field drifts, the alpha-particle 
energy is determined in terms of the mass of the heavy 
ion and the standard cell reference voltage. This 
approach seemed to present the fewest possible sources 
of error. It is also more amenable to repeated experi- 
ments. 

Ideally one would like to perform an experiment in 
which the alpha particle and heavy positive ions are 
detected simultaneously. Such an experiment is not 
practical. It is possible, however, to keep the radius p 
invariant with fixed source and detector slits, and to 
maintain the magnetic field B at an approximately 
constant value throughout an experiment. In addition, 
by using nuclear magnetic resonance very small drifts 
in field can be visually monitored with a frequency 
meter to an accuracy of one part in 10°. In the actual 
comparison of the alpha particle and the heavy positive 
ion the small changes in the field were recorded and 
appropriate corrections for B made when necessary. 

The magnet was designed and constructed primarily 
for relative measurements requiring only a high degree 
of uniformity along lines normal to the mean radius. 
Uniformity along these orthogonal lines was excellent. 
For large changes in B, the circumferential variations 
in magnetic field strengths from source to detector 
could not be reproduced. There was no way of circum- 
venting this difficulty as it was impractical to map the 
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entire pole-face area without lifting the top pole piece 
to remove the vacuum ring. Thus the magnet was 
cycled through large values of B with unacceptable 
reproducibility. There is, of course, no objection to this 
limitation for the usual relative measurements, but it 
leaves a wide margin of error for absolute energy 
determination. 

Po” was selected as a source for absolute energy 
calibration because of its general availability, high 
specific activity, and because of the fact that a number 
of previous absolute energy measurements had been 
carried out using this isotope. 

In order to furnish a secondary standard of higher 
energy, the energy of the alpha particles from Cm™ 
was measured relative to the energy of the Po” alpha 
particles. The difference in kinetic energy between the 
alpha particles leading to transitions to the ground 
state and to the first excited level of Pu™° was also 
measured. Results are discussed below. 


THEORY 


The determination of the energy of the alpha particle 
in this experiment is dependent upon a precise measure- 
ment of the kinetic energy of the accelerated heavy 
positive ion. The measurement of this latter is best 
obtained by means of a special potentiometer, a pre- 
cision voltage divider, and a standard cell. A rela- 
tivistic correction is required only for the alpha par- 
ticle; the correction for the accelerated heavy ion is 
negligible. 

If B is the magnetic induction, e the electronic charge, 
and m the mass of the ion moving at the velocity 2, 
then 


Bev=mv*/p. (1) 


For a constant value of Bp, and using subscripts 1 and 
2 for the heavy singly charged positive ion and alpha 
particle, respectively, one obtains the relation 


Bo=my,; C= Ma 2/ C2. (2) 


Equating the velocity of the alpha particle, v2 from 
Eq. (2), with the velocity derived from the relativistic 
equation, E= moc*(y—1), where E is the kinetic energy 
of the alpha particle, mo is the rest mass of the alpha 
particle, c is the velocity of light, and y= (1—2,?/c?)-4, 
gives 

MV 2 moct 4 
medi . (3) 


Moe, E+ moc’)? 


Now €2= 2¢, m2=mot+ E/c, and 0;= (2e,V /m,)!, where 
V is the accelerating voltage of the singly charged 
positive ion. Substitution of these quantities into Eq. 
(3) gives 
4meV EF 
E= - ‘ (4) 
mo 2moc” 
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or, by transposing terms, 


4my,e,V E i 
Fine Ff --), (5) 
mo 2moc? 4merc4 











In order to determine V precisely, a precision voltage 
divider was constructed by utilizing a method pre- 
viously described by Wenner.’ In this method the 
percentage deviations of the precision resistors cance] 
out to the second order and an accuracy of one part in 
10° in the divider ratio is easily obtainable. The voltage, 
V,, across the low-resistance section of the divider may 
then be measured by a potentiometer referred to a 
standard cell. If R is the divider ratio, then the source 
voltage V is given by 


V=RVi4+Vi. 


DESCRIPTION OF APPARATUS 


The analyzer is shown schematically in Fig. 1. The 
design was primarily for high-resolution work. An 
important feature is that alpha particles differing in 
energy by greater than 1 Mev could be simultaneously 
focused on a nuclear emulsion plate. 

The top and bottom of the magnetic circuit consists 
of iron slabs of rectangular cross section, 30 cmX 100 cm 
350 cm, in length. The top slab, to which one of the 
180° sector pole pieces is affixed, rests on two iron 
cylinders, machined from special forgings, 62 cm in 
diameter and 53.3 cm in height. The exciting coils 
surround these cylinders. Top and bottom pole-piece 
sectors are 25.4 cm thick which gives a 2.54-cm gap 
in the magnetic analyzer region. 

The pole pieces, which were plated with 0.0005-cm 
nickel, serve as an integral part of the vacuum chamber, 
i.e., there is no separate chamber or analyzer tube. A 
solid Duralumin ring, cut to the contour of the pole- 
piece sector, contains a source adapter, defining slits 
and baffles, pumping ports, and detector adapter. 
Sealing of this vacuum chamber is accomplished by a 
lead gasket and subsequent waxing. Pressures in the 
10-7 mm Hg range were obtained with this arrangement. 
The 180° pole sectors have a cross-sectional area of 
approximately 6500 cm?, and the mean radius of 
curvature is 76.2 cm. 

In order to achieve a uniform gap the pole-piece 
sectors were ground flat within 50 parts in 10°, and 
twelve Duralumin spacers, ground to the gap dimen- 
sion, served as supports for the top pole face. 

For maximum transmission, the variable baffle could 
be set to a half-angle of divergence of approximately 
73° which corresponds to a geometry of ~1 part in 
5000. In order to utilize the highest possible geometry 
and reduce the spherical aberration of the magnet lens, 
a parabolic shim was constructed of pure sheet iron 
and inserted midway between the source and detector. 


5 F, Wenner, J. Research Natl. Bur. Standards 25, 229 (1940). 
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In the absolute energy measurement the shim was not 
used since the baffle was adjusted to a small acceptance 
angle. 

For detecting alpha particles electronically, a co- 
incidence-type ionization chamber was mounted 
directly in back of the adjustable detector slit. This 
was a cylindrical chamber of 3 cm diam X 3.8 cm length, 
having a 0.0005-cm rubber hydrochloride end-window 
and a parallel-plate-type geometry for the collecting 
electrodes. Rather than collect the ionization electrons 
on a single plate, dual collecting plates were used such 
that an alpha particle entering normally caused an 
equal number of ionization electrons to be collected 
on each of the two collecting electrodes. The pulses 
from each of the electrodes were fed through separate 
preamplifiers and discriminators and finally through a 
coincidence circuit. This technique reduced the back- 
ground to 2 alpha counts/hour. 

For measurement of the positive-ion beam current, 
a Faraday cage was used with a cylindrical housing 
similar to that of the alpha counter. The Faraday cage 
was connected to a vibrating reed electrometer and 
recorder. 

The precision voltage divider was constructed of 
forty 2-megohm resistors in series coupled to four 
12 500-ohm resistors in parallel, giving a nominal 
divider ratio R of 25 600. All the resistors were Shall- 
cross precision resistors accurate to one part in 10 000 
having a temperature coefficient less than 20 parts per 
million. In order to determine the divider ratio R 
precisely, the 2-megohm resistors were connected in 
parallel and the 12 500-ohm resistors in series, giving 
two groups of resistors each with a nominal value of 


50000 ohms. The two resistor groups were then 
compared by an interchange bridge method. In this 
method the degree of imbalance of te two resistor 
groups was measured within 0.1 ohm in 50 000 ohms, 
by using a galvanometer having a sensitivity of 6X 10~° 
amp/mm. The precision divider was inserted into a 
column of insulating oil to reduce any possible corona 
when connected to the high voltage. 

The high-voltage supply was designed for regulation 
and stability within 0.01% per day up to 50 kilovolts 
output. This was achieved by means of temperature 
compensated precision resistors and five standard cells 
for potential reference in a temperature controlled oil 
bath. This unit also contained the transformer to supply 
the power for heating the filament of the surface 
ionization source. 

The field was established by two sets of exciting coils 
in parallel having a total of 68 000 turns operating at 
currents slightly less than 0.5 ampere. An electronic 
regulated power supply furnished a maximum of 1 
ampere at 600 volts. For more precise field regulation, 
an error voltage was fed to the power supply from a 
nuclear magnetic resonance sensing device. The mag- 
netic field was changed by varying the nuclear magnetic 
oscillator frequency with a variable speed drive on the 
tuning capacitor. A frequency meter with a tempera- 
ture-controlled crystal oscillator for reference, moni- 
tored the nuclear magnetic oscillator and measured the 
frequency to better than 1 part in 10°. Except for 
oscillator frequency changes, the field was controlled 
by nuclear magnetic resonance to better than 1 part 
in 40 000. 
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PREPARATION OF SAMPLES 


Po?!” 


The polonium sample was prepared from chemically 
purified polonium purchased from the Mound Labo- 
ratories. No further purification of the polonium was 
made. The sample used for the energy determination 
was plated on polished platinum. First a very thin film 
of copper was electroplated on the platinum; then the 
polonium was deposited on the platinum from a chloride 
solution with the copper simultaneously dissolving in 
the solution. The final sample showed no discoloration 
due to either impurities or residual copper. 


Cm*“4 


The curium sample was produced by the very-long- 
term irradiation of plutonium in the Materials Testing 
Reactor. The curium was separated from other ac- 
tinides and purified from fission products by a series 
of cation and anion ion exchange column processes. 
The final curium contained about 98% Cm™ alpha 
activity and 2% Cm*? alpha activity. Just before the 
source was prepared, plutonium daughter activity was 
separated from the curium by an anion exchange 
column process. 

The curium sources were made by vacuum-subliming 
the curium from a tantalum filament through a defining 
slit onto the polished platinum source holder. The 
sources showed a slight discoloration of the platinum 
due either to sublimed tantalum or to solid impurities 
deposited on the filament with the curium. 


EXPERIMENTAL PROCEDURE 


In order to carry out the experiment as outlined 
above, it was necessary to check on the validity of 
certain assumptions and to determine the relative 
errors of a number of parameters. These included 
measurements in the variations of B and p, freedom 
from gas scattering for both the alpha particles and 
the singly charged positive ions, temperature variations 
of the precision voltage divider and standard cell, and 
frequency drifts of the nuclear magnetic resonance 
field control circuit. 

Variations in the magnetic field strength along lines 
normal to the trajectory were measured and found to 
be within one part in 10° per centimeter. Thus the 
magnet was shown to be good for general alpha spec- 
trometry, requiring only relative measurements for 
nuclear energy level determinations. Variations in 
magnetic field along the median radius and changes 
in these variations were not, however, insignificant 
and for very large excursions in magnetic field, (~ 4000 
gauss), the reproducibility of B values was only 1 
part in 1400. This, of course, is to be expected with a 
magnet of such a large pole-face area when the entire 
magnet is regulated from a single point and single probe 
as shown in the figure. Thus, during the course of the 


entire experiment, approximately one month, the 
magnet was continually energized at a field strength 
whose variations were restricted to a few gauss. The 
dimensional changes in the source-to-detector distance, 
2p, were minimized by temperature control of the room 
within 2° centigrade. Mean variations of temperature 
in the iron yoke itself were probably closer to }° 
centigrade. The mean source-to-detector distance was 
measured and set to 152.40 cm by micrometer adjust- 
ments of source and detector slits. The actual value of 
the radius is, of course, cancelled out of the equations 
in the ion comparison method of determining absolute 
energy. 

A frequency meter, which monitored the nuclear 
magnetic resonance oscillator was calibrated against 
radio station WWV and found to be accurate within 
3 parts in 10’. Any drifting of the oscillator was meas- 
ured with the frequency meter. Thus the magnetic field 
strength was monitored for each specific point of the 
Po*® alpha line shown in Fig. 2. 

The general procedure of the work can be sum- 
marized as follows. The Po”! source was mounted as 
shown in Fig. 1 in front of a 0.15-mm collimating slit ; 
the detector slit was also set at 0.15 mm. The baffle 
restricted the half-angle of divergence to 0.013 radian, 
giving a transmission of 1 part in 50 000. The magnetic 
field was then varied by changing the nuclear magnetic 
resonance oscillator frequency at a linear rate in order 
to scan the alpha-particle peak and to determine the 
approximate position of the “peak” maximum. The 
magnetic field was then set corresponding to a number 
of selected frequencies on both sides of the peak maxi- 
mum and the curve shown in Fig. 2 was obtained. 

It was desirable to keep the radioactive source thin 
in order to obtain a narrow line shape. This resulted in 
low counting rates at the detector and made it necessary 
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to reduce noise pulses to a minimum. The use of the 
coincidence counter eliminated background alpha 
pulses but did not completely eliminate all noise 
despite excellent shielding. Thus most of the low-level 
counting was done at night when radiated signals were 
at a minimum. 

The magnetic field was then precisely maintained at 
the value corresponding to the maximum intensity of 
alpha particles as illustrated in Fig. 2 and a mass 
spectrometer surface ionization source was inserted. 

Lu” was selected as the singly charged positive ion 
for the energy comparison. The selection was made for 
two primary reasons. First, for a magnetic field in the 
neighborhood of 4000 gauss Eq. (1) requires an ion of 
high mass because of limited accelerating voltages 
which can be attained with our available source voltage 
supply. Secondly, a copious emission of ions at low 
temperature and low filament current was desired in 
order that the JR drop of the source filament could be 
minimized. 

Currents of 10~ ampere were needed as an electron 
multiplier could not be shielded magnetically at the 
detector focal point. Previous mass spectrometric 
experience at this Laboratory indicated that large beam 
currents of the metallic ion of lutetium could be ob- 
tained by surface ionization. 

An additional mercury diffusion pump was added to 
the spectrometer source to prevent voltage fluctuations 
due to arcing. The accelerating voltage was then varied 
to locate the position of the Lu’ peak maximum. At 
this position a large number of readings of the voltage, 
V;, across the low-resistance section of the precision 
voltage divider were made on a Leeds and Northrup 
potentiometer which related the voltage divider to the 
standard cell. 

The Po” sample was placed in the source position 
after the completion of the Lu’”® experiment and the 
above measurements repeated. 

Temperature changes of the voltage divider under 
current load were measured and shown to yield a 
negligible change in resistance. The total resistance 
imbalance of the two resistor groups was measured both 
in air and in the column of insulating transformer oil. 
This check was made to determine any current by- 
passing the resistor string due to conductivity of the 
oil. The value of the precision divider ratio, R, was 
measured daily over a period of one month to determine 
the amount of secular change in the precision resistors. 


RESULTS 


The energy of the Po” alpha particle is calculated 
from the equation 





my, E 
k=4™(RVi+V)(1- ), 
mo 2moc? 


where m;, the mass of the Lu!”® ion, is taken to be 
174.995 and mo, the rest mass of the alpha particle, is 


taken to be 4.0028, the mass of the helium atom 
(4.00387) minus the mass of two electrons. Based on 
present mass systematics, there is little likelihood that 
the above assigned mass of Lu!” could be in error by 
more than 0.003 mass unit. The value of R is determined 
from 
R= 25 600 (1+¢), 
where 
d=(R,/R,)—1, 


R, being the parallel resistance of the forty 2-megohm 
resistors and R, the series resistance of the four 12 500- 
ohm resistors. The value of d was determined by the 
interchange bridge method over a period of one month, 
and was found to be —0.000052+0.00002, yielding a 
value for R of 25 598.7+0.5. This error is the total 
range of the observed measurements of d. 

The value of V; was found from the potentiometer 
measurement which was related to the standard cell. 
The standard cell was calibrated before and after the 
experiment and the measured value of 1.01906 absolute 
volts at 25°C was reproduced within 10 microvolts. 
The mean value of V; obtained from the two precision 
potentiometers was found to be 1.18598+0.00007 
absolute volts. The error quoted in V,; is composed of 
the average deviation of the measurements plus the 
uncertainty in the potential of the standard cell used 
as the reference and the error associated with the pre- 
cision potentiometer. The average deviation of the 
measurements taken on the Lu!” ion peak is caused 
principally by the uncertainty in locating the peak 
maximum. The half-width of the Lu!” ion beam was 
about one part in 10 000 of the ion energy. 

When one uses the above values, the calculated 
energy of the Po”® alpha particle is 5.3054 Mev. The 
major source of error in this experiment is attributed 
to the uncertainty in locating the top of the Po” alpha 
peak. The curve shown in Fig. 2 shows the relative 
counting rate of the Po”® alpha particles plotted 
against magnetic field strength. The half-width value 
as shown by the curve corresponds to about 2 kev in 
alpha-particle energy. After the measurements on the 
Lu ions were completed, this curve was again ob- 
tained and in both cases the position of maximum 
intensity was located within 1 part in 40000 of the 
magnet field strength. The magnetic field strength 
producing the maximum intensity of alpha particles 
remained constant to within one part in 40 000 before 
and after the Lu'’® experiment. Nevertheless, in se- 
lecting a best value for the magnetic field strength with 
which to compare the Lu!” ion energy, an error of one 
part in 10 000 or approximately one quarter of the half- 
width of the alpha-particle peak is a more reliable 
estimate of the uncertainty involved. Since the mag- 
netic field was constantly monitored and controlled 
during the entire experiment, the selected mean value 
of B, the magnetic field strength, for both the alpha 
particles and the Lu!” ions may be considered invariant 
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within one part in 40 000, corresponding to an energy 
uncertainty of 0.25 kev for the Po”® alpha particles. 
With all of the above errors taken into consideration, 
the value obtained for the Po” alpha particle energy 
is given as 5.3054+0.0010 Mev (absolute volts). 

This value is in agreement with the absolute energy 
determination of Po#® alpha particles by Collins, 
McKenzie, and Ramm.’ From the Bp measurements of 
the above authors, one calculates a Po” alpha-particle 
energy of 5.3043+0.0029 Mev. Briggs,® in his review 
of the energies of natural alpha particles in 1954 in which 
he calculated a mean Bp value for Po* alpha particles, 
assigned the greatest weighting factor to the Bp value 
of Collins e¢ al., the one most recently measured. The 
classical Bp measurements of the Po”® alpha particles 
made at the Cavendish Laboratory’ and in Paris! give 
a lower value, 5.299 Mev, for the Po”° alpha particles, 
although the error in these measurements is somewhat 
uncertain and may be large enough to give agreement 
with the present results. Sturm and Johnson‘ obtained 
a Po”® alpha particle energy of 5.298-+0.005 Mev by 
using 90° electrostatic deflection and a Li’(p,n)Be’ 
threshold energy of 1.882 Mev. Wapstra,’ in evaluating 
the Bp data of several authors, preferred the older 
measurements of the energy of the Po””” alpha particles, 
based on the consistency of several Bp ratios, and as a 


6G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 
7A. H. Wapstra, Physica 21, 367 (1955). 
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result he chose a Po”® alpha-particle energy of 5.3009 
+0.0020 Mev. With additional mass spectrometric 
measurements, it may be possible by comparing these 
data with nuclear reaction energy data to give a better 
evaluation of the different absolute energy determi- 
nations of the Po’ alpha particles. 

In order to provide a secondary standard, a com- 
parison was made between the energy value (ao) of the 
alpha particles from Cm™ leading to the ground state 
of Pu, and the energy of the Po” alpha particles. 
For this measurement, a nuclear emulsion was used to 
record the dispersion of the two alpha groups. The 
Cm‘ to Po” ratio of alpha particle energies was found 
to be 1.0937. The principal source of error in this 
relative measurement was the uncertainty in locating 
the distance between the centers of the Po?’ alpha peak 
and the Cm™ alpha peak. Examination of the photo- 
graphic plate showed the separation of the two alpha- 
particle peaks to be 68.4+0.1 mm. Since the dispersion 
of the magnetic analyzer is 0.13 mm/kev in this region 
of alpha energies, the error quoted is equivalent to less 
than one kev in the energy difference between the 
Po” and the Cm™. Repeated exposures of the Po?! 
and the Cm™ alpha particles all gave results consistent 
with the above. Thus the Cm™* a energy is calculated 
to be 5.8025+0.002 Mev. This may be compared with 
the value 5.798 Mev previously obtained by Asaro, 
Thompson, and Perlman.* 

In order to obtain the energy difference between the 
Cm*“ to Pu™° ground-state transition ao, and the tran- 
sition a; to the first excited level of Pu’, the magnetic 
shim was inserted in the pole-face gap and a larger 
acceptance angle was utilized. The curve shown in Fig. 
3 was obtained by alpha-particle track counting and 
shows the resolution obtainable when a half-angle of 
divergence of approximately 5 degrees is utilized. The 
energy difference of the two Cm alpha particles, ay and 
a, was found to be 43.541 kev. This value (when 
adjusted for Pu recoil) is in reasonably good agree- 
ment with the more precise determination of 42.88 
+0.05 kev obtained by Smith and Hollander® for the 
energy of the first excited level of Pu™. 


8 Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953). 
® W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
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Angular Distributions of Two Proton Groups from the Reaction Na” (d,p)Na™t 
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The resolved angular distributions of Na*(d,p)Na™ protons leaving Na™ in the 0.472- and 0.564-Mev 
levels have been obtained with a double-focusing magnetic spectrometer, using a bombarding energy of 
2.95 Mev (lab). The angular distribution corresponding to the transition to the 0.472-Mev level shows 
evidence of a large contribution from compound-nucleus formation. A Butler-type analysis of the angular 
distribution of protons leading to the 0.564-Mev level indicates that this level must have spin 1+ or 2+. 





I. INTRODUCTION 


ONSIDERABLE experimental interest in the 
angular distributions of reaction products from 
(d,p) and (d,n) type nuclear reactions has been 
expressed since the publication by Butler! of a method 
of theoretical analysis based on a stripping model. 
Butler’s theory predicts angular distributions charac- 
terized by peaks, whose locations depend on the number 
of units of orbital angular momentum carried into the 
target nuclei by the stripped nucleons (/, is commonly 
used to denote neutron orbital angular momentum; 
1,, proton orbital angular momentum). From the values 
of /, or 1, it is possible to mike parity assignments and 
to set limits on possible spin values for residual nuclear 
levels. 

Studied in this experiment were the relative yields, 
as a function of angle, of two proton groups from 
Na*™(d,p)Na™ leading to the 0.472- and 0.564-Mev 
levels of Na*. The 0.472-Mev level had been given 
different spin assignments by two groups of investi- 
gators; the spin of the 0.564-Mev level was uncertain. 
This section will summarize the various spin assign- 
ments and the experimental work on which they were 
based. Previously, these groups had been resolved at 
one angle, only, by Sperduto and Buechner.’ Figure 1 
shows the relevant Na™ energy levels,’ the Ne™ beta 
decays,’ Na*(n,y)Na™* gamma-ray transitions between 
Na™ levels,‘® and the bombarding energy of this 
experiment. 

Unresolved angular distributions of the Na*(d,p)Na™ 
protons leading to the 0.472- and 0.564-Mev Na®* levels 
have been obtained by Takemoto, Dazai, and Chiba,® 
Shapiro,’ and Bretscher ef al.® 





¢ This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Now at Argonne National Laboratory, Lemont, Illinois. 
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(1956). 
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7 P. Shapiro, Phys. Rev. 93, 290 (1954). 
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Takemoto, Dazai, and Chiba, using a bombarding 
energy of 1.15 Mev, found an angular distribution that 
was approximately symmetrical about 90°, and peaked 
at 90°; they gave no interpretation. Shapiro, using a 
bombarding energy of 3 Mev, and Bretscher ef al., 
using a bombarding energy of 10 Mev, obtained angular 
distributions which they interpreted as indicating that 
one level was formed by /,=0 capture and that the 
other was formed by /,=2 capture. In addition, 
Bretscher ef al. assigned the /,=2 capture to the 
0.472-Mev state, citing neutron-capture gamma-ray 
data reported by Kinsey ef al.‘ Kinsey et al., studying 
the energies and relative yields of gamma rays produced 
by the thermal neutron bombardment of Na’, found 
no gamma-ray transitions to either the ground or first 
excited states of Na*. The spin of the Na™ ground state 
had been reported as 4+.°'° The spin of the ground 
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Fic. 1. Relevant energy levels and decays of Ne*, Na™, and 
Na*+-d—p. Numbers next to the gamma-ray arrows in the Na™ 
system give the number of transitions per 100 neutron captures 
by Na*®. The deuteron bombarding energy of this experiment is 
also indicated. 
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state of Na* is $+7-"'; thus the Na* state formed from 
Na*™ by thermal neutron capture has a spin of 1+ or 
2+. Therefore, Bretscher et al. concluded, the spins of 
the ground and 0.472-Mev states of Na™ were similar; 
the 0.472-Mev state was assigned spin 3+ or 4+, 
requiring it to be formed by /,,=2 in the Na*(d,p)Na”™ 
reaction, and the 0.564-Mev level was left with the 
1, =0 capture and spin 1+ or 2+. 

However, Dropesky and Schardt,* on the basis of a 
study of the beta decay of Ne”, assigned the 0.472-Mev 
level a spin of 1+. Not only did this conclusion conflict 
with the Bretscher ef al. assignment for the 0.472-Mev 
level, but it raised the possibility that the /,,=2 transi- 
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tion reported by Shapiro and Bretscher e¢ al. belonged 
to the 0.564-Mev level; i.e., that the 0.564-Mev level 
could have spin 0+, 1+, 2+, 34+, or 4+. Later, 
Motz,® on the basis of all the data available, agreed 
with Dropesky and Schardt on the assignment of spin 
1+ for the 0.472-Mev level. Motz suggested that a 
spin of 2+ for the 0.564-Mev state would most easily 
fit the capture gamma-ray data. 

A double-focusing magnetic spectrometer with 16- 
inch central-ray radius, of the type developed at the 
California Institute of Technology,” has been con- 
structed recently at the State University of Iowa. 
The high resolution and transmission of this instrument 
made it suitable for study of the Na*(d,p)Na** proton 
groups leading to the 0.472- and 0.564-Mev levels of 
Na*™. Accordingly, the investigation of the angular 
distributions of these two groups was undertaken in the 
hope that the results might serve to clarify the spin 
assignments for the 0.472- and 0.564-Mev Na* levels. 


Il. EXPERIMENTAL 
A. Equipment 

The State University of Iowa Van de Graaff ac- 
celerator was used as the source of the bombarding 
deuterons. A steering magnet deflected the deuteron 
beam 14° downward into the target chamber. The 
magnet current-beam energy calibration was made using 
several of the prominent F"(p,ay)O"* resonances, and 
the monatomic and diatomic hydrogen beams of the 
accelerator. The deuteron energy for the experiment 
was 2.95 Mev +4%. Calibration shifts during the 
experiment were less than about +1%. . 
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Figure 2 is a drawing of a section through the steering 
magnet, target chamber, and spectrometer. The target 
chamber is built in two halves separated by a sliding 
O-ring seal and a ball-bearing race; the top half is fixed 
with respect to the bombarding beam; and the bottom 
half, to which is attached the spectrometer, rotates. 
The target chamber ports are inclined at +14° with 
the horizontal; hence laboratory angles of observation 
from 0° to 152° with respect to the beam are possible. 
A CsI(TI) particle scintillation counter served as the 
spectrometer detector. Normalization of spectrometer 
counting rates was made using a CsI(TI) particle- 
monitor counter located at one of the ports in the top 
half of the target chamber. Monitor normalization was 
used for the experiment because: (1) It was desired to 
obtain data at an angle near the beam in the forward 
direction, and a beam charge collector would have 
interfered with data-taking at such angles. (2) Monitor- 
counter normalization is sensitive to target changes 
while charge collection is not. 


B. Procedure 


A target was prepared by evaporating sodium on a 
1000-A nickel" target backing inside the target chamber, 
under vacuum. Target thickness was checked during the 
evaporation run by scattering deuterons from the 
target and target backing. Following the evaporation, 
a survey of deuteron elastic scattering peaks from 
carbon and oxygen was made; none greater than 5% 
of the sodium scattering peak height was found. 

Spectrometer counting rate vs spectrometer magnet 
current profiles of the two proton groups were taken at 
12 angles of observation from 7.6° (center-of-mass) 
through 153° (center-of-mass). Four typical doublet 
profiles are shown in Fig. 3; errors indicated are 
standard deviations. For the bombarding energy used, 
the doublet groups have energies of about 7 Mev, and 
an energy separation of about 1.3%. At the start of 
each day’s runs, deutron elastic scattering peaks were 
located as a function of spectrometer magnet current, 
and the current raised appropriately to locate the 
doublet profile. 

Monitor and detector discriminator bias settings 
were made using a 10-channel pulse-height analyzer, 
and checked periodically during the experiment. 
Figure 4 shows a typical monitor pulse-height spectrum. 
The monitor bias point is indicated by the arrow. A 
buildup of contaminants on the target could produce 
two undesirable effects: introduction of appreciable 
numbers of counts from groups that could be confused, 
in the spectrometer, with the Na*(d,p)Na™* groups 
studied, and distortion of the results due to changes in 
the monitor counting rate. 

Interference from alpha particles from the reaction 
Na*(d,a)Ne** occurred at laboratory angles between 
40° and 75°. Accordingly, for these angles, the spec- 


18S. Bashkin and G. Goldhaber, Rev. Sci. Instr. 22, 112 (1951). 
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Fic. 4. Typical monitor detector pulse-height spectrum. The 
large peak is principally due to deutrons elastically scattered from 
the target and target backing; the small peak, to protons and 
alphas resulting from the deuteron mbardment of sodium. 
Monitor bias point is indicated by the arrow. 


trometer amplifier output was fed into a 10-channel 
pulse-height analyzer, and the alphas and protons 
separated by pulse-height analysis.“ Figure 5 shows a 
typical alpha-proton pulse-height spectrum from the 
spectrometer detector. 

Repeat runs of one of the profile peaks were made at 
the following center-of-mass angles; 30.2° (twice), 
74.5° (twice), and 121.3° (run once with the spec- 
trometer accepting particles after they had passed 
through the target, and repeated once with the spec- 
trometer accepting particles scattered backward from 
the target). These check runs are plotted as separate 
data points in Figs. 6 and 7.'>.!* Variations were observed 
on these repeat runs (see Figs. 6 and 7), but they were 
about what would be expected from statistical fluc- 
tuations, and they did not show the consistent changes 
(as a function of bombarding time) that would be 
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Fic. 5. Typical alpha-proton pulse-height spectrum from the 
spectrometer detector, for alphas and protons of about 7 Mev. 


4 For CsI(TI) scintillation detectors, alphas give pulses about 
0.6 times as high as those from protons of the same energy. 
Private communication from R. R. Carlson, who kindly made 
available the results of investigations into the response of CsI(T1) 
crystals, to various types of particles, made by Bashkin, Carlson, 
Douglas, and Jacobs [ Phys. Rev. 109, 434 (1958), this issue]. 

5R. H. Helm, Ph.D. thesis, Stanford University, February 
= to in R. Hofstadter, Revs. Modern Phys. 28, 214 
(1956). 

16 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 

A66, 1032 (1953). 
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Fic. 6. Angular distribution of Na*(d,p)Na™ protons leading 
to the 0.472-Mev level of Na”. 


expected from appreciable contaminant buildup on the 
target. 


III. RESULTS AND ANALYSIS 


Each proton doublet was resolved into separate 
peaks by adjusting the normalization of one peak-shape 
curve to the two parts of the doublet until the two 
separated peaks formed the original profile when 
combined. The shapes used were typical spectrometer 
peak profiles, distorted to take into account the follow- 
ing two points: (1) The energy of a proton group is a 
function of angle; the spectrometer aperture is wide 
enough (about +2°) to accept particles having an 
appreciable spread in energy due only to range of angle. 
(2) The spread in energy of protons leaving the target 
at one angle is a function of angle, because the emergent 
particles must travel through a thickness of target 
dependent on angle. Relative yields were determined 
by measuring separated peak areas and dividing each 
peak area by the mean spectrometer current for that 
peak.!” 

Figure 6 is the angular distribution of protons 
leading to the 0.472-Mev state of Na™. The data could 
not be fitted by a Butler-theory analysis. No attempt 
was made at a combined analysis using the Butler 
theory and compound-nucleus theory,'* because of the 
liberal number of parameters available for such an 
interpretation. Figure 7 is the angular distribution of 


17 A derivation justifying use of current-normalized peak areas 
is given in reference 12. 
18 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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Fic. 7. Angular distribution of Na*(d,p)Na™ protons leading 
to the 0.564-Mev level of Na. The curves were computed from 
the Butler theory using /,=0 and 1; ro was obtained from the 
equation ro9=1.33(A!+1)X10-" cm, where A is the number of 
nucleons in the target nucleus. The constant, 1.33, was obtained 
from electron scattering results!® which gave the nuclear radius 
of Mg™ as 1.33A! and that of Si** as 1.29A!. This value of ro is 
almost identical with that obtained from Holt and Marsham’s 
expression,!® r9=(1.7+1.2A!)X10-" cm, which yields ro=5.1 
X 10-8 cm. 


protons leading to the 0.564-Mev level, which clearly 
is formed by /,,=0 capture. 

Hence, the 0.564-Mev level of Na*‘ has spin 1+ or 
2+, confirming directly the assignment, by Bretscher 
et al.,® for this level. This result is consistent with 
Motz’s suggestion® that the 0.564-Mev level have spin 
2+. No conclusion can be drawn concerning the 
0).472-Mev level from the data of this experiment. 
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The energy levels of Po? have been studied as populated by the electron-capture decay of At®. An 
experimental level scheme has been constructed by using data obtained from conversion electron and 
gamma-ray measurements made with beta-ray and scintillation spectrometers and coincidence counting 
techniques. A theory of the energy levels of Po?” has been developed using the method of Pryce to predict 
the levels of a nucleus containing two odd protons beyond the double-closed shell from the experimentally 
known levels of Bi’, the nucleus containing a single odd proton beyond the closed shell. Certain features 
of the theoretically predicted level scheme and the experimental level scheme show reasonable agreement. 
The spin assignment for At®” has been discussed with respect to the log /t values for itselectron capture decay. 


1. INTRODUCTION 


HE study of energy level schemes of nuclei in the 
immediate vicinity of the double-closed shell at 
s2Pbi26"* is of fundamental interest since here the 
collective aspects of nuclear structure are expected to be 
at a minimum and therefore the manifestations of single- 
particle behavior should be most clearly in evidence. 
Nuclei consisting of a single particle or “hole” in the 
double-closed shell are Pb”’’, Pb, Tl?°?, and Bi; of 
these the levels of the single neutron “hole” (Pb*’) 
have been well defined as the result of extensive studies! 
of the decay of Bi’ and Pb”’™. Using the known Pb*”’ 
level system as a basis for theoretical calculation, 
Alburger and Pryce’ have carried out also an experi- 
mental-theoretical study of the “two-hole” nucleus, 
Pb*®, observed from the decay of Bi**. ‘The success of 
their approach, in spite of the necessarily approximate 
assumptions, indicates the feasibility of gaining informa- 
tion about other “two-particle” nuclei in like manner. 
We have applied similar techniques to a study of the 
levels of Po”, a nucleus composed of two protons plus 
the Pb**® core. The properties of these levels can be 
studied conveniently through the electron-capture 
decay of At*"”’. Closed-decay-cycle calculations*® predict 
approximately 4-Mev electron-capture disintegration 
energy for this nuclide and its 8.3-hour half-life* allows 
an intensive study to be made of its decay properties. 
Other radioactive nuclides which decay to Po?!” yield 
little information since the alpha-decay parent, Em*"*, 
is unknown and the beta disintegration energy of RaE 
(Bi?"’), 1.17 Mev,! is insufficient to populate even the 
first excited level of Po”. 
The experimental work reported here was begun in 
1952 and a preliminary report has been issued pre- 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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viously.*® The present paper contains information on the 
level structure of Po?" obtained from conversion elec- 
tron and gamma-ray measurements made with beta-ray 
and scintillation spectrometers and coincidence counting 
techniques. Our experimental data are in agreement 
for the most part with the results reported recently by 
Mihelich ef a/.6 although additional information was 
gained in the present work through the use of more 
intense samples of At*!’?!! which were almost com- 
pletely free of At™. 

A theory of the energy levels of Po” has been de- 
veloped by use of the method of Pryce’ and experimental 
data available on the excited levels of Bi. Although 
complete correlation between che theoretically pre- 
dicted level scheme and the experimental data has not 
been achieved, certain features of the theoretical level 
scheme agree surprisingly well with the experimental 
level scheme. The complexity of the level structure of 
Po*"” is indicated by the large number of weak and un- 
assigned conversion electrons observed in the experi- 
mental study. 


2. ISOTOPE PRODUCTION 


The astatine samples used for this study were pro- 
duced by helium-ion bombardments of bismuth in the 
Crocker laboratory 60-inch cyclotron. At a bombarding 
particle energy of 38 Mev, the yield of At®° produced 
via the (a,3m) reaction on the Bi®™ target material is 
near the maximum while the yield of the (a,4) reaction 
is extremely low.* Thus astatine samples were produced 
containing isotopes of mass numbers 210, 211, and 212, 
the latter two from (a,2m) and (a,n) reactions. Neither 
of these isotopes interferes with a study of At! since 
At?” has a half-life of only 0.22 second‘ and At?! 
produces only extremely low intensity gamma rays and 
conversion electrons besides the x-rays and Auger 
electrons which result from electron capture.®’ A series 
of bombardments of bismuth with 48-Mev helium ions 

5R. W. Hoff, University of California Radiation Laboratory 
Report UCRL-2325, September, 1953 (unpublished). 

6 Mihelich, Schardt, and Segré, Phys. Rev. 95, 1508 (1954). 

7M. H.L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 


8 E. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 
9P. R. Gray, Phys. Rev. 101, 1306 (1956). 
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TABLE I. Conversion lines observed from At?” decay. 





Relative intensity 
Transi- Perm.-mag. 
tion spectr. 
energy 100 340 v2 Lens 
(kev) gauss gauss spectr. spectr. 


Electron 
energ 
(kev) Shell 

29.54 L 46.47 vw 
30.28 L J vvVs 57 
32.72 53 vvs 41 
42.62 ] J vs 
43.16 ‘45 vs aS 
45.60 N AS s 
45.75 N J s > 6.8 
46.37 


Remarks 


Ey =46.48 key 


67.22 
69.62 
79.59 
80.14 Ey =83.44 kev 
23.05 
99.10 
99.75 
112.0 s 
115.2 N 2 vw = Ey =116.1 key 
32.06 
108.3 

Ey =125.2 kev 


Ey =194.9 kev 
(most intense 
line of At?) 


152.3 
228.1 
228.9 
231.3 
241.1 
241.7 
244.2 
244.8 E, =245.1 kev 
309.2 
385.1 
397.8 Ey =402.1 kev 
759.7 
836.5 Ey =853 kev 
xV2 and lens in- 
tensities normal- 
ized here. 


1087.9 (1.6) 


1164.5 


1176.7 Ey =1181 kev 


1343 


K Ey =1436 kev 
1389 K 
K 


Ey =1482 kev 


~1505 Ey =1598; ob- 


served only in 
lens spectr. 


has been made by Stoner" to study the decay properties 
of At; direct comparison of his results with our 
data on At” has enabled us to make definite assign- 
ments of gamma rays and internal conversion electron 
lines to the decay of At”®. 

The targets were made by melting pure bismuth 
metal" onto a 0.010-inch aluminum plate in a layer 
0.050 inch thick. The target plate was mounted so as 
to intercept the deflected beam of the cyclotron after 
its energy had been degraded to the desired value by 
means of 0.001-inch aluminum absorbers. Water-cooling 
of the back of the target plate and a beam limit of 15 
microamperes were necessary to prevent overheat- 
ing of the target and subsequent loss of astatine by 
volatilization. 

Following bombardment, chemical purification was 

” A. W. Stoner, University of California Radiation Laboratory 
Report UCRL-3471, June, 1956 (unpublished). 


1 Limits on impurities: As 0.0001%, Sb 0.01%, Fe 0.002%, 
Cu 0.005%. 
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obtained by volatilization of the astatine from the 
bismuth targets. The bismuth metal was heated above 
its melting point to 300-350°C, at which temperatures 
the astatine distilled onto a water-cooled 0.25-mil 
platinum foil. When necessary, a collimator was used 
in the volatilizer to produce line sources for beta 
spectroscopy. Another method of producing line sources 
which gave excellent results involved the distillation 
of astatine from the target onto a layer of frost on a glass 
finger cooled with liquid nitrogen.’ The frost was rinsed 
into a centrifuge cone with dilute perchloric acid, and 
the astatine was chemically plated onto a 10-mil silver 
wire by placing the wire into the solution and stirring 
for an hour. These wires were then mounted directly in 
the appropriate permanent-magnet beta spectrographs. 


3. INTERNAL CONVERSION SPECTRUM 


A study was made of the internal conversion electron 
spectrum of At”’, using a number of instruments. Four 
180° permanent-magnet photographic-recording spec- 
trographs which operate at ~0.1% resolution were 
used to make energy determinations of the conversion 
electron lines. The stability of the magnetic field (under 
proper temperature regulation) and the high resolution 
of these instruments permit accurate energy measure- 
ments to be made. An electron energy range from 10 to 
1600 kev was examined with magnets with field 
strengths of 53, 100, 215, and 340 gauss. The experi- 
mental techniques and energy calibrations used in the 
operation of the permanent-magnet spectrographs have 
been described previously.” 

Unfortunately, it was not possible to measure relative 
conversion-line intensities from the permanent-magnet 
spectrograph plates by densitometry because of high 
photographic backgrounds apparently caused by diffu- 
sion of astatine off the source wires. Intensity measure- 
ments of the more abundant electron lines were made 


TABLE II. At®° conversion lines with doubtful assignments. 





Visual intensity 
Transition 100 215 
energy (kev) gauss gauss 


Electron 
energy (kev) 


71.77 
75.76 Ih 91.99 wm 
78.32 Ih 92.12 w 
95.27 vw 

157.1 w 

184.7 

205.4 

223.3 

282.4 


406.3 
522.0 
529.3 
537.8 
542.5 
608.8 
724.3 
863.0 


Shell 





wm 





12 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
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Fic. 1. Conversion electron spectrum of At?’ from 300 to 1600 kev. 


with a rvV2 double-focusing beta spectrometer,!*:4 which 
now operates at ~0.3% resolution and utilizes a Geiger- 
Mueller counter detector whose window absorption for 
electrons of energies greater than 20 kev is negligible. 
Intensities of some of the weaker lines were also meas- 
ured in a magnetic lens spectrometer of ~2% resolution 
by virtue of its increased transmission over the double- 
focusing spectrometer. 

The energies and intensities of the more abundant 
conversion electrons are listed in Table I. Binding 
energies for the electron shells in polonium were taken 
from the compilation of Hill, Church, and Mihelich.'® 
Not included in the table are the K Auger electrons 
arising from the At"! electron capture which were 
observed but are not pertinent to this:discussion of the 
decay of At”. The less intense electron lines with 
probable assignments, where made, are listed in Table IT. 
The relative visual intensity estimates of lines observed 
in the permanent-magnet spectrographs are meaningful 
only for a given plate, and hence in Table I the intensity 
figures from several different exposures are listed in 
separate columns.!® For comparison, the conversion 
electron spectrum obtained with the lens spectrometer 
in the range 300-1600 kev is shown in Fig. 1, together 


18 G. D. O’Kelley, University of California Radiation Laboratory 
Report UCRL-1243, June, 1951 (unpublished). 

44 T. O. Passell, University of California Radiation Laboratory 
Report UCRL-2528, March, 1954 (unpublished). 

15 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 

16 Tt should also be noted that visual intensity estimates are 
comparable only for electron lines of similar energies because of 
the variation of efficiency of the emulsion with electron energy and 
the dependence of line intensity upon p. 


with the permanent-magnet lines in that interval. It is 
believed that the accuracy of the electron line energies 
determined in the permanent-magnet spectrographs is 
better than 0.2%. 

Assignment to At?” of all electron lines in Tables I 
and II is considered to be definite since it was possible 
to compare the At’ plates with plates obtained in the 
same instruments, from a sample containing both At® 
and At” in comparable amounts. Many extremely 
weak lines observed in only one piate have not been 
included in the tables due to our lack of confidence in 
their actual existence. The possibility of lines being due 
to daughter products and impurities (At®', Po”, Po*!, 
Bi®*, Bi”, neutron-deficient bromine and iodine iso- 
topes) was also considered, but no lines were found that 
could be attributable to any of these sources. 

It has been found that the 83.4-kev transition listed 
in Table I, which was assigned to At decay by Mihelich 
et al.,° occurs instead in the decay of At”. Also, a 90.8- 
kev transition is known® to occur in the decay of At™®, 
but this is not to be confused with the “probable” 
transition of 92.0 kev listed in Table II; the assignment 
is uncertain but the lines definitely belong to At*®. An 
indication of the slight amount of At™ in our “pure” 
At?” samples is given by our observation of the most 
intense At” line (K line of the 195-kev transition®) as a 
“weak” line in the At spectrum. 


4. GAMMA-RAY SPECTRUM 


The gamma-ray spectrum of an At”!!! mixture was 
measured with a sodium iodide crystal scintillation 
spectrometer. The detector was a cylinder of sodium 
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Fic. 2. Photon spectrum of At®® from 200 to 1700 kev. 


iodide (thallium-activated), 4.5 cm in diameter and 5.2 
cm high, optically connected to an RCA 6655 photo- 
multiplier. The signal from the photomultiplier was 
preamplified and fed directly into a 256-channel 
differential pulse-height analyzer.!’ Gamma rays were 
observed at 0.245, 1.18, 1.45, and 1.60 Mev, in ad- 
dition to the K and L x-rays of polonium (Figs. 2 
and 3). The photopeak at 1.45 Mev consists mainly 
of unresolved contributions from the two gamma rays 
at 1.436 and 1.482 Mev (see Table I). The relative 
intensities of the most prominent photons were meas- 
ured with the sample approximately 4 cm from the 
sodium iodide crystal ; using experimentally determined 
counting efficiencies and photopeak yields for this 
crystal,!® we calculate the following relative intensities: 
0.245 Mev : 1.18 Mev : 1.45 Mev : 1.60 Mev=0.81 
+0.08 : 1.00+0.09 : 0.61+0.08 : 0.18+0.03. 

Figure 3 shows the gamma-ray spectrum in the 
higher energy region. Possible photopeaks from gamma 
rays at 2.2 and 2.6 Mev are seen, although they may 
in part be due to the simultaneous detection in the 
crystal of the two intense gamma rays at 1.18 and 1.45 
Mev. Photons from the less intense transitions such as 
the 116 and 402 kev were not observed in the gamma- 
ray spectrum, the former probably being obscured by 
the very abundant polonium K x-rays. 


5. COINCIDENCE MEASUREMENTS 


Coincidence measurements have been performed 
between various pairs of At™® gamma rays in an 
attempt to place the observed transitions in the Po! 
level scheme. Two 1-inchX1}-inch diameter sodium 
iodide (thallium-activated) crystals, optically mounted 
to Dumont 6292 photomultipliers, were used as de- 
tectors. The signal from each photomultiplier was 
amplified in a suitable preamplifier and linear amplifier 


17R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 
675 (1956). 
18H. I. West (private communication). 
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and was then fed to a coincidence unit of 20-ysec 
resolving time. The signal from the gate crystal was 
analyzed with a single-channel analyzer whose output 
was also fed to the coincidence unit. The output of the 
coincidence unit was used to gate a 50-channel differ- 
ential pulse-height analyzer whose input was fed 
directly from the signal crystal. 

Gamma rays of 0.245 Mev, 1.18 Mev, and the 
1.436-1.482 Mev pair were all found to be in coin- 
cidence with each other, in agreement with the obser- 
vations of Mihelich ef al.* The coincidence information, 
coupled with intensity considerations, suggested that 
these transitions be placed as shown in Fig. 4. As 
mentioned by Mihelich e¢ al.,° it is more reasonable that 
the 46.5-kev transition follow the 1436-kev transition 
rather than precede it ; otherwise there would have to be 
approximately equal competition between the 46.5-kev 
and the 1482-kev transition. Such competition is unex- 
pected although not impossible. 

Some conversion electron-photon coincidence meas- 
urements were also made with a sodium iodide crystal as 
the gamma-ray detector and a magnetic-lens beta 
spectrometer with an anthracene crystal as the detector 
of focused electrons. The signal from the sodium iodide 
crystal was fed through a single-channel, pulse-height 
selector which was set to accept only pulses from the 
photopeaks of the 1.436-1.482 Mev pair with some 
contribution from the 1.6-Mev gamma ray. To accom- 
modate high counting rates, a fast-slow coincidence 
arrangement was used with a 5.5 X 10~*-second resolving 
time in the fast coincidence unit. With this equipment, 
definite coincidence rates were observed between the 
1.436, 1.482 (and 1.6) Mev “‘gate”’ pulses and the 0.245- 
Mev, 0.402-Mev, and 1.181-Mev transitions. A rather 
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TABLE III. Transition intensities and multipolarities. 





Exptl. 
value 


Conversion electron ratios and 
conversion coefficients 


Ly+Ln1/Lin conversion ratio 
L;/Ly/Ly conversion ratio vw/vvs/vvs 


20/10/12 


30/10/12 
5.3 


3/1/1 
5/10/1 
4X10 

5.4 
1.3X 107 
1.7X 10-3 

_ 


L1/Lu/Lin conversion ratio -/m/m 


s/w/::- 
5.9 


L1/Ly/Lin conversion ratio 
K/L conversion ratio 


L1/Ly1/Lm conversion ratio vw/w/w 
L1/Lu/Lm1 conversion ratio 
K conversion coefficient 
K/L conversion ratio 


m/s/ms 
1.1107 
12 


23.5X 107 


4.7X 10-3 
4.7 


K conversion coefficient 


K conversion coefficient 
K/L conversion ratio 


1181 
1436 and 
1482 
1598 


K conversion coefficient 1.210? 1.2«K10™ 


* See reference 6. 


tentative result indicates that the 702-kev transition 
(K conversion electron at 609 kev) is also in coincidence 
with the 1.436-, 1.482-Mev “‘gate”’ pulses. 


6. TRANSITION INTENSITIES AND 
MULTIPOLARITIES 


In Table III we have summarized the experimental 
data on conversion electron ratios and conversion 
coefficients for the transitions in the level scheme of 
Po*”, It is possible on the basis of these data to assign 
multipolarities for most of the transitions. Theoretical 
values of the K conversion coefficients, K/L conversion 
ratios, and L-shell conversion ratios have been ob- 
tained from the work of Sliv'’’ and Rose et al.” 

The L-subshell conversion pattern of low-energy 
transitions depends quite sensitively upon the multipole 
order. Hence, observation of the L-subshell conversion 
ratios often allows definite assignments to be made 
even in the absence of total conversion coefficient infor- 
mation. The 46.5-kev transition from At*® decay, for 
example, displays the pattern associated with low- 
energy £2 transitions of high Z, that of approximately 
equal Ly and Ly conversion and very much less Ly 
conversion. Similarly, the conversion electrons associ- 
ated with the 83.4-kev and 125.2-kev transitions show 
patterns characteristic of Z2 radiation. The possibility 
of appreciable admixtures of magnetic dipole radiation 
can be eliminated, since for this type of radiation, Ly 
shell conversion predominates. 


19L. A. Sliv (privately circulated tables of relativistic screened 
K conversion coefficients for nuclei of finite size). 

2” Rose, Goertzel, and Perry, Oak Ridge Laboratory Report 
ORNL-1023 (unpublished) ; M. E. Rose, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), Chap. XIV. 
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et al.*) 


34 
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13/0 
12/1/0 
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ou 


12/1/0 
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(this 
work) 
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Multipo- 
larity 


E2 


M2 
17/6 
16/1/6 
11/1/3 
80/10/16 
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3/100/100 
5/100/100 


1/20/12 
<1 


6/100/55 
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1.0X 10? 
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The 116.1-kev transition is assigned as an M1 on the 
basis both of its Z-subshell pattern and K/L conversion 
ratio. Li conversion is not observed; hence E2 ad- 
mixture in this transition is either very small or absent. 

The 245.1-kev transition, from its L-subshell pattern, 
K shell conversion coefficient, and K/L conversion 
ratio, is classified as predominantly E2 radiation. 
Although we do not have a quantitative L;/L1 ratio, 
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it appears.from the qualitative observation that M1 
admixture is small, probably less than 15%. The K 
conversion coefficient and the K/L conversion ratio 
also compare closely with theoretical values for E2 
radiation and indicate that the transition is fairly 
“pure.” 

Conversion electrons only have been observed for the 
402.1-kev transition. However, a limit can be set upon 
the amount of gamma radiation and therefore a lower 
limit, 3.510-*, can be set on the K conversion coeffi- 
cient. This eliminates an £1 assignment for this 
transition. 

The 1181-kev transition, from its K conversion 
coefficient, is classified as an £2 transition. The K/L 
conversion ratio, although in agreement with the £2 
designation, is not particularly sensitive to multipolarity 
for transitions of this energy. 

The K conversion coefficient for the combination of 
the 1436-kev and 1482-kev transitions is equal to the 
theoretical value for an 1 transition of this energy. 
This fact, coupled with the comparable intensities of 
the K conversion lines of these transitions, indicates 
that both are almost certainly electric dipole transitions. 

The above data are in complete agreement with the 
multipolarity information of Mihelich et al.* for the 
transitions discussed. 

The transition intensities, listed in the next to last 
column of Table III, have been derived from data on 
relative intensities of gamma rays and conversion elec- 
trons plus experimental and _ theoretical conversion 
coefficients. The intensities of the 245.1-, 1181-, 1436-, 
1482-, and 1598-kev transitions have been calculated 
directly from experimental data and are normalized to 
100% for the 1181-kev transition. The intensity of the 
46.5-kev transition has been calculated from experi- 
mental conversion electron intensities, since the theo- 
retical L conversion coefficient for an E2 transition of 
this energy is approximately 300 and therefore the 
photon intensity is negligible. The intensity of the 
116.1-kev transition has been derived from the experi- 
mental conversion electron intensity and the theo- 
retical K conversion coefficient for an M1 transition of 
this energy. An upper limit has been set on the intensity 
of the 402.1-kev transition from the upper limit of the 
K conversion coefficient and the experimental con- 
version electron intensity. 

In the last column of Table III we give the transition 
intensities as measured by Mihelich ef al.* For the most 
part, our intensity data agree well with theirs. However, 
there are some discrepancies, particularly in the relative 


TABLE IV. Bi® levels. 








Level configuration Energy (Mev) 





hg /2 0 
trie 0.90 
4113/2 1.60 
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abundances of the 1436-, 1482-kev transitions and the 
116.1-kev transition, whose principal effect is to change 
the relative amounts of electron capture branching of 
At” to the various levels of Po”. 


7. EXPERIMENTAL LEVEL SCHEME 


An experimental level scheme for Po” consistent 
with coincidence measurements, total transition in- 
tensities, and energy sums is shown in Fig. 4. 

Because Po” is an even-even nucleus with ground 
state spin 0+, the £2 nature of the 1.181-Mev transi- 
tion determines uniquely the 2+ character of the first 
excited state. The spin of the second excited state could 
be either 44+, 2+, or 0+, and has been shown by the 
angular correlation experiments of Mihelich et al.,® to 
be 4+. The 46.5-kev transition, de-exciting the 1.472- 
Mev level, is also electric quadrupole. Although Mihelich 
el al.® have assigned to this level a spin and parity of 
4+, their angular correlation experiments do not 
eliminate the possibility of a 6+ designation, and it 
will be seen that the latter assignment is preferred 
from theoretical considerations. The levels at 2.908 
and 3.024 Mev have odd parity as evidenced by the £1 
character of the 1.436- and 1.482-Mev transitions and 
the M1 character of the 0.116-Mev transition. We are 
unable to place uniquely in the level scheme many of 
the weak transitions listed in Tables I and II. 


8. THEORETICAL LEVEL SCHEME 


We have used the method of Pryce’ to calculate a 
theoretical level scheme for Po*’ from the known levels 
of Bi**. It is assumed that the levels of Bi arise from 
excitations of a single proton outside the double-closed 
shell core of Pb**. All possible double combinations of 
these proton levels are constructed for Po”’, taking into 
account the interaction energy between the two protons 
but neglecting configuration interaction and Coulomb 
interaction. 

Existing data on the Bi levels come mostly from in- 
elastic neutron scattering experiments” ; we have listed 
in Table IV the ground state and first two excited 
states. The ground state is known experimentally” to 
have spin 9/2 and hence probably has the configuration 
hg/2. The first excited state at 0.90 Mev de-excites by 
magnetic dipole radiation*; of the possible spins 7/2, 
9/2, and 11/2, only 7/2 is found among the group of 
states available from the single-particle model (f7/2, fs,2, 
3/2, P1/2, 4113/2). Thus, we place the f7)2 level at 0.90 Mev. 
The assignment of a configuration to the second excited 
state at 1.6 Mev is less certain, but the observation™ 
of a transition from this state to ground (9/2) but not 
to the first excited state (7/2) indicates that the spin of 


21M. A. Rothman and C. E. Mandeville, Phys. Rev. 93, 793 
(1954); Eliot, Hicks, Beghian, and Halban, Phys. Rev. 94, 144 
(1954); R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954) ; 
Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 

2 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

23 F, Asaro (private communication). 
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the second excited state is high. It seems reasonable, 
therefore, to postulate that this is the i132 state. 

Taking these lowest three configurations for the 83rd 
proton, one calculates, using vector addition, the 
energies of a number of levels of different spins for Po”. 
If there were no interaction between the two odd 
protons of Po”, each level would have an energy just 
equal to the sum of the energies of the two Bi levels 
from which it arises. Because of the interaction, how- 
ever, some levels are depressed while others remain 
unshifted. We have listed in Table V the possible Po” 
configurations thus obtained with their spins, parities, 
and energies uncorrected for the proton-proton 
interaction. 

The interaction energy for two like nucleons is 
2aP(I;1,1')e., in the notation of reference 7. All fac- 
tors in this expression except ¢, are evaluated from 
the orbital angular momentum and total angular 
momentum of each proton and the resultant angular 
momentum of the coupled protons. The quantity e, 
must be estimated from theory and is determined by 
the degree of overlap of the radial wave functions of 
the protons and by the strength of the proton-proton 
interaction. While Alburger and Pryce? have estimated 
¢ for each configuration in constructing the level scheme 
of Pb*®®, we have taken an average value of e=0.3 Mev 
for all configurations. The interaction energy and total 
energy for each level of Po?!’ are now obtained, and are 
given in Table VI. The ground state of Po” is that in 
which both of the odd protons have an /g,2 configuration. 
The interaction energy for the lowest level of this con- 
figuration, the 0+ state, depresses the total energy 
approximately 1.5 Mev. This is taken to be the ground 
state of Po”® and each energy level listed in the last 
column of Table VI is adjusted to this zero energy. 
Two-proton configurations including unknown excited 
levels of Bi with energy greater than the 73/2 level have 
not been included in Table VI, but it can be seen that 
the minimum unshifted energy for such configurations 
would be greater than 3.1 Mev on the adjusted energy 
scale. 

In addition to the levels calculated as described above, 
excited levels will occur in Po’ due to the excitation of 
the Pb** core. The first two excited levels of Pb”* are 
at 2.615 Mev (J=3—) and 3.198 Mev (J=5—).* These 


TABLE V. Po#® proton configurations. 








Unshifted 


Configuration energy, Mev Parity 





hg)? 
Ngi2.frie 0 
/isy2 F 
Su? 1. 
Srieirsre Zi 
j 3 


tig/2* 








* Elliot, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 
(1954). 


TABLE VI. Calculated energies of Po”! levels.* 








Inter- 

action 

coeff, 
2aP 


Interaction 
energy, 
2aPe 


Energy 
Configu- (uncorr. ) 
ration Parity (Mev) 


hoj2? + 
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Spin energy energy” 
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» Adjusted to zero. 


levels are thought to arise from an excited proton since 
they are not produced in the reaction Pb”’(d,p)Pb**; 
the lowest neutron excitation level in Pb” is at 3.48 
Mev. More complex excited levels are also expected 
to occur with excitation both of the neutrons in the core 
and the two odd protons. However, levels from this 
type of excitation should not appear until well above 
3 Mev. Thus, it is expected that the levels listed in 
Table VI will be representative of the structure of Po”! 
under approximately 3 Mev; above this energy there 
should be many more levels than are given in the table. 

The predicted and experimentally observed levels 
of Po” are compared in Fig. 5. The similarity between 
the two level schemes is rather striking in view of the 
assumptions involved. The calculations predict a band 
of even-parity levels of configuration, /9/2*, which start 
with the ground state and have spins 0, 2, 4, 6, and 8 
in order of increasing energy; the observed energy 
spacings of this band are reasonably close to the 
calculated spacings. Such agreement may constitute 
evidence for a 6+ assignment of spin and parity to the 
1472-kev level, since it is not expected theoretically that 
a second 4+ level (in addition to the 4+ level at 1426 
kev) will be found nearby. 


25 J. A. Harvey, Phys. Rev. 81, 353 (1951); Can. J. Phys. 31, 
278 (1953). 





maa 


— 


402 
—— — — —— 3726 


me oe be om 3593 


702 |8I7 


















































! , 0 





HOFF AND J. 


M. HOLLANDER 


prot. exc. Pb 208 
core 



































or 





Fic. 5 Experimental and theoretical Po*® levels. (Transition energies in kev.) 


Perhaps the most interesting feature of the theoretical 
level scheme is the prediction of a group of odd-parity 
levels at around 3 Mev arising from the hg)2i13/2 con- 
figuration, in good agreement with the experimental ob- 
servation of a 5— state at 2.908 Mev which de-excites by 
a pair of F1 transitions to the 4+ and 6+ levels of the 
hg;2* band. There is also found experimentally a level 
at 3.024 Mev which de-excites to the 5— level by a 
magnetic dipole transition, indicating that it has odd 
parity and spin 4, 5, or 6. A transition is observed to 
de-excite this level also to the 44+ but not to the 6+ 
level; hence the most probable assignment for this 
state is 4—. This is consistent with the location of 
predicted 5— and 4— states at 3.0 Mev and 3.1 Mev, 
respectively. 

In attempting to fit the remaining transitions listed 
in Tables I and II into the level scheme shown in Fig. 5, 
a feature of the theoretical level scheme should be noted ; 
there are no levels predicted between the ground state 
and the observed 6+ level at 1472 kev, other than those 


already discussed. Therefore, the experimental evidence 
(Sec. 5) that the 402- and 702-kev gamma rays are in 
coincidence with the 1436-, 1482-kev pair places these 
transitions somewhere above the 2908-kev (5—) level. 

The gamma transitions were correlated numerically 
in an attempt to place each transition in the level 
scheme of Po#®. Energy sums of two gamma rays were 
compared with each other and with energies of single 
gamma rays, with a criterion for acceptance being 
agreement to within 0.1%. A large number of such 
sums were obtained and then examined for validity. 
Certain of these sums indicated transition pairs which 
violated experimental evidence for the known level 
scheme and were eliminated on this basis; others were 
eliminated because they inferred the existence of new 
levels below 1472 kev in contradiction to the theoretical 
predictions. The remaining sums are listed in Table VII. 
Certain of these sums are incompatible with each other; 
g with ¢ and e, f with c. Sum g is not an independent 
combination, but rather is a consequence of the sums 





ENERGY LEMELS OF Po*!* 


c and e. Inasmuch as the probability for the chance 
expectation that the sum of two transition energies is 
equal to a third transition energy is much less than that 
for the sums of two pairs of transitions to be equal, 
sums c and e were regarded as the more valid and f and 
g were eliminated. 

Levels derived from these remaining energy sums are 
shown in Fig. 5 as dashed lines. Levels at approximately 
3.6 and 4.0 Mev are expected from the observation by 
Mihelich et al.§ of 2.2- and 2.6-Mev photons in coin- 
cidence with the 0.245-Mev transition. The validity 
of the level scheme derived from these energy sums is 
in doubt due to lack of sufficient experimental evidence ; 
the appearance in our photographic electron spectra of 
many very weak lines not listed in Tables I and II is 
further proof of the complexity of this level scheme. 
More intense sources of At”° and more powerful experi- 
mental techniques will be required in order to allow 
substantially more information about the levels of 
Po*”” to be learned. 


9. Logft VALUES AND SPIN OF At?” 


From the thermodynamic data of Glass, Thompson, 
and Seaborg,’ one estimates a total electron-capture 
disintegration energy for At®’ of about 3.9 Mev. The 
transition intensity data of the present work indicate 
that approximately 80% of the electron-capture dis- 
integrations populate the levels at 2.908 Mev (5—) and 
3.024 Mev (4—) (see Fig. 4). From this information, 
log ft values of 6.2 and 6.4 are calculated for the decay 
to the 5— and 4— levels, respectively. Most of the 
remaining electron-capture disintegrations (approxi- 
mately 20%) populate the pair of levels at 1.426 Mev 
(4+) and 1.472 (6+). Without attempting to specify 
the exact amount of decay to either of these levels, a 
lower limit on log /t of 7.4 is calculated for this decay. In 
contrast, the transition intensity data of Mihelich 
et al.® indicate negligible electron-capture decay to any 
levels other than those at 2.908 Mev (5—) and 3.024 
Mev (4—), with approximately 75% population of 
the 2.908-Mev level. They conclude that the spin of 
At?” is probably 4—, 5—, or 6+. However, this 
difference between our work and that of Mihelich et al.® 
in the relative population of the levels of Po’ does not 
materially affect the conclusion which we draw in the 
following paragraphs regarding the spin of At”. 


TABLE VII. Energy sums of transitions, in kev. 
(yity2=ystv, Within 0.1%.) 














Sums nn v2 v3 % Mitts atv 
a 46.5 1436.1 630.9 853.1 1482.6 1484.0 
b 46.5 1436.1 1482.1 tee 1482.6 1482.1 
6 116.0 499.4 615.1 ree 615.4 615.1 
d 116.0 630.9 125.1 622.1 746.9 747.2 
e 116.0 701.9 817.4 ‘ 817.9 817.4 
Z 83.4 817.4 402.0 499.4 900.8 901.4 
g 499.4 817.4 615.1 701.9 1316.8 1317.0 
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A consideration of the single-particle states available 
for the odd proton and neutron in At”? leads to the 
conclusion that the parity of the ground state is almost 
surely even and that the spin is 4 or 5. In its ground 
state, the odd proton of gsBi™ is in an hg/2 configura- 
tion”; its first excited state (f7/2) lies at 0.9 Mev and 
the second excited state (probably 7413/2) is reached at 
1.6 Mev. It therefore seems likely that the ground-state 
proton configuration of ssAt””° is Ag/2*. The odd neutron 
in At#” (the 125th) should have the same configura- 
tion as the odd neutron in Pb*?, which is in a 1/2 
state.” The two nucleons can couple to (hg/2*, 7=9/2)p 
(p1/2)~ with resultant spins 4 or 5 and even parity, or 
perhaps (h9/2*, 7=7/2)p (p1/2)n with resultant spins 
3 or 4 and even parity. The possibility of spin 3 is 
eliminated by the log ft product, 6.2, for the decay to the 
5— level which indicates that the electron capture 
transition is much faster than it would be were it of the 
Al=2, (yes) type. Configurations of odd parity of 
At” would probably involve an 73/2 proton or a g9/2 
neutron, but neither of these possibilities seems likely 
for the ground state of At” since the levels involving 
these configurations in Bi® and Pb’ are excited by at 
least a Mev above the respective ground states. 

A spin and parity assignment of 5+ for At” would 
be consistent with the log ft value of 6.2 observed for 
decay to the 5— level of Po”, but under ordinary 
circumstances such an assignment would be quite in- 
consistent with the failure to observe substantial 
population of the 4+ and/or 6+ levels at 1426 and 
1472 kev, respectively, since these transitions would be 
favored both by energy and by the selection rules. 
Such allowed transitions would be expected to have 
log ft values <6 rather than a log ft of >7.4 as indicated 
from the 20% branching to-4+ and/or 6+ levels at 1426 
and 1472 kev. An explanation may perhaps be given 
for the retarded nature of these allowed transitions in 
terms of the description by de-Shalit and Goldhaber*® 
of the effects of the ‘‘purity” of states near closed shells 
upon beta-decay ft values. If, as discussed above, the 
proton and neutron configurations of At*”’ are the pure 
states /g/2* and 1/2 respectively, then the electron 
capture decay to the levels of the ground state band of 
Po*” (with neutron configuration 1/2”) must convert an 
hg/2 proton into a 1,2 neutron. The large change of / in- 
volved in such a decay process may cause the observed 
retardation of several orders of magnitude. Although 
the same situation applies to all final states which 
involve only excited protons, it is expected that neutron 
excited states of the Pb™® core will contribute at the 
higher excitation energies since Pb** is known to have a 
pair of levels at 3.5 and 3.8 Mev in which a neutron has 
been raised to the go/2 state.* Thus, the 5— and 4— 
levels of Po” at 2.908 and 3.024 Mev, predicted to have 
a configuration (h9/2t13/2)p (p1/2")N, will also have some 


26 A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
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(ho/2")p (P1/289/2)n character as the result of configura- 
tion mixing. Such mixing would permit a single-particle 
transition to take place from the /»/2 proton state to 
the go/2 neutron state with normal speed for a transition 
of the AJ=0 (yes) type. 
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A circular polarization analyzer for y rays is described. Measurements on circular polarization of brems- 
strahlung due to 8 particles from P® and Tm!” agree with previous and concurrent measurements and, 
together with Co® circular polarization correlation studies, establish a check on the calculated calibration 
curve of the analyzer. We have studied the 8-y circular polarization correlation in the following allowed j-7 
transitions: Na*, Sc, Sc#*, V“*, and Co®’. The result for Sc** indicates the presence of a strong interference 
between Gamow-Teller and Fermi couplings. The 8 interaction, therefore, should contain a combination of 
S and T, or (and) V and A, interactions with small or no phase difference between the interaction constants. 
If one assumes maximum interference, our experiments give information on the ratio of Gamow-Teller to 
Fermi interaction. The once-forbidden transition Au!* gives the maximum possible asymmetry. All results 
are in agreement with the 2-component neutrino theory and the assumption of V, A or alternatively S, T, P 


interaction. 


I. INTRODUCTION 


ECENTLY Lee and Yang! have proposed that 
parity is not conserved in beta-decay processes. 
One of the consequences of nonconservation of parity, 
the anisotropy in the angular distribution of elec- 
trons emitted by polarized nuclei, has been verified 
by Wu et al.,? Ambler ef al.,3 and Postma et al.‘ with 
cryogenically polarized Co® and Co** nuclei. Another 
consequence, the prediction that nuclear electrons 
are longitudinally polarized, has been confirmed by 
Frauenfelder et al.,5 Goldhaber ef al.,° and de Waard 
and Poppema.’ 
A different experimental approach to study the 
consequences of nonconservation of parity is the 
measurement of the circular polarization of y rays in 


* Supported by the U. S. Atomic Energy Commission. 

t Permanent address: Institute for Nuclear Physics Research, 
Amsterdam, and Technical University, Delft, Holland. 

1T. D. Lee and C. W. Yang, Phys. Rev. 104, 254 (1956). 

?Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957). 

’ Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 
106, 1361 (1957). 

‘Postma, Huiskamp, Miedema, Steenland, Tolhoek, and 
Gorter, Physica 23, 259 (1957). 

5 Frauenfelder, Bobone, Von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957). 

6 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

7H. de Waard and O. J. Poppema, Physica 23, 597 (1957). 


coincidence with preceding 6 particles.’ This method 
was described and employed in earlier communi- 
cations." The same method has been used by 
Schopper.” The 8-y circular polarization correlation 
experiments furnishes essentially the same information 
on the relative magnitude of parity-conserving and 
parity-nonconserving parts in the 6 interaction as the 
cryogenic polarization experiments mentioned above.® 
But they have the advantage of being extendible to a 
larger number of different nuclei. 

After emission of electrons the initially unoriented 
nuclei are polarized in or opposite to the direction of 
the electron emission. The 8-y circular polarization 
correlation method makes use of the fact that subse- 
quent y quanta, if emitted in or opposite to the direc- 
tion of the electrons, must be circularly polarized. The 
degree and sense of circular polarization, which can 
be measured experimentally, gives information on the 
relative magnitude of parity-conserving and parity- 


8 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957), and 
University of Illinois Report (unpublished). 

9 F. Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957). 

1 F, Boehm and A. H. Wapstra, Phys. Rev. 107, 1202 (1957). 

11 F, Boehm and A. H. Wapstra, Phys. Rev. 107, 1462 (1957). 

12H. Schopper, Phil. Mag. 2, 710 (1957), and private com- 
munications. 
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nonconserving parts as well as on the interference be- 
tween different 8 interactions.’ 


II. EXPERIMENTAL PROCEDURES 


Circular polarization of y rays can be studied with 
the help of Compton scattering on atoms whose 
electrons are polarized, because the Compton scattering 
cross section depends on the spin direction of electrons 
and photons.” We have designed a circular polarization 
analyzer where the scattering occurs in a nearly forward 
direction. It consists of a hollow Armco iron cylinder 


(Fig. 1) which is magnetized to saturation with the , 


help of a coil. The wall thickness of the inner cylinder 
is 2 cm. A lead cone between source and counter 
absorbs the direct y rays. The average scattering angle 
is 42°. The NalI(Tl) 7 scintillation crystal and the 
anthracene 6 crystal are mounted on 11-in. long Lucite 
light pipes. The Dumont 6292 photomultipliers are 
surrounded by magnetic shields. As a result, the single 
counting rates showed only small influences of the 
direction of the magnetic field in the analyzer. We give 
two typical results: in our first measurements (Co), 
reversing the magnetic field changed the single 8- and 
y-counting rates by (0.02+0.01) % and (0.01+0.04) % 
respectively; in our last experiments (V**) these 
differences were (0.024-0.02) % and (0.07+0.02) %. 
The ¥ rays are detected in coincidence with electrons 
emitted into the 8 counter. The 8 and y pulses, there- 
fore, are fed, after suitable pulse-shaping and amplifi- 
cation, to a fast (r=2X10~* sec) coincidence circuit. 


zz  Photomultiplier 


i Magnetic shield 
| — Light pipe 
/Nal 


Ce | ZZ] Analyzing magnet 


Light pipe —_| 


Magnetic shield iy Ga Gh Gg 
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Fic. 1. Experimental arrangement for the study of 6-y circular 
polarization correlation. 


13. B. Gunst and L. A. Page, Phys. Rev. 92, 970 (1953). 


457 


Slow lower pulse height discriminators are provided 
on the 8 and y side and are connected, together with 
the fast coincidence output, to a slow triple-coincidence 
circuit. The 8 discriminator is adjusted to accept pulses 
down to about 4 of the maximum electron energy; the 
y discriminator accepts pulses down to about $ of the 
maximum scattered quantum energy. High voltage 
supplies in connection with the photomultipliers, 
amplifiers and discriminators were adjusted for extreme 
stability. 

Scattering of 8 particles in the sources or the source 
backings decreases the experimental asymmetries. The 
sources were therefore prepared as thin as possible, 
mostly by the Insulin spread technique and in some 
cases by vacuum evaporation. Mylar foils, 0.8 mg/cm? 
thick, vacuum-coated with aluminum, were used as 
source backings; in some cases thin mica backings were 
used. Corrections for scattering in the source backings 
were made; they were smaller than the statistical errors 
in the results. The following isotopes were obtained 
from the Oak Ridge National Laboratory: Na™, P®, 
Sc**, Co, and Co®. Hg™, Au’, and Tm!” were 
prepared by neutron irradiation in the Materials 
Testing Reactor in Arco, Idaho. Sc was prepared by 
deuteron irradiation of natural Ca in Berkeley and 
V* by deuteron irradiation of Ti in the Philips synchro- 
cyclotron in Amsterdam.!® 

Single counting rates and coincidence counting rates 
showed small long-time fluctuations. In order to correct 
for these variations the following procedure was 
adopted. Singles and coincidences were counted in 
20-minute intervals with alternate directions of the 
magnetic field in the analyzer. Corrections were made 
for accidental coincidences, y-y coincidences and, in 
the case of positron emitters, y-annihilation coinci- 
dences, and, if necessary, for decay of the source. Care 
was taken that the corrections for accidental coinci- 
dences were not larger than about 15%. This corre- 
sponds to single 8 and coincidence counting rates of 
the order of 30000 and 10 counts per second, respec- 
tively. The corrected coincidence rates were then 
divided by the product of the corrected single counting 
rates. The results were averaged over runs of about 10 
hours. At least 10 runs were made for every nuclide. 
The*results for different runs were always statistically 
consistent, which indicates that the procedure above 
eliminates the influences of shifts in the amplification, 
discriminator settings, and coincidence resolving times. 


III. CALIBRATION 


The efficiency of the analyzer can be defined as the 
percentage difference in the y-counting rate for opposite 
field directions for a source of completely polarized 


M4 We thank Mr. W. B. Jones for an irradiation at the Crocker 
Cyclotron and Mr. B. Kraus for the chemical purification of the 
Sc*. 

15 We thank Professor A. H. W. Aten and Mrs. A. C. Funke- 
Klopper for the preparation of the V* source. 
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Fic. 2. Relative y-counting rate difference for opposite magnetic 
fields of the analyzer as a function of the average photon energy 
for the bremsstrahlung of P®. The drawn line gives the theoretical 
value computed by assuming an electron polarization of —v/c. 


y rays. This efficiency, as computed by Alder,’* is 

e= 2.90k(1+0.13k) /(1+0.36k+0.09k") (1) 
(where & is the y-ray energy in units mc’), with an 
estimated error of 15%. For 8-y angular correlation, 
this efficiency has to be multiplied by the cosine of the 
average angle between 8 and y rays. 

The expression (1) has been checked by measuring 
the circular polarization of bremsstrahlung of 8 particles 
emitted by P®. The resulting difference in counting-rate 
for alternate magnetic field directions are shown in 
Fig. 2 as a function of the average energy of the brems- 
strahlung quanta. The solid line in Fig. 2, is computed 
from Eq. (1). The degree of circular polarization of the 
bremsstrahlung quanta is estimated from the figures of 
McVoy™ under the assumption that the polarization 
of the electrons is —v/c. The comparison of the experi- 
mental points with the theoretical curve indicates a 
longitudinal electron polarization of (—0.97+0.06)v/c. 
Here the possible error in the calibration is not in- 
cluded. This result agrees with the value (—1.00 
+0.10)v/c found by Frauenfelder et al.'* 

We have also measured the circular polarization of 
bremsstrahlung of Tm!” electrons. The results are 
shown in Fig. 3. If the experimental points are compared 
with the corresponding theoretical curve for full —»/c 
polarization a longitudinal polarization of (—0.93 
+0.07)v/c is obtained. A considerably lower polari- 
zation, (—0.56+0.18)v/c, has been reported by de 
Waard and Poppema.’:-$ 

16 We thank Dr. K. Alder for computing this efficiency. 

17K. W. McVoy, Phys. Rev. 106, 828 (1957). 

18 Frauenfelder, Hanson, Levine, Rossi, and De Pasquali, Phys. 
Rev. 107, 643 (1957). 


j Later investigations by these authors showed that due to 
systematic errors their values might be low by ~40% (de Waard, 
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Another check on our calibration has been obtained 
by measuring the 8-y circular polarization correlation 
in Co™. A value of —0.41+0.08 was found for the asym- 
metry coefficient A defined below. A preliminary result 
was reported earlier. This result agrees well with 
the other experimental values, A=—0.34+0.04 ” 
and —0.32+0.07 ® and with the theoretical value 
A=-—0.33.8 

The results of these measurements indicate that the 
accuracy of 15% quoted for the calibration formula 
Eq. (1) can indeed be considered to be a very con- 
servative error limit. 


IV. RESULTS AND DISCUSSION 


The results of our measurements on allowed j-7 
transitions have been collected in Table I. The errors 
quoted are statistical errors only and do not include the 
uncertainty in calibration as discussed in the preceding 
section. 
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Fic. 3. Relative y-counting rate difference as a function of the 
average photon energy for bremsstrahlung of Tm!”. 


The anisotropy coefficient A listed in the last three 
columns is defined by 


W (0,7) =1+7A (v/c) cos6, (2) 


where W (6,7) is the angular distribution of circularly 
polarized y rays emitted under an angle @ with the 
preceding beta particle, v is the electron velocity, 
7=-+1 for right-hand and r= —1 for left-hand circular 
polarization.’ Accordingly, A(v/c) cos@ is the degree of 
polarization of the y ray. The theoretical expression 
for A is given in the Appendix. Among the five allowed 
j-j transitions studied, Sc** is particularly interesting 
because it shows a very large anisotropy coefficient and 
thus proves the existence of a large interference® 
between Gamow-Teller and Fermi interaction. This 
nucleus will be discussed in some detail. 

communication at the Israel] Conference on Nuclear Physics, 


1957). 
19 Lundby, Patro, and Stroot, Nuovo cimento 6, 745 (1957). 
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TABLE I. Summary of the experimental results. The following nuclear decay schemes (energies in kev) have been adopted (see Nuclear 
Data Cards, National Research Council, Washington 25, D. C.). 

















Na* 4*(8~ 1390)4*(y 2750)2+(y 1370)0* 
Sc#  2+(8* 1460)2*(y 1160)0* 
Sc® 4+ (B- 360)4*(y 1120)2* (> 890)0* 
vis 4*(B* 690)4*(y 1330)2*(y 990)0* 
Co = 2+(B+ 472)2+(y 805)0* 
Au = 2-(B- 970)2*(y ase 
Difference in , Anisotropy coefficient A* Pincsetion’ 
Type of Type of coincidence counting Experimental or 
experiment transition Nuclide rate 6in % This work Others pure GT» 
Longitudinal] Aj=1; no ps +3.1 +0.2 —0.97+0.06 —1.00+0.10° — 1.00 
polarization —0.78+0.184 
Aj=0, 1; yes Tm!” +1.9 +0.15 —0.93+0.07 (—0.56+0.18)4 — 1.00 
8-y circular Aj=1; no Co® —0.97+0.17 —0.41+0.08 —0.34+0.04¢ —0.33 
polarization —0.32+0.07! 
correlation 
4j=0; no Na* +0.23+40.12 +0.07+0.04 —0.07+0.05¢ +0.08 
Sc# —0.06+0.12 —0.02+0.04 —0.17 
Sc* +0.73+0.09 +0.33+0.04 +0.08 
ys +0.17+0.16 +0.06+0.05 —0.08 
‘ (—0.20 )s ” 
Co —0.27+0.13 —0.14+0.07 (—0.21-+0.03)4 —0.17 
Aj=0; yes Au’ +0.75+0.12 +0.52+0.09 
Aj=?; yes Hg™ —0.04+0.16 —0.06+0.22 











® The definition for A is given vie Eq. (2) except for the first two lines where ietia denotes the Mactbadiied 4 electron polarization. 


> Theoretical values for A according to 
¢ See reference 18. 

4 See reference 7. 

¢ See reference 12. 

{ See reference 19. 

« See reference 4. 

b See reference 3. 


Eq. (5) if isotopic spin selection rule holds strictly (Fermi matrix element vanishes). 


The interference term which enters in the expression for A is 


_Re(CsCr*+Cs ‘Cr* —CvCa maCy “Ca")+ (Za/ ‘p) Im(C 


*sCa"*+Cs'Ca* —CvCr™—Cy'Cr* ) 
; (3) 





\Cr| 24 | Cr’ |?+|Cal?+|Ca’|? 


Here C and C’ are th ecoupling constants for parity- 
conserving and parity-nonconserving parts of the 8 
interaction, Z the nuclear charge, a the fine structure 
constant, and p the electron momentum. The terms in 
I containing the imaginary part of the interaction 
constants are small or vanishing. If the two-component 
neutrino theory with time-reversal invariance 1s valid 
and if either (.S and T) or (V and A) interactions occur, 
then the absolute value for J is | J) = (Cer/Cr)=a7}. 
This is the maximum value which |/J| can assume. The 
value of a has been determined by Kofoed-Hansen and 
Winther” from studies of the ft values in mirror tran- 
sitions. They find a=1.3. 

In the transitions considered the Fermi matrix 
element can only be different from zero through a 
violation of the isotopic spin selection rule. One, there- 
fore, expects a large ratio of the Gamow-Teller to the 
Fermi matrix element. Exceptions might occur if by 
accident the Gamow-Teller matrix element is very 
small (large ft value). Sc** (see below) seems to be an 
example of this kind. 

Sc‘*—The anisotropy coefficient A (see Appendix) 


” Q. Kofoed-Hansen and A. Winther, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd, 30, No. 20 (1956). 











for a transition 1 relating spin ‘states 4-4. 2- 0, such as 
Sc** or Na™, takes the simple form 


A= (0.08342°+0.745a'Tx)/(1+2°), (4) 


4-4-2-0 


a 


Sc** 


Na** 





) 02 #04 O06 O08 1.0 
x2/(1+x2) 


Fic. 4. Asymmetry coefficient for a 4+(8-)4*(y)2*(y)0* tran- 
sition. The experimental values for Sc** a 1 Na* are indicated. 
The curves are theoretical values corresponding to three parame- 
ters of the interference term /. If 7>0, the upper branch of the 
curve refers to the choice of x=atMgr/My>0 and the lower 
branch to the case x<0. If <0 the opposite assignment isftrue. 
The figure shows that a large value for / is required_to,fit the 
experimental data. 
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Fic. 5. Experimental and theoretical asymmetry coefficients for 
Sc“ and Co*8 (see caption to Fig. 4). 


where x=a'Mgr/My, Mer and My being the matrix 
elements for Gamow-Teller and Fermi transitions, 
respectively. In Fig. 4, A has been plotted versus 
x/(1+2°), the fractional contribution of Gamow-Teller 
and Fermi interaction. Curves have been drawn for 
three parameters of J, J=Imax=0.88, 7=0.5 and J=0. 
The experimental values are indicated. In the case of 
Sc** it can be seen that independent of the unknown 
value of x the interference term must be large. The 
figure shows that in the case of Sc** the following lower 
limit can be stated”: 
|7| 20.5, 


the symbol > meaning that there is only 1% statistical 
chance for a smaller value than the lower limit. As- 
suming the maximum amount of interference, namely 
a'J=1, the ratio of Gamow-Teller to Fermi matrix 
element turns out to be | Mgr/Mr|=2.2. 

Na*.—The Na™ result is in slight disagreement with 
the value reported by Schopper” (Table I). Our value 
(Fig. 4) does not permit a conclusion on the size of the 
interference term because of the unknown ratio of 
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Fic. 6. Experimental and theoretical asymmetry coefficients for 
V** (see caption to Fig. 4). 


AND Ai a: 


WAPSTRA 


Gamow-Teller to Fermi matrix elements. If we accept 
the maximum value of J as suggested by the Sc** 
experiment, it follows for the ratio of matrix elements 
|Mer/My|>25. 

Co**—The result of Co is presented in Fig. 5. 
From the anisotropy in Co* no conclusion can be drawn 
on the interference term." If maximum interference is 
assumed, it would follow from our experiment that the 
matrix-element ratio must be rather large (|Mor/Mr| 
>8). This is in agreement with measurements of the 
positron distribution from oriented Co nuclei.*4 For 
comparison anisotropy values derived from cryogenic 
orientation experiments** are expressed in terms of 
our A and listed in column 6 of Table I. If large inter- 
ference is present, these results are in disagreement 
with the ratio |Mgr/My|=2.8 found by Griffing and 
Wheatley” from a study of y-ray distribution from 
aligned Co** nuclei. 


LATTTFALT 1 ** 








-0.4 l i L i 
0 0.2 0.4 0.6 0.8 1.0 


x2/(1+x2) 





Fic. 7. Experimental and theoretical asymmetry coefficients for 
Au’, (See caption to Fig. 4. For the definition of x in the case of 
forbidden transitions, see text.) 


Sc“ and V“*.—The results on Sc“ and V* are repre- 
sented in Fig. 5 and Fig. 6, respectively. Both nuclei 
show an asymmetry parameter larger than that for 
pure Gamow-Teller interaction and, therefore, indicate 
the presence of an interference. Assuming again the 
maximum value for J, the matrix-element ratio for 
both Sc“ and V* is of the order |Mor/Mr|=5. 

Au'®*.—Au"™ is a first forbidden transition. The 


, interpretation of the result for this nucleus (see Table 


I) is in general more involved. A discussion of this case 
has been given in a previous communication." In Fig. 
7 the Au result is compared with the theoretical 
values obtained under the assumption of the validity 
of the two-component theory and S,7,P or V,A inter- 
action. This assumption is consistent with recent meas- 
urements on the longitudinal electron polarization in 


aD. F, Griffing and J. C. Wheatley, Phys. Rev. 104, 389 (1956). 
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this nucleus.” The definition of x in this case is given in 
the Appendix. Our result agrees with the maximum 
possible value for A and corresponds to 2.4> |x| >0.7, 
with negative sign of x for J positive and vice versa. 
(In this case there is no reason to suppose that x should 
be large.) 


Vv. CONCLUSION 


This work, particularly the experiment on Sc*, 
establishes the presence of a large interference between 
Gamow-Teller and Fermi couplings. It therefore ex- 
cludes a pure V,7 and a pure S,A interaction. It also 
disproves the validity of the twin neutrino theory.” 
Furthermore, if combined with the two-component 
theory and the result on longitudinal electron and 
positron polarization™ it rules out a large breakdown 
of time-reversal invariance. The recent determination 
of the electron distribution in the neutron decay also 
indicates the presence of an interference term but its 
magnitude is smaller and not entirely in agreement 
with our value. 
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APPENDIX 


In the case of a pure E2 ¥ ray following the 8 decay 
the following expression for the anisotropy coefficient 
A [Eq. (2)] can be derived from the work of Alder, 
Stech, and Winther®: 





* Benczer, Koller, Schwarzschild, Vise, and Wu, Phys. Rev. 
(to be published) ; Cavanagh, Turner, Coleman, Gard, and Ridley, 
Phil. Mag. 21, 1105 (1957). 

28M. Goeppert Mayer and V. L. Telegdi, Phys. Rev. 107, 1445 
(1957). 

% See, for example, Boehm, Novey, Barnes, and Stech [Phys. 
Rev. 108, 1947 (1957) ], and reference 23. 


A=—$F (2,2, 77,9) {Fill 1,9, Ge? 
+F,(0,1,7:,7)a4Ix}/(1+<2), (5) 
where 


G={Re(2CrCr’*—2C4C4'*) 
+ (Za/p) Im(CrC4'*+Cr'C 4*)} / 
{|Cr|?+|Cr’|?+|Cal?+|Ca’|?}, (6) 


ji; and j are the spins of the initial and the final state 
in the 8-decay process, respectively, and 7, is the spin 
of the final nucleus after y emission. The coefficients 
F, can be obtained from the reference.* The con- 
stants J and a and the matrix-element ratio x are de- 
fined in the text. In the expression (6) the small or 
zero Fierz term has been neglected. Parity measure- 
ments on Co™.?-5.7,9.12.19 and P%.718 yield an average 
value G= (—0.96+0.05)v/c. For the analysis we have 
chosen G=—1. For the special case of Sc**, Eq. (5) 
leads to the expression (4) reproduced in the text as an 
example. 

For the analysis of the first forbidden transitions with 
allowed spectrum shape such as Aw* the two-compo- 
nent theory has been assumed. The expression (5) then 
can be used in a good approximation together with the 
following substitutions: a!J=1,G=—1, x is redefined in 
the case of S,7,P interaction as follows*”: 


v= +cat fia +Cr] fee +Cre| [sox | / 
| forl cael fee (7 


In the case of V,A interaction x is given by 


fle folzcu fox / 
{ca| fas|+cut fos|} (8) 








{ce 





2= + {cvé 














‘where {=aZ/2R, R being the nuclear radius; for Au’, 
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(p,p’) and (p,«) Reactions from K**}* 


A. SPERDUTO AND W. W. BuECHNER 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received September 20, 1957) 


In the region of excitation up to 5.3 Mev, sixteen excited states in K* have been observed by means of 
inelastic scattering of protons from natural potassium. An electrostatic accelerator was used as a source of 
protons, the inelastically scattered protons were analyzed at several angles with a magnetic spectrograph, 
and the incident beam energies were between 7 and 7.5 Mev. The first excited state in K® is at 2.526 Mev. 
Two groups of alpha particles from the reaction K®(p,a)A** were also observed. The Q values for these 
groups are 1.286+0.007 Mev and —0.691+0.010 Mev, corresponding to the ground-state transition and 


to a level in A®* at 1.977+0.008 Mev. 





HEN the experiments we report here were 

initiated, there was no information_in the litera- 
ture on the excited states of K* or of A*®.! This investi- 
gation was undertaken in part because of an interest 
in the states of K* and in part because a precise 
measurement of the ground-state Q value of the 
K*(p,a)A*®® reaction would provide a link which was 
important for the determination of nuclear masses 
between neon and calcium.” Recently Schiffer et al.* 
made a search for inelastically scattered protons from 
KI and KC] targets. With incident proton energies in 
the range between 4.6 and 5.6 Mev, they found no 
evidence for excited states in K* in the region of ex- 
citation up to 2 Mev. The energy levels of K® have 
also been investigated by Schwartz et al.‘ through 
studies of the A**(a,p)K*® reaction. Using 7.4-Mev 
alpha particles from a cyclotron, these workers observed 
proton groups corresponding to the ground-state 
transition and to states in K*® at 2.50 and 2.87 Mev. 
In this investigation, the Q value for the ground-state 
transition was found to be —1.28+0.03 Mev. Almqvist, 
Clarke, and Paul’ have also recently measured the 
K*(p,a)A** ground-state Q-value and reported a value 
of 1.267+0.020 Mev. 

In the present experiments, the charged-particle 
groups emitted from KI targets bombarded with 
protons were analyzed with the broad-range magnetic 
spectrograph. The techniques used were the same as 
those employed in other investigations recently carried 
out in this laboratory which have been the subjects of 
recent publications. The present work was conducted 


t Some of the present results were reported at the Mexico City 
Meeting of the American Physical Society, August, 1955 [Phys. 
Rev. 100, 961(A) (1955). 

* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 
esi M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 

54). 

?Endt, Buechner, Braams, Paris, and Sperduto, Phys. Rev. 
105, 1002 (1957). 
asa” Gossett, Phillips, and Young, Phys. Rev. 103, 134 

6). 
* Schwartz, Corbett, and Watson, Phys. Rev. 101, 1370 (1956). 
5 Almqvist, Clarke, and Paul, Phys. Rev. 100, 1265 (A) (1955). 


concurrently with studies of inelastic proton scattering 
from and the (p,a) reaction of Na**.® 

The targets used in the present investigation were 
prepared by the evaporation of KI crystals onto thin 
Formvar films. These films were strengthened by a thin 
layer of gold deposited in a separate vacuum evapora- 
tion. The charged-particle groups emitted from targets 
prepared in this way were studied at various angles of 
observation and with various incident beam energies. 
Separate exposures were made at 90 and 130 degrees 
with a beam energy of 7.04 Mev and at 90 and 130 
degrees with a beam energy of 7.17 Mev. Additional 
exposures were made at 60 and 130 degrees with a beam 
energy of 7.45 Mev. With each combination of angle 
and incident energy, two separate exposures with 
different spectrograph fields were made in order to 
cover the range in energy of the inelastically scattered 
protons from about 2 Mev to 7.5 Mev. This range 
corresponded to a region of excitation in K* from the 
ground state to about 5.3 Mev. Figures 1 and 2 show 
typical data obtained in two of the exposures. In these 
figures, the sloping line is a graph which relates the 
position of a group associated with K® on the plate 
with the corresponding excitation energy. In Fig. 1, 
the spectrograph field was such that the proton groups 
associated with excited states in K® between the ground 
state and an excitation energy of 3.9 Mev would be 
recorded ; while in Fig. 2, the range of excitation energy 
was from 2.3 to 5.3 Mev. The data for Fig. 2 were 
obtained with a somewhat thicker target than was used 
in the case for Fig. 1. 

The range of angles of observation and of incident 
energy for which the data were obtained was sufficient 
to allow a positive identification of the various groups 
and to insure that no group associated with K® was 
obscured by a group from a contaminant on the target. 
Thus, except for the one group at a distance of 52.5 cm 
in Fig. 1, all the groups with energies greater than 5.5 
Mev were found to be associated with elastic scattering 
from the various constituents in the target. The peak 
at 52.5 cm was not observed with sufficient intensity 
from other bombardments, and therefore it could not 


6W. W. Buechner and A. Sperduto, Phys. Rev. 106, 1008 
(1957). 


462 





‘Buryoeq plo v uo TY Jo sav] YOry} APEaNey[as & Woy saeiZap CEO 7¥ p2i9}}eIs A][eoIYsejauT suojoId Jo wNI}Dadg *Z ‘OI 


1 S§ : , . _% p : 


Sb 


. 4 4 4 4 4 


ees 


© e eo o 
f SERN ASEAN eee een 
r e 


Aa, 2 78 aa D PE PE PR P aR 
; OF te Spey Sgt SINE SOE oes 7 Pe erat all cd Ra te ay 
' f 





2am 


3 


ee 





: 

















K 39 











ec | 


(21) | 
9m OOO! + 3YNSOdx3 ie. © 3} (ge 
2009 = NOILVAN3SS8O JO JTONV 


SSNVD I€/S = C1314 HdvYDOULIIdS yt 

A3W SPL: ADUIN3 NOLOYd LN3GIONI 

G09 NO IM: L39NVL | 

Osy oge j Ost , 


A®@W - ADYINZ NOLOYd 





: 





FROM 





A@W Ni gg NI ADYINS NOWVLIOX3 


: 








didiS WW 41VH_Y3d SNOLONd JO Y3EWNN 




















2) 
Zz 
2) 
ee 
O 
<x 
wl 
a4 


‘Suryoeq pos v uo PY Jo JIA Vz] uTY v Woy SaaIZap OE] Ie A[[wONSe[OUT pu A[[eoNSe]a pass}}vIs suojold jo wnsyzDad¢g “| ‘Oly 


w9- 3YNLVAYND JO SNidVY op 


. i L. } 1 | I \ lh 
Mes oy - ; ae ae i me 


19 | e2'S 2 
acS 


(p,a) 





AND 


fo} 
Mm 








(p,p’) 


ee eR Ree eS 


aye e 


4" 

(Neg 
on OOO! = 3HNSOdX3 
OE! = NOILVANYSS8O JO JIONV 
SSNVD 9Z0Z = A13I4 HdVYSOYNLOIdS 
A3W Sv Z* ADYSN3 NOLOYd LN3GIONI 
Q109 NO 1y: L39YNVL 

oss oos OS» 


i i 








°o 
N 


[TERRE SURE R cece eee eeeeeeeeeeeeeee! 











° 














AQW- gc NI ADY3N3 NOILVLIOX3 





° 





dIdLS WW JTVH Y3d SNOLOYd 40 Y3BWNN 











A®W- ADYINZ NOLO 

































































464 A. SPERDUTO AND W. W. BUECHNER 
5.168 TABLE I. Levels in K®. 
5,010 : ’ 
oxcitat excitati 
S208 Level aaa (Mev) Level ome (Mev) 
4.737 
£ 1 2.5264.0.007 9  4.12240.008 
4511 4.678 2 2.817+0.007 10 4.472+0.008 
4472 3 3.021+0.007 11 4.511+0.008 
3 + 3.603+0.007 12 4.678+0.008 
5 3.879+-0.007 13 4.737 40.008 
4.122 4.092 6 3.935+0.007 14 4.928+0.008 
3,935 4.078 7 4.078+.0.008 15 5.010+0.008 
iene 8 4.092+-0.008 16 5.168+-0.008 
3879 ; 
3.603 
In Fig. 2, it will be noted that the groups associated 
with the seventh and eighth excited states in K® are 
3,021 hardly resolved. Better resolution of these two groups 
— was obtained, however, in other bombardments using 
, thinner targets. 
2.526 Fic. 3. Excited states in K®; The results of the measurements on the inelastically 





energies in Mev. 








K*? 


be definitely identified. The relative intensities of the 
groups from elastic scattering from K*® and K*! were 
consistent with the relative abundances of these 
isotopes in the natural potassium used in the target 
preparation. All the proton groups observed with 
energies less than 5.5 Mev are associated with inelastic 
scattering processes, and, except for one peak, shown 
in Fig. 2, which is associated with the formation of the 
4.431-Mev state in C”, all the inelastically scattered 
groups have been attributed to K*. Several very weak 
groups were observed during the course of the experi- 
ment, and some of these may have originated from the 
K*' in the target. However, no systematic measurements 
were made on these low-intensity peaks, since other 
experiments are planned using targets enriched in K“. 


scattered proton groups are given in Table I, where the 
excitation energies and probable errors are listed for 
the sixteen excited states observed in K*®. Each value 
listed is the average of at least three measurements, 
except for groups Nos. 14, 15, and 16 in which case only 
two measurements were averaged, and the spread in 
the measured values was generally of the order of one- 
half the stated error. An energy-level diagram for K*® 
is shown in Fig. 3. 

In addition to the proton groups, two groups of alpha 
particles and one of deuterons were also recorded in the 
various exposures. From their shift in energy with 
beam energy and angle of observation, the alpha par- 
ticles were found to be associated with the K®(p,a)A* 
reaction, with Q values of 1.286+0.007 and —0.691 
+0.010 Mev. The higher energy group is presumably 
associated with the ground-state transition, in which 
case the second group corresponds to an excited state 
in A* at 1.977+0.008 Mev. That these assignments 
are correct is indicated by the reasonable agreement 
between the ground-state Q value obtained here and 
that obtained by Schwartz and collaborators‘ for the 
A**(a,p)K*® reaction and also by the agreement between 
their results for the first two states in K* and those 
measured here by inelastic scattering. The observed 
deuteron group was identified as originating in the 
C3(p,d)C” reaction and had a measured Q value of 
— 2.721 Mev. 
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Spins of Certain Short-Lived Cu and Ag Isotopes* 
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Spins of several short-lived isotopes of Cu and Ag have been measured by the atomic-beam method. 
Spin values are as follows: Cu, 7=2; Cu, 7= 3; 27-minute Ag™, J/=2; 24-minute Ag, 7=1; and J=2 
for a 1.2-hr Ag activity, the identity of which is not certain, but which may be attributed to Ag or Ag™, 
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INTRODUCTION 


OMBARDMENT of Pd and Ni by approximately 
19-Mev protons from the Princeton cyclotron 
produces several short-lived isotopes of Ag and Cu in 
quantities sufficient to perform atomic-beam measure- 
ments of spins. The half-lives involved are shorter than 
is that of any isotope that has previously been studied 
in the Princeton atomic-beam machine; however, the 
close proximity of the cyclotron to the beam machine 
together with some streamlining of ordinary operating 
techniques for the machine made spin measurements 
possible. Measurements of magnetic moments of the 
short activities were not attempted in this experiment. 
However, indications are that such measurements are 
possible and may be done in the future. 


EXPERIMENTAL PROCEDURE 


Copper isotopes were prepared by bombarding thick 
targets of “A” nickel (manufacturer’s analysis: 99.40% 
Ni, 0.10% Cu; 0.15% Fe; 0.10% C; 0.20% Mn; 0.05% 
Si; 0.005% S) with 18.8-Mev protons. The resulting 
isotopes were identified by half-lives! as 25-min Cu®, 
3.3-hour Cu, and 12.8-hr Cu. It was estimated that 
a 30-minute bombardment at about 1 microampere 
beam current yielded between 10 and 40 mC of Cu®. 
Considerably less Cu® and Cu® isotopes were produced 
although sufficient Cu® was made to allow spin deter- 
mination. There were indications of some Cu® being 
produced. However, the amount was small and would 
have been impossible to work with in the presence of 
the much more abundant Cu. 

Silver isotopes were prepared by bombarding thick 
targets of Pd with 18.8-Mev protons. Spectroscopic 
analysis of the Pd foil gave the following impurity 
content: about one part in 10* each of C, Ag, and Mg 
and traces of Au, Fe, B, and Si. Silver isotopes produced! 
were 27-min Ag, and 24-min Ag™*, and a 1.2-hr 
activity which has been variously attributed to Ag™, 
Ag'®, and Ag™ (see below). 








* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 

+ Now at the Department of Physics, Washington University, 
St. Louis, Missouri. 

t Now at the Department of Physics, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). More detailed references to specific work on these 
isotopes are also given in subsequent sections of the present paper. 


The cyclotron bombardments lasted for approxi- 
mately one-half hour for the shorter activities and for 
about one half-life of the Cu®™ and Ag 1.2-hr activities. 
Immediately after bombardment, the active material 
was trimmed from the target tip and placed in the 
atomic-beam oven, which in turn was inserted in the 
oven chamber of the atomic-beam machine. This 
procedure took about 10 minutes. Evacuating the oven 
chamber and aligning and heating the oven took an 
additional 10 minutes, so that the run was usually 
under way within 20-25 min of completion of bombard- 
ment. The atomic-beam machine used was the focusing 
apparatus described by Lemonick, Pipkin, and Hamil- 
ton.? It had, however, at this stage been modified to a 
flop-out apparatus for use in the measurement of the 
spin of As’®* The flop-out nature of the machine was 
maintained in the present experiment since certain 
features of it seemed appropriate for experiments with 
short-lived isotopes. Conversion to flop-out consisted 
of changing the stop system and detector so that the 
detector collected only atoms which passed through a 
circular region of } in. diameter centered on the machine 
axis and located at the detector position. The stop 
system was such that only unflopped atoms could do 
this. When hyperfine transitions were induced in the 
C field the focussed beam was reduced and one ob- 
served a flop-out resonance. In this arrangement the 
detector consisted of a 13-in. diameter disk divided 
into as many as eight sectors. The disk was placed at 
the detector position (but with its center somewhat 
off the beam axis) by insertion through an air lock; 
an external indexing system was supplied so that each 
of the sectors in turn could be rotated to the proper 
position to accept the beam. 

The operation of the system proceeded as follows: 
each of the sectors in use (most commonly five in 
number) was rotated into the beam-accepting position 
and received an accurately timed interval of exposure 
(usually 20 or 30 seconds) after which the next sector 
was rotated into position and exposed. A number of 
complete revolutions of the detector disk were made in 
this fashion until the total exposure on the sectors was 
found to be sufficient. At the completion of a disk’s 

? Lemonick, Pipkin, and Hamilton. Rev. Sci. Instr. 26, 1112 
(1955). 

3 Christensen, Bennewitz, Hamilton, Reynolds, and Stroke, 


Phys. Rev. 107, 633 (1957). 
‘ The total exposure time was usually about one mean life of the 
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REYNOLDS, 
exposure, it was retracted from the vacuum system. 
The sectors were separated from one another, sealed in 
a matrix of moisture-absorbing paper with “Scotch” 
tape, and mounted on holders for insertion into the 
counters. 

The advantages of the flop-out, rotating-disk pro- 
cedure in dealing with short-lived isotopes are: (1) The 
use of the small collecting area makes it possible to 
obtain up to 8 different exposures without breaking 
vacuum whereas the old system, in which the collector 
had to cover a 13-in. diameter annulus, required inser- 
tion of a probe (with attendant delay required for 
pumping out air locks, etc.) for each exposure. This 
reduction in “turn around” time made possible the 
accumulation of data in a time sufficiently small com- 
pared to the half-lives involved. (2) The rotation 
procedure had an averaging effect which reduced the 
difficulty associated with any inconstancy of the 
evaporated beam. This second point was particularly 
helpful in the case of the Ag isotopes. Here it was 
found that satisfactory data could be obtained déspite 
the fact that with constant oven temperature the beam 
intensity dropped monotonically at a rapid rate. This 
decrease was in addition to that resulting from radio- 
active decay of the material in the oven; it was pre- 
sumably associated with driving Ag atoms out of the 
carrier Pd. The old flop-in procedure would have been 
difficult, if not impossible, to use with the Ag isotopes. 

The molybdenum oven was usually heated to about 
1550°C by electron bombardment (about } amp at 
2500 v). The detector surface was cooled by liquid 
nitrogen as had been required for arsenic, although this 
surface cooling was not known to be necessary in these 
experiments. 

Two counting setups were used. One of these was 
mainly 8 sensitive and consisted of a 1-mm thick 
organic phosphor viewed by a photomultiplier tube 
with which were associated conventional circuits. The 
other setup, which was 7 sensitive and discriminated 
somewhat against 8 rays, used a NaI(T]) scintillator. 

To make maximum use of the activity on all sectors, 
each one was counted in turn for 2 minutes with a }- 
minute “turn-around” interval. The time of starting 
each interval was accurately noted for precision in 
making half-life corrections. Two counting cycles took 
about one half-life of the shorter-lived activities. 

Analysis of the data was accomplished as follows for 
a five-sector cycle (two sectors with rf applied, spaced 
among three having no rf): There results a set of five 


counting rates, Ci, C2, --- Cs, for sectors 1, 2, --- 5, re- 
spectively, taken at times spaced quite accurately by 
equal intervals. Factors which would cause C,, - -- Cs to 


differ from one another are (1) radioactive decay during 


activity involved. This is based on the fact that the optimum ex- 
posure time (that which gives maximum radioactivity on detector 
disk at completion of exposure) for a single disk placed in a beam 
of atoms is one mean life. This assumes that decrease of beam in- 
tensity is due only to radioactive decay of the material in the oven. 
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counting, (2) variations in beam intensity due to chang- 
ing oven conditions, and (3) the radio-frequency 
diminution of beam intensity which corresponds to the 
existence of a resonance. The three no-rf counting rates, 
C,, C3, and Cs, determine a quadratically time-depend- 
ent counting rate, 2. The values of this function at 
the times of counting sectors 2 and 4, 2» and Y,, 
respectively, are taken as being the beam background 
with no rf present. 2» and 4 are given by 


Y2=0.375C,+0.75C3—0.125C; 
and 


Y4= —0.125C,+0.75C3+0.375Cs. 


The rf effect on sector 2 is then characterized by 
A:=22—C, and the fractional “flop” by A:/Z2, with 
similar expressions for sector 4. The validity of this 
procedure was verified by running several disks for 
which all five sectors had no rf applied. The average 
A/= for several such disks was 0.006++0.005. When 
sectors 2 or 4 had rf applied at a resonant frequency, 
A/z ranged from 0.08 to 0.15 with a statistical probable 
error of 0.01 or less. Typical counting rates per sector 
(for five sectors exposed to the beam a total time of 
four or five minutes each) were 5000 to 30 000 counts 
per two-minute interval, at the start of counting. 

It was calculated that the quadratic correction pro- 
cedure described above corrected for radioactive decay 
effects during counting (effect [1]) to better than 
0.25%. The negligible value of A/Z for the ‘“‘no rf’’ test 
disks is taken to mean that any random fluctuatious in 
the beam were adequately smoothed out by the rotating 
disk method. In the case of the Ag isotopes, the amount 
of material coming from the oven was observed to 
decrease monotonically during a 20-minute run. 
Various considerations, particularly the low value of 
A/= on the test disks which had no rf on any sector, 
show that the quadratic correction procedure also 
takes this oven effect into account satisfactorily. 


RESULTS 


The approximately 25-min isotope resulting from 
bombardment of Ni was observed to have spin 2. The 
assignment of thisactivity to Cu” seems quite certain! 6 
so that one may conclude J=2 for Cu®. The resonance 
was observed at four values of the static field from 1.6 
to 9.6 gauss. 

The 3.3-hour Cu®™ was found to have J=§. This 
resonance was observed twice at 6.9 gauss and once 
at 9.6 gauss. The result is in agreement with that of 
Nierenberg, Shugart, and Silsbee.’ 

The short-lived activity in Ag (hereafter referred 
to as the ‘26-min” activity; as previously mentioned, 


5 van Lieshout, Nussbaum, Nijgh, and Wapstra, Phys. Rev. 
93, 255 (1954). é 

® Nussbaum, van Lieshout, Wapstra, Verster, Ter Haaf, Nijgh, 
and Ornstein, Physica 20, 555 (1954). 

7 Nierenberg, Shugart, and Silsbee, Bull. Am. Phys. Soc. Ser. II 
2, 200 (1957). 
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Fic. 1. Decay of unflopped background, 2, and the resonance depth, A, for the spin-1 resonance of the silver 
isotopes. 4-hour bombardment of Pd by 18.8-Mev protons. 8 counter used as detector. Dashed lines give de- 
composition of E and A into components. Numbers —35, —8, —6 refer to lower bound of corresponding standard 


deviation flags. 


this may be attributed to Ag, Ag'®, or both) was 
found to be primarily a 6 emission, while the 1.2-hour 
activity involves emission of a marked amount of 
penetrating radiation. As an aid in discrimination, 
observations of decay curves and resonances were made 
with both the 8 counter and y-ray counter. No reso- 
nances were observed at frequencies corresponding to 
spins 0, 3, and 4—several attempts were made at each 
spin. Resonances were observed for spins of 1 and 2 as 
described in detail below. 

Figure 1 shows data from a run at spin 1. The data 
were taken on the 8 counter which emphasizes the 
“‘26-min” activity and it is seen that a spin-1 resonance 
is present. Figure 1 is a plot of A and = as a function 
of time. It will be noted that A/Z is about 0.09+0.01 
at the beginning and that A decays with about a 26-min 
half-life. The indication is that there is no spin-1 
resonance in the 1.2-hr activity; however, the statistics 
in such a run are not good enough to assure this con- 
clusion. Data taken in a different type of run clarify 
this point as shown in Fig. 2. 

In this other run the cyclotron bombardment lasted 
1 hour to emphasize the 1.2-hr activity. Here again the 
resonant frequency for spin 1 was applied when the rf 
sectors were exposed to the beam. The counting, how- 
ever, was done in two stages: first in the 6 counter and 
then, after about 45 min, in the y counter. The difference 
in sensitivity of the two counters to the two activities 
may be seen from Fig. 2. Analysis of the data indicates 
a change by a factor of roughly 9 in the relative efficiency 


of detection of the two activities when detectors are 
interchanged. 

From Fig. 2 one sees that when counted in the 6 
counter, the depth of the observed resonance is 123% 
and that A decays with a (27+3)-min half-life. 
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Fic. 2. Decay of = and A for spin-1 resonance in silver isotopes. 
One-hour bombardment. Initial and subsequent counting done 
with 8 and y counters (circles and X’s), respectively. 
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Fic. 3. Decay of = and A for spin 2 in silver isotopes. $-hour bombardment. Counted in y counter. 


If a spin-1 resonance were present in the 1.2-hr 
activity one should still observe a resonance comparable 
to 123% after changing counters. One observes, however, 
that changing counters reduces A/Z to about 0.01 or less. 
This is in fact about the amount one would expect the 
A/> for the ‘‘26-min” activity to be reduced as a result 
of the counter efficiency effect mentioned above. We 
conclude that J=1 for one component of the “‘26-min”’ 
activity and not for the 1.2-hr activity. 

Figure 3 shows data taken using Ag isotopes, with 
the proper radio-frequency applied to give a resonance 
if J=2. In this case the cyclotron bombardment lasted 
for half an hour and they counter was used for detection. 
Analysis of the unflopped intensity (2) shows that 
initially the “26-min” and the 1.2-hour activities were 
each present in approximately equal amounts. The 
curve of flopped intensity (A) as a function of time in 
Fig. 3 shows clearly the presence of spin 2 for both of 
these activities. In addition Fig. 4 shows the results of 
a spin 2 run counted in the 8 counter. Here A only is 


plotted and owing to the low efficiency of the counter- 


for the 1.2-hr activity A is seen to have only a 26-min 
half-life (within counting statistics). 

In summary, the above results for Ag are: /=2 for 
the 1.2-hr activity and 7=1 and 2 for the “26-min” 
activity. From the presence of two spins in the latter we 
assume that both 27-min Ag™ and 24.5-min Ag'®® were 
present (in roughly equal amounts as could be esti- 
mated from the observed A for each spin). The question 


remains as to which spin goes with which isotope. An 
experiment with enriched Pd isotopes would have been 
useful for this. However, at the time of the experiment 
Pd enriched sufficiently in the correct isotopes was not 
available in the needed quantities. 

Rather than trying to measure the half-life of the 
two resonances to a precision sufficient to allow dis- 
crimination between the two possibilities, recourse was 
had te an absorption measurement. The Ag'® 6 end 
point is 1.96+0.02 Mev’' for the high-energy component 
and the Ag™ end point is 2.70+0.01 Mev® correspond- 
ing to effective ranges in Al of 950 and 1250 mg/cm’, re- 
spectively."° Hence measurement was made of the 
fraction of the activity detected when 1, 2, 3, and 4 
sheets of 0.025-in. Al (168 mg/cm?) were interposed 
between the activity and the 8 counter used for the 
previous data. To maximize counts obtained, and since 
relative energy discrimination rather than absolute 
energy measurement was desired, a ‘‘poor geometry”’ 
setup was used which involved minimum source- 
detector distance. Since many electrons traverse the 
absorber at glancing angles, the absorbers are effec- 
tively thicker than with good geometry. 


* Bendel, Shore, Brown, and Becker, Phys. Rev. 90, 888 (1953). 
This ve gives a rather complete bibliography on Agi, 
°F. A. Johnson, Can. J. Phys. 33, 841 (1955). 
10 W. Paul and H. Steinw edel, in Beta- and Gamma-Ray S pectros- 
copy, edited by K. Siegbahn ( North-Holland Publishing Company, 
Amsterdam, 1955), Chap. 1. 
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One must make an initial comment concerning any 
measurement of the absorption of the flopped activity 
in a flop-out experiment, since the directly measured 
absorption is that of radiation from unflopped atoms. 
But consideration of the absorption behavior of the 
flopped beam and the complementary unflopped beam 
leads easily to the conclusion that the diminution of 
A by an absorber is the same as would be observed for 
the diminution of a flop-in resonance signal by the same 
absorber. 

In measuring in this way the relative absorption 
properties of the 8 radiations associated with the spin-1 
and spin-2 resonances in the “‘26-min”’ activity, several 
complications arise. A relatively minor one is the fact 
that both of these positron activities have associated 
nuclear y rays as well as annihilation y’s (see Figs. 
5 and 6). These will give a tail on the absorption curve 
which is recognizable in itself, will not affect the initial 
slope of the absorption curve in any case, and will be 
small because the counter is insensitive to y rays. 

A major complication, on the other hand, is the fact 
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Fic. 6. Decay scheme for Ag’*® taken from reference 8. 


that the [=2 resonance involves both the ‘‘26-min” 
and 1.2-hour activities which will have different ab- 
sorption properties and which are present in relative 
abundances which vary with time. The relative abun- 
dances after passing through the beam and being 
counted on the 8 counter are known (see Fig. 3). In an 
experiment auxiliary to the measurement of the ab- 
sorption of A, the absorption properties of the 1.2-hr 
activity by itself were deduced by preparing a source 
containing all of the activities (“26-min,” 1.2-hr and 
a long-lived background) and following its absorption 
properties with time. From these data it was found that 
the fraction 0.42+0.03 of the 1.2-hr activity was 
counted through 1, 2, 3, and 4 Al absorbers. From the 
abundance data of Fig. 3 and the 1.2-hr absorption 
information one may now deduce, from the data on 
the absorption of the total A for /=2, the absorption 
of the A for the “‘26-min” J=2 resonance. During the 
first hour of counting from which, because of counting 
statistics, all relevant data came, three-quarters or 
more of the activity was in the “26-min” half-life. 
The correction to the spin-2 absorption to reduce it 
to pure ‘‘26-min” spin-2 absorption was, therefore, not 
great and in any event was carried out quite accurately 
as indicated above. 

The net result of the absorption measurement is 
shown in Fig. 7 which is a plot of the fractions of the 
spin 1 and 2 ‘“‘26-min” activity counted through 1, 2, 3, 
and 4 absorbers. Within statistics (which are not good 
enough to reveal the typical not-quite-exponential 
behavior”) spin 1 and spin 2 are found to absorb ex- 
ponentially with respective absorption coefficients of 
0.82+0.07 (absorber)“! and 1.16+0.07 (absorber). 
In conventional units these are, in the same order, 
0.0049+0.0004 cm?/mg and 0.0069+0.0004 cm?/mg. 
These absorption coefficients are the weighted averages 
of the results with 0, 1, 2, and 3 absorbers; with rela- 
tively little counting time invested in four-absorber 
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transmission, this transmission is indistinguishable 
from zero for purposes of calculating an absorption 
coefficient (i.e., one of the transmissions has a negative 
value.) Because of the poor geometry these coefficients 
are, of course, more than one would obtain from 
published 8 absorption data. 

The auxiliary absorption experiment referred to above 
showed that not more than 13% of the ‘“26-min” 
activity counts through four absorbers. This 13% will 
be predominantly annihilation y’s, of which there will 
be equal amounts for both spin-1 and spin-2 26-min 
activities. There are nuclear y rays in the 0.5-Mev 
range, but not more than one per positron (see Fig. 5) 
For any arbitrary assignment of these nuclear y rays 
to spin 1 or spin 2, the penetrating y background still 
divides so evenly between the two spins that the absorp- 
tion curves of Fig. 7 are not changed appreciably by the 
corresponding correction. 

We conclude therefore that spin 2 is associated with 
the 2.7-Mev 6-emitting isotope, Ag™, and that spin 1 
is associated with the 1.96-Mev 6 emitter Ag’. 


DISCUSSION 


If one were to assume the odd-proton state in Cu® 
to be 2; and the odd-neutron state to be 1/;, the 
Nordheim “strong” rule would be violated by the 
observed spin 2." On the other hand, the spin of 2 is 
consistent with Nordheim’s “weak” rule if the odd 
neutron is assumed to be in a 2; state which therefore 
seems the more likely configuration assignment. Nuss- 
baum ef al.,® have studied the decay of 23.4-min Cu® 
very thoroughly and have assigned spin-parity 2+ to 
this state in agreement with our result. These workers 
find that Cu® undergoes 8 decay to the first excited state 
(2+) of Ni® but not to the ground state (0+) and not 
to a higher lying (4+) state. They find log ft=7.4 for 
the (2+)<+(2+) transition and state that this high 


11M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), p._196. 
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value for an allowed transition is probably due to 
“rearrangement forbiddenness.”’ 

Two approximately 25-min activities in Ag have 
been quite certainly identified. Johnson has shown that 
Ag™, the daughter of 59-min Cd, has a half-life of 
27+1 min. Johnson also found that Ag™ decays 
principally by 6+ emission with a 2.7-Mev end point 
to an excited state of Pd™ as shown in Fig. 5. The 
Pd'™ de-excites with emission of an 0.556-Mev y ray. 
The log ft for the Ag™ decay is 5.4 (assuming no other 
modes of decay) and Johnson therefore assumes the 
transition to be allowed. If the first excited state of the 
even-even nucleus Pd™ has spin-parity of 2+ one may 
expect Ag™ to have spin 1, 2, or 3 and positive parity. 
In addition, since no 6* transition is observed to the 
ground state of Pd™, it is inferred that the 27-min Ag™ 
has spin 2 or 3 and positive parity in agreement with 
our result. 

Ag’ has been produced by many workers, most 
recently by Bendel ef al.§ using the (y,z) reaction on 
Ag’. The half-life is 24 minutes. Figure 6 shows the 
level scheme. Decay occurs by 8* emission as well as 
by electron capture to two states in Pd, the 6+ end 
points being 1.45 Mev and 1.96 Mev. Both of the s+ 
decays were found to be allowed (log ft=4.90 for 
decay to ground state, log ft=5.2 for decay to excited 
state), from which one infers that the Ag’ ground state 
should have spin-parity of 1+ in agreement with our 
result. 

The assignment of the approximately 1.2-hr half-life 
to a particular Ag isotope is not certain. Various authors 
have attributed the activity to Ag’, Ag’, or Ag. 
Most recently Haldar and Wiig” have definitely 
associated a 1.1-hr activity with Ag’. This assignment 
was based partly on §-decay systematics and partly 
on identification of the daughter of the 1.1-hour decay- 
ing material as 17-day Pd. However, our result of 
I=2 for the approximately 1.2-hr activity rules out 
its being associated with an odd-A isotope; one must 
assume it to be another isotope than that studied by 
Haldar and Wiig. Since we find J=2 also for the 27-min 
Ag, an assignment of our approximately 1.2-hr ac- 
tivity to Ag™ would result in an isomeric state having 
the same spin as the ground state. 

It is possible that the approximately 1.2-hr isotope 
is Ag’’; however Pd’, the only isotope from which 
18-Mev protons could produce Ag™, is only 0.8% 
abundant. The yield of 1.2-hr activity is of the same 
order as that of Ag’ from the 27% abundant isotope 
Pd'®6. An abnormally large cross section for Pd'!™(p,m)- 
Ag’ would then be indicated. 


ACKNOWLEDGMENTS 


We wish to acknowledge the assistance with this 
experiment which we have received from Mr. Dieter 
Brill, Mr. Martin Posner, Mr. L. M. Jordan, and Mr. 
J. L. Snider. 


~ 2B. C, Haldar and E. O. Wiig, Phys. Rev. 94, 1713 (1954). 





PHYSICAL REVIEW VOLUME 109, NUMBER 2 JANUARY 15, 1958 
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The distribution of spacings of nuclear energy levels in many heavy nuclei at an excitation energy of 
5 to 9 Mev is obtained by careful correction of the observed distributions for the effect of failure to observe 
all levels. Results of transmission measurements on U* and U™®, as measured with the Brookhaven fast 
chopper, are presented. The experimental spacings of the zero-spin nuclides are considered first since all the 
levels from slow neutron capture have the same spin. The results show a deficiency of small spacings relative 
to the exponential distribution, which corresponds to a random occurrence of levels. In the analysis it is 
shown that there is no local correlation of neutron widths and level spacings. The “‘level repulsion” effect 
is also found for the nuclides of nonzero spin, for which the data are more abundant but the analysis is 
complicated by the presence of two spin systems. The distribution obtained is in agreement with one sug 
gested by Wigner based on a probability of level occurrence proportional to the spacing S. The corrections 
here developed are also applied to the reduced neutron width distribution and this corrected distribution 
is in good agreement with the Porter-Thomas distribution. 


INTRODUCTION 


HE techniques of slow-neutron spectroscopy have 
advanced rapidly during the last few years, both 
in the resolving power of the instruments and in the 
methods of analysis of the data. As a result of these 
improvements, parameters of many neutron resonances 
are now available, particularly for heavy nuclei. The 
heavy nuclei have given much data because there are 
many resonances in the low-energy region for which 
the new instruments and analysis methods are well 
adapted. In addition, the fact that only /=0 interactions 
take place at low energy simplifies the interpretation 
greatly. The parameters of each resonance represent 
properties of the energy level in the compound nucleus 
to which the resonance corresponds. These energy 
levels are at an excitation energy of from 5 to 9 Mev, 
equal to the neutron binding energy. 

For elements above atomic weight 100 there are 
values of neutron widths now available for several 
hundred resonances and of radiation widths for about 
fifty resonances.! The measured parameters have re- 
vealed the general distribution laws of thése param- 
eters, although not in detail as yet. The radiation widths 
are rather constant from level to level in individual 
nuclides, and in fact do not exhibit large variations even 
from nuclide to nuclide.2-> In contrast, the neutron 
widths range over values differing by factors as large as 
several hundred in individual nuclides, and the average 
values for various nuclides also show wide variations.*:7 

1 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven Nationa] Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955) and D. J. Hughes and R. B. 
Schwartz, Supplement I to BNL-325. 

2D. J. Hughes and J. A. Harvey, Nature 173, 942 (1954). 

3H. H. Landon; Phys. Rev. 100, 1414 (1955). 

4J.S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1955). 

5 A. Stolovy and J. A. Harvey, Phys. Rev. 108, 353 (1957). 


6 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 
7D. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1955). 


These findings are in good agreement with the expecta- 
tions based on current nuclear theory*; the radiation 
widths being very constant because they are averages 
over several hundred final states available for gamma 
emission, whereas the neutron widths vary markedly 
from level to level because each neutron width corre- 
sponds to a single exit channel, rather than an average. 
Concerning the spacings of levels, the average spacing, 
D, is now reasonably well known for a number of 
nuclides. The relationship of D to other nuclear proper- 
ties such as the even-odd characteristics, the excitation 
energy, the proximity to closed shells, and spin has been 
investigated,’~* but not in detail. At the present time 
more values of the level spacings are needed in order 
to specify accurately the dependence of D on all the 
the individual important parameters. 

There has been little detailed information available 
on the spacings, S, between adjacent levels in individual 
nuclides. This lack may seem a bit surprising for 
apparently a very easy property to measure concerning 
the levels is their separation in energy. However, 
because of the great difficulty in ascertaining whether 
every level has been detected, it is difficult to say with 
certainty whether a legitimate set of spacings has been 
measured for a given nuclide. Another difficulty in 
gaining information on the distribution of spacings 
arises because in all but zero-spin target nuclei the 
observed levels correspond to two different spin states, 
whose individual distributions are independent. For 
capture of slow neutrons by a target nucleus of spin J, 
levels of spin +4 or J—} can be formed. For practically 
all measurements of neutron resonances no determina- 
tion of the spin is possible, hence the observed levels 


8 C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 
9H. W. Newson and R. H. Rohrer, Phys. Rev. 94, 654 (1954). 
10 Sailor, Landon and Foote, Jr., Phys. Rev. 96, 1014 (1954). 

1 John A. Harvey, Phys. Rev. 98, 1162 (1955). 

2 T. D. Newton, Can. J. Phys. 34, 804 (1956). 
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correspond to the two possible spin states combined at 
random. If the spacing distribution is exponential in 
each spin state then these two distributions combined 
will also be exponential. In that case no complication 
will be introduced by the presence of two spin systems. 
However, if the levels are to some extent regular in 
their occurrence, the distribution law of the two spin 
states combined will appear to be more random than 
the single spin state distribution. This distorting effect 
of the combination of the two separate spin systems 
makes the experimental determination of the distribu- 
tion of spacings of each spin state much more difficult. 

Because the spacings of levels are determined by the 
structure of the nucleus it is obviously of interest to 
measure the actual distribution law of the individual 
spacings for comparison with theory. In addition, there 
is a practical use of the level spacing distribution. This 
use has to do with the prediction of cross sections in the 
region of several kev, above the energy at which detailed 
resonances can be measured, but in a region where 
cross sections are needed for design of reactors. In order 
to predict the cross sections in the kev region it is 
necessary to know the distribution laws of neutron 
and radiation widths and, in addition, the distribution 
of the level spacings. 

There has been practically no theoretical work done 
on the distribution of spacings between nuclear energy 
levels. It seems that the assumption has usually been 
made that the levels are distributed at random. This 
assumption amounts to saying that the probability of 
a level occurring in the interval dS at a distance S from 
a particular level does not depend on S and is given 
by dS/D. This gives a probability distribution of level 
spacings S proportional to e~S/”, an exponential dis- 
tribution of spacings. However, it was pointed out in 
1929 by von Neumann and Wigner™ that in many- 
body problems in quantum mechanics there will always 
be a repulsion of energy levels. Recently Wigner" has 
considered the question of the spacings of nuclear 
energy levels of zero-spin target nuclei and has con- 
cluded that at least for small values of S the probability 
of finding a level in an interval dS is proportional to 
(SdS/D). If this proportionality to.S should hold for large 
values of S the distribution law of spacings would then 
be proportional to S exp[— (#/4D*)S?], a distribution 
that goes to zero for small S. If the probability of 
finding a level is proportion to S only for small values 
of S, the distribution would probably be exponential 
for large spacing values but there would be fewer small 
spacing values than from an exponential distribution. 

The target nucleus U** was particularly useful in 
getting the first information on the distribution law 
of spacings. As it is even-even, only one compound 
nucleus spin, 3, results from capture of slow neutrons, 
hence the difficulty of the two spin systems is avoided. 


13 J. von Neumann and E. Wigner, Physik. Z. 30, 467 (1929). 
4 E. P. Wigner, Oak Ridge National Laboratory Report ORNL- 
2309, 1957 (unpublished), p. 59. 
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Furthermore, because of its importance to nuclear 
reactors the energy levels of U** have been carefully 
investigated. The first results for U** showed that the 
levels occurred in a surprisingly regular manner, and 
not at all like the exponential distribution of spacings 
expected for a random occurrence of levels. The number 
of levels investigated in U**, however, was only about 
10 or 15 in number, hence, the statistical accuracy was 
not sufficient to draw any definite conclusion about the 
distribution law of spacings. The surprising regularity 
of spacings in U™*, however, stimulated further work. 
On the basis of data on U™* and preliminary results on 
Th*?, Harvey" reported that the spacings appeared 
more uniform than would have been expected if the 
levels occurred at random. However, Fujimoto, Fuku- 
zawa, and Okai'® considered the distribution of 268 level 
spacings computed from resonance data which had 
been published, and concluded that the distribution 
was consistent with an exponential distribution. 
Gurevich and Pevsner'® concluded that there was a 
repulsion of levels for zero-spin nuclei and also for 
levels of the same spin state for the nonzero-spin target 
nuclei. However, in all these treatments, no corrections 
were applied for the small resonances which were not 
observed. Measurements were undertaken with the 
Brookhaven fast chopper with the nuclides Th”?, U™, 
and U*®, in order to obtain more data similar to that 
for U**, and the odd nuclides results were carefully 
studied as well. 

After presenting the experimental data on two of 
these even-even nuclides in the next section, we shall 
consider the various corrections that must be made in 
order to obtain the actual spacing distribution from the 
observed location of levels. Because of the finite re- 
solving power of the instruments, distortions of the 
actual spacing distribution inevitably occur. It is a 
matter of some difficulty to correct the observed spacing 
distribution for these experimental effects, and the 
corrections were considered in detail. In the process the 
neutron width distribution was investigated, as well as 
the possible correlation of individual neutrons widths 
to local spacing. After the spacing law for the zero-spin 
nuclei is obtained, we shall then consider the nonzero- 
spin nuclei, for which many more data are available, 
but for which the added complication of the combination 
of two spin systems is present. 


II. EXPERIMENTAL DATA ON U4 AND U6 


In order to increase the available data on the distribu- 
of spacings of even-even target nuclei, measurements 
were made on the nuclides U** and U™*. Previous to 
the present work very little was known about the 
resonance structure of these two nuclides. In 1949 a 
resonance was assigned to U™ at 5.ev based on trans- 


15 Fujimoto, Fukuzawa, and Okai (private communication). 

167. I. Gurevich and M. I. Pevsner, J. Exptl. Theoret. Phys. 
U.S.S.R. 31, 162 (1956) [translation: Soviet Phys. JETP 4, 278 
(1957) ]; also Nuclear Phys. 2, 575 (1957). 
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Fic. 1. The transmission as a function of time-of-flight at 20 m 
for a sample of (U™);O5 (234= 2.3410" atoms/cm?) in the 
energy range from 55 to 100 ev. The straight line is the base line 
from which areas are measured to determine the neutron widths 
of the resonances. 


mission measurements at Columbia!’ using two samples 
of enriched U™® containing different percentages of 
U™, In measurements made with the Oak Ridge chopper 
in 1952!* using a sample enriched to 96.65% in U™®, 
a resonance was found at 5.3 ev in U™*. It was expected 
that the resonance structure of U™* and U** would be 
similar to that of U**, and that many resonances 
would be observed below 200 ev. 

The samples obtained from Oak Ridge National 
Laboratory in the form of oxides were as follows: 
a 186-mg U™ sample with 95.55% U™, 3.02% U™* and 
0.98% U™®, and a 304-mg U** sample with 95.36% U™®, 
4.14% U*, 0.43% U** and 0.07% U™. The Brook- 
haven fast chopper®”’ with the bank of 128 BF; counters 
and the 100-channel analyzer was used for all the 
measurements. In order to get somewhat thicker 
samples, only one slit was used and the other was 
blocked off. The advantage of the fast chopper with 
regard to its ability to use small samples is well illus- 
trated by this work on U™ and U*®, 

Transmission measurements were made in the energy 
range from a few electron volts to a few kev. At the 
maximum operating rotor speed of 10000 rpm the 
chopper produces a one-usec burst. Since the collection 
time in the BF; counters is about 0.5 usec, this results 
in a resolution of 0.06 usec/m for high-energy neutrons 
when one uses a 20-meter flight path and 0.5-yusec 
channels. At somewhat lower energies the flight time 
in the detector, 0.7 usec at 100 ev and 1.4 usec at 25 ev, 
produces resolutions of 0.07 and 0.095 wsec/m at these 
two energies, corresponding to energy spreads of 1.9 ev 
and 0.33 ev. Since the correction for the small resonances 
that may be missed depends on the energy resolution 
it is necessary to know the resolution quite accurately. 
The natural widths of the resonances in U™ and U*® 


17 Havens, Rainwater, and E. Melkonian (unpublished work, 
1949). 

18 Pawlicki, Smith, and Thurlow (unpublished work, 1952). 

19 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 
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Fic. 2. The transmission as a function of time-of-flight at 20 m 
for a sample of (U™);O3 (234=2.34X10 atoms/cm?) in the 
energy range from 90 to 200 ev. 


vary from 0.03 ev at low energies to about 0.1 ev at the 
higher energies, and the true shapes of the resonances 
are not seen with the present resolution. Also, the 
Doppler widths of the resonances are several times the 
natural widths, I’. 

Figures 1 and 2 show the transmission curves of the 
U™ sample in the energy range from about 60 to 200 ev 
with a sample thickness of 2.34 10” atoms/cm? of U™. 
Each curve represents about 40 hours of operating time 
with the sample, in which about 2500 counts were 
accumulated per usec channel. The areas of the trans- 
mission “dips” are estimated to be accurate to about 
10% for a large dip such as the one at 95 ev and about 
50% for a small dip such as the one at 89 ev. Between 
the prominent resonances it is estimated that a small 
resonance producing at least a 2% dip would have been 
observed. At lower energies several small transmission 
dips occurred at energies corresponding to the large 
resonances in U** and U™* and as their strengths agreed 
with those expected from the contributions from these 
from these other isotopes, they were assigned to these 
isotopes and discarded. 

Since the energy resolution was greater than the 
natural width of the resonances, only an area analysis 
was possible. For thin samples, the area of a transmission 
dip gives ool’ directly and hence I',. The method of 
analysis, using a set of standard curves, has been dis- 
cussed by Hughes.” For each resonance the area was 
measured over an energy interval such that the wing 
correction was in general less than 10%. The data for 
U™ are summarized in Table I. Only for the 5.2-ev 
resonance was more than one sample thickness run. 
When one uses the thick-thin method of analysis, this 
level results in a value for I’, of (22+9)K10~ ev. The 
computations of I’, in Table I are based on an assumed 
I’, of 25X10 ev; however, since the samples are thin 
the results are very insensitive to the assumed I,. The 
errors on the neutron widths are determined entirely 
by the errors of the measured areas. 


2” —D. J. Hughes, J. Nuclear Energy 1, 237 (1955). 
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TABLE I. Neutron widths and energies of the resonances in 
U** up to 400 ev. The computations of I’, are based on a I’, of 
25X10 ev. A is the Doppler width and the reduced neutron 
width, I’,.°, equals ’,/[Eo(in ev) ]+. 











Area Reduced 
Eo A n (% error) Tn width r,® 
(ev) (ev) (atoms/cm?) (ev) (107% ev) (107 ev) 
5.20 0.048 2,02X10% 0.061 (15)) 
6.2 XK10% 0.37 (10)} 4.4+0.3 1.93+0.15 
2.34 10% = 80.71 (5)) 
31.4 0.12 2.34 «10% 0.54 (10) 7.7+2.0 1.4+0.4 
46.4 0.14 2.34102 0.014 (50) 0.07 +0.04 0.010+0.005 
49.4 0.15 2.34 X10" 0.57 (12) 11+4 1.6+0.5 
78.3 0.19 2.34 X10" 0.43 (12) 64+1.5 0.72 +0.17 
88.7 0.20 2.34 X10% 0.09 (50) 0.9 +0.5 0.10 +0.05 
95.3 0.21 2.34 X102 0.82 (10) 28+7 2.9+0.8 
106.9 0.22 2.34 X10% 0.24 (25) 3.11.1 0.30 +0.10 
112.1 0.22 2.34 X10" 0.56 (10) 13+3 1.2+0.3 
132.9 0.24 2.34 X10" 0.55 (20) 14+5 1.2+0.5 
145.9 6.25 2.34 X10 0.59 (20) 17247 1.4+0.5 
154.0 0.26 2.34102 0.63 (15) 1936 1.5+0.5 
179.0 0.28 2.34 X102 1.18 (15) 70+30 5.24+1.9 
184.0 0.29 2.3410" 0.61 (35) 20+12 1.5+0.9 
191 0.29 2.34 X 10% 1.47 (15) 110+40 8+3 
274 0.35 2.34 10% 0.62 (40) 26+17 1.6+1.0 
295 0.36 2.34 X10" 1.18 (30) 80+50 533 
319 0.38 2.34 X10" 1.37 (25) 110+60 6+3 
357 0.40 2.34 X10" 0.60 (60) 30+20 1.6+1.1 
369 0.40 2.34 X10 2.0 (40) 220+150 12+8 





In the energy range up to 155 ev, 12 resonances are 
listed. Above this energy it is evident from a plot of the 
number of levels against neutron energy that some 
resonances are missed. When one applies a 15% correc- 
tion for all the small resonances missed in the energy 
range up to 155 ev (discussed later), the average level 
spacing, D, is 12+3 ev. The average reduced neutron 
width, I,,°, becomes (1.1+0.3)X10- ev. The strength 
function (I,°/D), determined from a plot of ST,,° vs E 
and including the higher energy resonances, is (1.2+0.3) 
X10~. The reduced neutron width distribution is con- 
sistent with either a Porter-Thomas or an exponential 
distribution. 

The transmission measurements of U™® were very 
similar to those of U4. Since about 50% more material 
was available, the sample measured was somewhat 
thicker. The three low-energy resonances in U™* were 
observed, as well as several resonances in U™*®, 

The data on the resonances in U™® are given in 
Table II. No area is listed for the 133-ev level since this 
small transmission dip was much broader than that 
expected for a single resonance and it is possible that 


TABLE II. Neutron widths and energies of resonances in U**6 
up to 400 ev. The computations of I, are based on a I’, of 
25X 107 ev. 











Area Reduced 
Eo A n (% error) Tn width r',° 
(ev) (ev) (atoms/cm?) (ev) (107% ev) (10% ev) 
5.49 0.049 4.04102 0.56 (5) 1.76+0,21 0.75 +0.12 
30.2. 0.12 4.04102 0.219 (10) 0.61+0.11 0.111+0.019 
34.6 0.12 4.04 X10" 0.43 (20) 2.6+1.2 0.44 +0.20 
445 0.14 4.04 X10 0.92 (10) 19+5 2.8+0.8 
72.3 0.18 4.04 X10 1.24 (10) 40+10 4.7+1.1 
87.4 0.20 4.04 x 102! 1.27 (10) 44+11 4.74-1.1 
121.0 0.23 4.04 X 10% 1.31 (15) 53 +19 4.8+1.7 
126.0 0.24 4.04 X102, 0.56 (20) 834 0.7 +0.3 
133 0.24 4.04 X10 
198 0.30 4.04 10% 1.67 (10) 94425 6.74+1.7 
216 0.31 4.04 x10 1.45 (15) 80+30 5.4+2.0 
280 0.35 4.04 102 1.6 (25) 100 +50 6+3 
308 0.37 4.04 x 102 1.9 (25) 130+70 7+4 
384 0.41 4.04 X 102 2.3 (25) 190+100 10+5 
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it is not a single resonance. In the energy range up to 
140 ev, 9 resonances are listed. Above this energy, 
resonances are definitely missed. Upon applying a 
14% correction for small resonances missed up to 140 ev, 
D becomes 14+4 ev and [f,,°(1.9+0.6)X10-* ev. The 
l,°/D ratio, including higher energy resonances is 
(1.340.4) X10. The reduced neutron widths, as for 
U™ are in agreement with either a Porter-Thomas or an 
exponential! distribution. 

The level spacings of U™* and U™® are somewhat 
smaller than that of U*8, 164-3 ev. The order is con- 
sistent with the fact that the binding energy of U™* is 
about 200 kev higher than that of U™*, which in turn 
is about 200 kev higher than that of U**. 


Ill. LEVEL SPACING DISTRIBUTION FOR 
ZERO-SPIN TARGET NUCLEI 

When one considers the distribution of level spacings 
of U4 and U*** based on the data in Tables I and II, it is 
apparent that there is a definite deficiency of small 
spacings. This is true even for the energy region below 
160 ev in U**4, in which one feels that most of the 
resonances are being observed. This “cutoff” energy 
is determined by means of a plot of the number of 
resonances vs energy (see Fig. 3 of reference 6, for 
example). The same deficiency of small spacings is true 
for the distributions of spacings of U** and Th*? 
determined from parameters listed in BNL-325.! 

However, even in an energy range where the resolu- 
tion width is much less than the average level spacing, 
there is still a sizable probability for missing small 
resonances, and careful corrections must be made to 
obtain the correct level spacing distribution. The loss of 
levels is made more serious because the sizes of the 
resonances (determined by their neutron widths) have 
a broad distribution, with the very small ones the most 
probable. Since the probability of missing a small 
resonance near another resonance is high, the correction 
for the small spacings in the distribution is very 
important. 

In making the correction for the failure to observe 
levels, it is important to determine if there is any cor- 
relation between an individual value of I’, and the 
spacing to the adjacent levels. Thus, if levels of small 
neutron widths were correlated with small spacings, 
the loss of smali levels near large ones would be quite 
different than if there were no correlation between I’, 
and S. A strict interpretation of the treatment given 
by Blatt and Weisskopf” (particularly Fig. 8.3) would 
lead one to believe that small spacings might be corre- 
lated with small I’,,’s of adjacent levels. In order to in- 
vestigate the possible correlation between the size of 
a level, given essentially by I’,°, and the local spacings, a 
comparison of the individual values of I’,° and the 
spacings to the nearest levels was carried out. A 
definite ratio of the average reduced neutron width 


2 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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to the average spacing, D, is predicted by the theory of 
the cloudy crystal ball but this theory deals only with 
average properties of levels, not the individual values. 

The most direct way to investigate the correlation 
between the neutron widths I’,, and the spacings to the 
nearest levels is illustrated in Fig. 3 for U™ for the 
resonances up to 154 ev. In this figure the reduced 
neutron widths, I’,° (the value of I’, at 1 ev) for indi- 
vidual levels are plotted against the average distance 
to the levels on either side of the given level. The solid 
line in Fig. 3 has a slope determined from the average 
reduced neutron widths and the average of the local 
spacings. If the neutron width were strictly proportional 
to the spacing to the nearest levels, each point would 
be expected to fall on the solid line. However, the 
scatter of the observed points show that there is no 
strong correlation between neutron width and the 
local spacing. 

In order to study the possibility of a correlation in a 
somewhat different manner, the results for the four 
even-even nuclei investigated are shown in Fig. 4, in 
which the number of levels is plotted as a function of 
the ratio of (I’,°/local S) to (average I’,,° average local 
5). Here all points would fall at unity if there were a 
strict correlation between each I’,,° and the local spacing. 
However, a very broad distribution is observed, which is 
approximately that expected for the case of no correla- 
tion between I’,° and the local spacing. For the case of 
no correlation the expected distribution is, of course, 
given by the individual distribution laws for the 
neutron widths and for the spacings, these two distribu- 
tions being combined as independent. The curve in 
Fig. 4 was computed by assuming a Thomas-Porter 
distribution of neutron widths and the distribution of 
spacings discussed later, namely, (4S D*)e~*5/?, The 
agreement between the experimental results and the 
calculation shows that there is very little correlation 
between neutron widths and spacings to the adjacent 
levels and, hence, that these distributions can be treated 
as independent in computing the corrections necessary 
to determine the distribution law of level spacings. 

Let us consider the transmission curves of the sample 
of U* shown in Figs. 1 and 2. In the regions between 
resonances we shall assume that any resonance that 
gives less than a 2% transmission dip would not have 
been detected and any resonance larger than this would 
have been observed, this limit corresponding to about 
twice the statistical standard deviation. In the energy 
region around 85 ev, this limit corresponds to a minimum 
observable area of 0.03 ev. From the U™ sample 
thickness we can readily compute that this corresponds 
to a reduced neutron width of 0.03 10~ ev. Since the 
average reduced neutron width of U™ is 1.1X10- ev, 
the resonances that have been missed in this energy 
region must have reduced neutron widths that are less 
than 3% of the average reduced neutron width. If 
thicker samples had been measured, the loss of small 
resonances in the regions between observed resonances 
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Fic. 3. A plot for U™ of the reduced neutron width of a level vs 
the average of the distance to the levels on either side of the given 
level. The straight line has a slope given by the average reduced 
neutron width divided by the average local spacing. 


would have been decreased. For example, if a sample 
three times thicker had been measured, resonances with 
reduced neutron widths >1% of the average reduced 
neutron width would have been observed. At higher 
energies where the energy resolution gets poorer, the 
loss of small resonances increases. For example, at 
160 ev the resolution is 3.6ev and, hence, any area 
less than 0.07 ev would not have been observed. This 
area corresponds to a reduced neutron width of 
0.11 10-* ev or 10% of the average reduced neutron 
width. At low energies very small resonances can be 
detected between the larger observed resonances. For 
example, at 8 ev resonances with reduced neutron 
widths of only 0.1% of the average value would have 
been observed with the particular U™ sample used. 
Near the large observed resonances, of course, it is 
possible to miss much larger resonances than for the 
energy regions between resonances. If a resonance 
occurs within a half a resolution width of a large 
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Fic. 4. Distribution (per 0.2 unit of the abscissa) of the ratio of 
(T,°/local S) to (I',°/average local S) for the four nuclides 
U4, 236, 238 and Th?®. The curve was computed assuming a Porter- 
Thomas distribution of neutron widths and a level spacing dis- 
tribution of the form (4/D*)Se-*S/2. A normalizing factor of 2.33 
has been omitted from the equation on the curve. 
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_ Fic. 5. The percentage of resonances smaller than a particular 
size for the Porter-Thomas and the exponential reduced neutron 
width distributions as a function of the size of the resonance. 
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observed resonance it will be missed if its dip area is 
less than half the area of the observed transmission 
dip. For example, in the region of the large resonance 
at 95ev, any resonance from 94 to 96ev which is 
missed must have had a reduced neutron width less 
than 45% of the average value. On the wings of a 
resonance from one half to one resolution width away 
we have assumed that any resonance with 4 times the 
area of the limit that we computed between resonances 
would have been observed. Thus, any resonance which 
might be in the energy range from 96 to 97 ev would be 
missed unless its reduced neutron width were greater 
than 12% of the average. If we are close to a big trans- 
mission dip, such as the one at 95 ev, little advantage is 
obtained in using a thicker sample, even though the dip 
due to the small resonance increases with sample thick- 
ness since the large resonance dip increases in width. 
In order to determine the fraction of all the resonances 
that are missed corresponding to the size limits just 
mentioned, it is necessary to know the distribution of 
the reduced neutron widths, which determine the size of 
levels. For example, if the distribution is exponential, 
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Fic. 6. The percentage of resonances which are missed between 
observed resonances for U* as a function of neutron energy 
assuming a Porter-Thomas distribution of reduced neutron widths. 
In the vicinity of large resonances the loss is much greater. 
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only 1% of the resonances have neutron widths less 
than 1% of the average and only 9.5% have l’,°<0.1F,”. 
However, for a Porter-Thomas distribution® 8% of the 
resonances have widths less than 0.01F,,° and 24.5% 
have widths less than 0.1f,,°. The percentages of reso- 
nances smaller than a particular value are plotted in 
Fig. 5 for both the exponential and Porter-Thomas 
distributions. In computing the correction for missed 
levels, we shall use the Porter-Thomas distribution 
since it fits the experimental neutron width distribution 
better. From the estimate already made of the upper 
limit of levels missed as a function of energy for U™, 
together with Fig. 5, we easily obtain (Fig. 6) the 
fractional loss of resonances between the observed 
resonances vs energy in the case of U™, The data 
below 9 ev were taken at a rotor speed of 3000 rpm, and 
those from 9 to 60 ev at 6000 rpm, which account for the 
discontinuities at 9 and 6# ev. In the vicinity of large 
resonances the loss of small resonances is much greater, 
as has been explained. From the percentage of reso- 
nances which are missed both between and near observed 
resonances, it is possible to correct the observed level 
spacing distribution for the loss of the small resonances. 
It is obvious that greatest loss of resonances occurs 
near the large observed resonances, hence, giving a 
large correction to the number of small spacings and not 
affecting the large spacings very much. Thus, the cor- 
rection to the small spacings is very important. 

The correction for the loss of small resonances 
has been made for three spacing distributions (1) 
an exponential distribution (2) a distribution of 
the form 4(S/D?)e~*S’/?, and (3) a form (2/2D?)S 
Xexp[ — (1/4D*)S*}. The distribution (1) means that 
the levels occur at random, (2) is an empirical form that 
corresponds to a deficiency of small spacings, and (3) 
is the Wigner distribution already mentioned. Since 
we have already computed the fraction of resonances 
that are lost as a function of energy, both between and 
near resonances, the number missed at any particular 
energy follows directly from the fraction missed and 
the assumed distribution of level occurrence [constant 
for (1), and proportional to S for (3) ]. The effect of 
adding missed levels in this way is that the number of 
large spacings derived from the data in Table I must 
be decreased and the number of small spacings increased. 

The entire energy range up to 154 ev for the case of 
U4 was analyzed in this manner and the percentage loss 
of levels vs energy was computed. Since the thickness 
of the U™* sample was just a little greater than that for 
U4, no detailed analysis of its transmission curve was 
made. It was estimated that the loss of resonances 
between observed resonances was about 30% less 
than that of U™ as a result of the increased sample 
thickness, but that the correction for small levels near 
large ones was the same as for U™. The Th*? and 
U%8 data were obtained with samples much thicker 
(a factor of 15) than the U* samples, hence, a detailed 
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analysis was carried out for these nuclides, the same 
correction being used for both. 

No data were used at energies higher than the point 
at which the loss of resonances had reached 15% 
(based on the exponential spacing distribution). In 
U™, 11 spacings were used up to 154ev; in U™®, 8 
spacings up to 133 ev; in U™*, 10 spacings up to 192 ev; 
and in Th*?, 6 spacings up to 131 ev. The data for U** 
were taken from BNL-325 Supplement I and that for 
Th*? were BNL fast chopper data listed in a review 
article by Harvey and Schwartz.” The small resonance 
at 10.2 ev in U** was not included in the analysis since 
it is possible that this is a p-wave resonance.” 
Recent high-resolution data from Columbia™ indicate 
many more resonances in U™* above 200 ev but do not 
show any new resonances below this energy. In order 
to improve the statistical accuracy of the data, the 
distributions of the 4 nuclides were combined by 
plotting them relative to the average level spacing of 
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Fic. 7. The level spacing distribution for the four zero-spiti 
target nuclides U?+%6238 and Th as a function of the spacing 
between adjacent resonances, S, divided by the average level 
facing, D. The corrections were determined assuming that the 
resonances occur at random, which corresponds to an exponential 
distribution. The corrections increase the number of spacings 
from the observed 35 to 40 (a 14% correction). 


each nuclide. Since there is some error in the measured 
D for each nuclide, the procedure distorts the combined 
distribution a slight amount. The results are shown in 
Figs. 7, 8, 9 with corrections based on the three distribu- 
tions considered. The correction increases the number 
of spacings from the cbserved number of 35 to 40, 
38 and 37 for the distributions (1), (2), and (3), 
respectively. 

Because of the large statistical uncertainty it is 
impossible to establish a definite distribution law on 
the basis of the four zero-spin nuclides alone. However, 
the deficiency of small spacings seems definite and of the 
three distributions considered, the third (Wigner) is 


#2 John A. Harvey and R. B. Schwartz, Progress of Nuclear 
Energy. Ser. I. Physics and Mathematics (Pergamon Press, Ltd., 
London, 1957), Vol. 2. 

( 23 oe Cote, Dahlberg, and Thomas, Phys. Rev. 105, 661 
1957). 

*% Rosen, Desjardins, Havens, and Rainwater, Bull. Am. Phys. 

Soc. Ser. II, 2, 41 (1957). 
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Fic. 8. The level spacing distribution for the four zero-spin 
target nuclides as a function of S/D. The corrections were com- 
puted assuming a distribution of spacings of the form Se~*5/?, The 
corrections increase the number of spacings from 35 to 38. 


the best fit. We shall now consider the results for non- 
zero nuclides for which more data are available. 


IV. SPACING DISTRIBUTION FOR NUCLIDES 
OF NONZERO SPIN 

Much more extensive measurements have been made 
for the nuclides other than those of zero spin discussed 
in the last section. However, for the nuclides of non- 
zero spin the complication exists of the presence of two 
spin systems that tends to obscure the distribution law 
of spacings within a single spin system. Before discussing 
the available experimental data on the nuclides of 
nonzero spin, we shall consider the way in which spacing 
distributions are altered when two spin systems are 
combined. 

If the levels in each individual spin system occur at 
random, the combined distribution would also be 
random and the nuclides of nonzero spin could be 
treated in exactly the same way as the zero-spin 
nuclides. However, as we have seen in the previous 
section, it seems definite that the distribution law is not 
exponential and, hence, we must compute the combined 
distribution. It is not a difficult matter to compute 
the combined distribution when the distributions for a 
single spin state have simple analytical forms, such 
as (4/D*)Se-*5/? and (#/2D*)S exp[— (4/4D*)S?] dis- 
cussed in the previous section. 
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Fic. 9. The level spacing distribution for the four zero-spin 
target nuclides as a function of S/D, The corrections were com- 
puted assuming that the probability of level occurrence is propor- 
tional to S, which corresponds to the Wigner distribution of the 
form S exp[ — (x/4D*)S*]. The curve is drawn normalized to 37 
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Fic. 10. Combination at random of two distributions of the 
form 4xe~** to get the combined distribution (2°+2x+4)e. 
The combined distribution gives the probability of obtaining any 
spacing regardless of its spin of the level. 


The complete formula that can be used to combine 
two distributions of arbitrary forms, P;(.S) and P(S), 
with average spacings D; and D2, has the following 
form”: 


P(S)= 





| P,(S) f xP»(x+S)dx 


142 


+PS) f xPi(x+S)dx 
0 


+2f Py(e+S)ds f Pa(atSyael, (1) 


By means of Eq. (1) it is possible to transform the dis- 
tributions used in the previous section so that they may 
be compared with nonzero spin nuclides, for which many 
measured spacings are available. For two distributions 
of the form (4/D?)Se~*5/”, each with the same average 
level spacing D per spin state, the combined distribu- 
tion is 
e~*u(y?-+2y+3), 

where y is the distance between adjacent levels divided 
by D/2, and D/2 is the average spacing of resonances 
of both spin states regardless of the spin state. The 
single and the combined distributions are shown in 
Fig. 10 for this case, from which it is seen that the 
combined distribution is quite similar to the individual 
distribution for large spacings but is closer to an 
exponential distribution than the individual distribution 
for small spacings. For two distributions of the form 
(3/2D*)S exp[— (2/4D*)S*], each with the same average 
level spacing D per spin state, the combined distribu- 
tion is 


Poe 
, rr exp(—zy"/16) 


2 lyr 
x(1-— f exp(—s*)dr), 
Vr Jo 


where again y is the distance between adjacent levels. 


8 A. M. Lane, Oak Ridge Nationa] Laboratory Report ORNL- 
2309, 1957 (unpublished), p. 113. 
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If the individual distributions do not have the same 
average spacing, the change in the distribution resulting 
from the combination will be somewhat less, as would 
be expected. The limited accuracy of the experimental 
data does not justify computations assuming the level 
spacing per spin state to be different or selecting dis- 
tributions more complicated than the two outlined here. 

The experimental data considered for the nonzero 
spin nuclei are tabulated in BNL-325 and its Supple- 
ment I. The nuclides included, with the number of 
spacings per nuclide in parentheses, are as follows: 
In"3 (6), In'5(7), Sn"7(4), Cs!9(11), ssBa!*®(10), Pr"(5), 
Nd'“*(6), Nd'5(4), Eu’®!(13), Eu’*(7), Tb!(15), 
Ho'®(14), Tm'(9), Lu'”®(11), Hf!(14), Ta!*(9). The 
total number of intervals used was 145. All of these 
nuclides were measured with the Brookhaven chopper 
under conditions and with sample thickness equivalent 
to the U™ data. Most of the nuclides have average 
spacings similar to that of U™, although some (Eu'® 
and Eu!) are an order of magnitude less and others 
(Sn"? and Pr") have spacings much larger. It was 
decided that the correction derived for the U™ would 
be satisfactory to apply to these nonzero-spin nuclides 
and no elaborate examination of all the transmission 
curves was made. The fissionable isotopes like U* were . 
not included in the analysis since the spacings of U*® 
are complicated by the presence of interference between 
resonances. 

As for the zero-spin nuclides, the corrections for 
missed levels were made for the three distributions in 
the combined form for two spin states, assumed equal 
in number. For the exponential distribution the correc- 
tion is just the same as for the even nuclides and the 
results are shown in Fig. 11. As with the zero-spin 
nuclei, the corrected points are in reasonable agreement 
with an exponential distribution except for the smallest 
spacing, and those for which y is about unity. In Fig. 12 
are shown the experimental spacing distributions and 
the corrections based on the other two distributions 
already considered. Here the agreement is much better, 
with either distribution, than with the random distribu- 
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Fic. 11. The level spacing distribution for the nonzero-spin 
nuclides as a function of S/D’. D’ is the average spacing of levels of 
both spin states regardless of their spin and is taken to be equal 
to D/2, where Dis the level spacing per spin state. The corrections 
were computed by assuming an exponential distribution of 
spacings, which increase the number of spacings from 145 to 170. 








SPACINGS OF NUCLEAR 


tion of Fig. 11. Distribution 3 (Wigner) seems to agree 
better than 2 but the difference is not great. However, 
the conclusion of the zero-spin results, that repulsion of 
levels exists, is supported by the odd-spin nuclides, and 
with greater statistical accuracy. Actually, the results 
indicate somewhat more repulsion than the assumed 
distributions, as would be expected if the two spin 
systems are not equally populated. 


V. NEUTRON WIDTH DISTRIBUTION 


The considerations given in Sec. III with regard to 
the size of a resonance which would have been missed 
as a function of neutron energy can be used to correct 
the observed neutron width distributions for the 4 
nuclides U**.56.288 and Th™?, From the size of reduced 
neutron width which would not have been observed vs 
energy for each nuclide we can determine the efficiency 
for detecting a particular size resonance averaged over 
the energy range up to the “cutoff” energy. The efficiency 
for detecting very small resonances is obviously low 
while that for detecting large resonances is almost 
unity. The results when the 4 even-even nuclides are 
combined is as follows. The efficiency is ~ 0 for detecting 
a resonance whose I’,° is only 0.0001P,,°, ~25% for 
r,°=0.001F,°, ~53% for V,°=0.01F,°, ~80% for 
r,°=0.1F,° and ~100% for l,°=Tf,°. When this effi- 
ciency factor is applied to the experimental data it 
makes an important correction to the number of small 
neutron widths. For example, of the 39 neutron widths 
considered for these 4 nuclides, three were observed 
with I’,°/T,,° between 0 and 0.04. Because of this effi- 
ciency factor and the neutron width distribution, a 
correction of a factor of 2 must be applied in this 
interval. However, rather than plot the neutron width 
distribution we have chosen to plot the distribu- 
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Fic. 12. The level spacing distribution for the nonzero-spin 
nuclides with corrections computed assuming a distribution of 
spacings given by the curves in the figure. The dotted curve is the 
combined distribution curve 162(y?+2y+})e computed for 
distribution 2 and the solid curve is the combined distribution 
curve, 
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computed for the Wigner distribution. 
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Fic. 13. The distribution of the square roots of the reduced 
neutron widths for U2 236.238 and Th” as a function of (r,°/T',°)?. 
The points have been corrected for the loss of small resonances. 
The Gaussian shaped curve is the Porter-Thomas distribution and 
the curve 88y exp(— yy?) corresponds to an exponential distribution 
of reduced neutron widths. 


tion of the square roots of the neutron widths,’ i.e., 
N((T,°/T,.°)4), which is a property more closely related 
to nuclear theory.* The results for 39 reduced neutron 
widths are shown in Fig. 13. No correction has been 
applied for the distortion produced because of the fact 
that the average neutron widths are not accurately 
known for the individual nuclides since it is estimated 
that this correction is much smaller than the statistical 
errors on the points. The experimental points are in 
better agreement with a Porter-Thomas distribution, 
the Gaussian curve on Fig. 13, than an exponential 
distribution of reduced widths, corresponding to the 
curve 88y exp(—y’). 

In an analysis of 145 neutron widths of resonances 
from both zero and nonzero spin target nuclei, Hughes 
and Harvey’ estimated that the corrections for small 
resonance which were missed would be less than the 
statistical accuracy on the experimental points and 
concluded that the data were in agreement with either 
a Porter-Thomas or an exponential distribution of 
neutron widths. However, as a result of the careful 
examination of the transmission data outlined in this 
paper we see that the corrections for small size reso- 
nances are very important. For example, the first point 
in Fig. 2 of reference 7 should be raised a factor of 2. 
After this correction has been applied, the data are in 
better agreement with the Porter-Thomas distribution 
than an exponential distribution of reduced neutron 
widths. This is in agreement with the results of a 
detailed treatment by Porter and Thomas® who con- 
cluded that their distribution is consistent with the data, 
while an exponential distribution is not. 


ACKNOWLEDGMENTS 


The authors would like to express their thanks to 
E. P. Wigner and L. Dresner for suggestions and 
assistance on several theoretical points, to V. E. 
Pilcher for assistance in obtaining and analyzing the 
data to determine resonance parameters, and to Miss 
J. S. Murphy for detailed computations in making the 
corrections for missed resonances. 














PHYSICAL REVIEW VOLUME 


109, 








NUMBER 2 JANUARY 15, 1958 
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The gamma-ray excitation function of the Ne*(p,y)Na™ reaction for protons of energies in the range 
500-900 kev has been measured. Narrow resonances at 636, 660, 854, 901, 933, and 943 kev were observed in 
agreement with earlier workers. The 660-kev and 943-kev resonances may be due to contaminants, but the 
remainder were assigned unambiguously to the above reaction, and their gamma-ray spectra examined. 
A detailed study, including angular distribution measurements, was made of the resonances at 636 and 
854 kev. In all four resonances ground-state radiation was observed, and in the upper three radiation to the 
first excited state was found. A cascade through the 3.92-Meyv level was observed in the 854-kev resonance. 
The results suggest that the first excited state has spin $, even parity; the 3.92-Mev level, § or 3+; the 
9.40-Mev capture state }—; and the 9.61-Mev capture state , + or —. 





INTRODUCTION 


LTHOUGH most of the bound levels of Na” 

are known from proton and deuteron inelastic 

scattering,’:* and from the Mg**(d,a) reaction,’ little 

was known when the present work was begun about 

their spins and parities. Recently two experiments have 

been reported which suggest that the 439-kev first 
excited state is }+.** 

According to shell theory, the ground state of Na” is 
determined by the three protons in the 1d, level, which 
couple anomalously to give a [(1d;)*]; configuration. 
The normal coupling would yield [(1d;)*];, which one 
might expect to be the first excited state in view of its 
low excitation. This would make the 439-kev level $+. 
Alternatively the spins could couple to 9/2.° 

According to the collective model, the first excited 
state should be $+.’ 


EXPERIMENTAL METHODS 


The magnetically analyzed proton beam of this 
laboratory’s 1-Mev Cockcroft-Walton accelerator bom- 
barded an electromagnetically separated isotopic Ne?’ 
target supplied by the Harwell Electromagnetic Sepa- 
rator Group. A beam of 2 wa was found to give adequate 
gamma-ray yield. A larger beam could not be used 
because of the thermal instability of the target. Diffi- 
culty had been experienced previously with deposition 
of carbon on the targets from cracked diffusion pump oil 
vapor, and this was reduced by a factor 3 by passing 
the beam through a liquid oxygen cooled tube. 

In the excitation function and gamma-ray energy 
measurements a 4 in.X4 in. cylinder of thallium- 


1H. F. Stoddard and H. E. Gove, Phys. Rev. 87, 262 (1952). 

? Boyer, Massachusetts Institute of Technology Progress Report 
(Laboratory of Nuclear Science and Engineering) July 1, 1950 
(unpublished). 

3 Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 

* Berenbaum, Towle, and Matthews, Proc. Phys. Soc. (London) 
A69, 858 (1956). 

5 W. G. Read and R. W. Krone, Phys. Rev. 104, 4, 1018 (1956). 

® Mayer and Jeasen, Elementary Theory of Nuclear Shell Struc- 
ture (John Wiley and Sons, Inc., New York, 1955). 

7A. Bohr and B. R. Mottelson, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955). 
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activated sodium iodide supplied by the Harshaw 
Chemical Company was used as a detector; it sub- 
tended almost 27 steradians at the target. It was 
mounted on a 43-in. E.M.I.-type 6099 A photomulti- 
plier ; the apparatus as a whole had a resolution of about 
53% at 2.6-Mev and 8% at 660-kev y-ray energy. 
Preliminary experiments showed that at 8.05-Mev 
y energy the pulse-height distribution had a single 
prominent peak corresponding to the escape of one 
annihilation quantum, and that at 4.43 Mev the peaks 
corresponding to the capture of one or both annihilation 
quanta were of equal intensity. 

For the excitation-function measurements, the output 
pulse from the photomultiplier passed via a White 
cathode follower to a Harwell type 1049 amplifier and 
thence to a Harwell type 1009 scaler biased to accept 
all pulses of greater amplitude than those due to the 
photoelectric peak of the annihilation radiation from a 
Na”? source. 

For the spectrum measurements the output of 
the pulse amplifier was analyzed by a 60-channel 
Hutchinson-type kicksorter (pulse-height analyzer). 

For the angular distribution measurements a target 
inclined at 45° to the beam was used, to minimize 
target absorption in the 0°-90° region, which would be 
apparent as a reduction in count rate when the count 
crystal lay in the target plane. 

The count crystal used was a 1} in.X1} in. Harshaw 
NaI(TI) cylinder subtending about 0.75 steradian at 
the target which with its photomultiplier and cathode 
follower assembly was mounted on a circular track fixed 
in a vertical plane with the target at the center. It was 
capable of angular movement round the track between 
0° and 140° to the beam direction. The track was 
adjusted by an optical method to be coplanar with the 
beam and concentric with the target. 

The monitoring crystal was a 2 in.X1} in. Nal(TI) 
cylinder similarly mounted, but kept fixed at 90° to the 
beam direction. Pulses from it were counted by an 
amplifier-scaler arrangement as described for the excita- 
tion function measurements. The bias was set so that 
effectively only radiation of 9 Mev and greater was 
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Fic. 1. y-ray excitation function for the proton bombardment 
of a Ne” occluded target. 


counted, by displaying the pulse-height spectrum from 
the monitor on the kicksorter, and setting the bias to 
correspond to the trough of the pulse-height distribution 
of the gamma ray under study. It was checked occa- 
sionally throughout the experiment by this means, to 
ensure that no gain shifts had occurred. None was 
found. 

The pulses from the count crystal, after amplification, 
were displayed on the kicksorter. The count in any 
angular position was determined by plotting the kick- 
sorter spectrum after a fixed number of monitor counts 
and measuring the area enclosed by the resulting curve, 
cut off at the low-energy side at the same position 
(about 8.4 Mev) on each curve. The advantage in‘this 
method is that reproducible changes in gain due to 
changes in phototube position are automatically allowed 
for, and failures in apparatus are immediately visible as 
distortions of the spectrum. Furthermore, the angular 
distribution of a badly resolved doublet can be meas- 
ured ; this is impossible by counting pulses greater than 
a fixed value with a scaler. 

Any inherent anisotropy of the apparatus was 
checked by measuring the apparent distribution of the 
8.05-Mev C(p,y) gamma ray, which is known to be 
isotropic. The effect was small, and due primarily to 
the absorption in the target, mentioned earlier. 


RESULTS 


Six resonances in the gamma-ray yield were found, 
as shown in Fig. 1, in agreement with Brostrém ef al.® 
The weak resonances at 660 and 949 kev gave no 9-Mev 
radiation, and any lower energy radiation was swamped 
by the intense 6-Mev radiation from the fluorine reso- 
nances at 669 and 935 kev. The fluorine was present as 
a contaminant in the accelerator tube, and may also 
occur in the target due to the (H;F)* complex in the 
mass 22 beam of the electromagnetic separator. We 


8 Brostrém, Huus, and Koch, Nature 160, 498 (1947). 


481 


xi 


R 


o 8 
~ oodiad 
wee 
| eel 
mee 


bh 





COUNTS PER SOOOO MONITOR COUNTS 
0 





3 0.25 Os 0.75. 4. bo 
Cos" @ 


Fic. 2. Angular distribution of 9.40-Mev 7 ray from the 
636-kev resonance in Ne”(p,7)Na*. 


cannot therefore definitely attribute these resonances to 
the Ne?*(p,7) reaction. 

To separate the Na* gamma rays from those due to 
carbon or fluorine contamination, pulse-height spectra 
were obtained at proton energies above and below the 
resonance. The contaminant gamma rays then varied 
continuously in energy, while the genuine ones reso- 
nated. 

At the 636-kev resonance the only radiation observed 
was that due to the ground-state transition of 9.40-Mev 
energy. Comparison of the measured energy of the 
gamma ray with the calculated energy of the capture 
state made it clear that the transition was not to the 
first excited state. Any cascade radiation in this reso- 
nance has less than 5% of the intensity of the main 
transition. 

The angular distribution of the 9.4-Mev radiation 
was found to be isotropic within 5%. Figure 2 shows a 
plot of integrated counts versus cos*@ for this meas- 
urement. 

In the 854-kev resonance two high-energy gamma 
rays, of energy 9.61 and 9.17 Mev, were observed. The 
doublet nature of the 9-Mev radiation can be seen by 
comparing the pulse-height spectrum in the 8-10 Mev 
region with that covering the same region in the 636- 
kev resonance (Fig. 3). We interpret these two gamma 
rays as being the capture state—ground state and 
capture state—first excited state transitions. y rays of 
5.70 and 3.92 Mev of equal intensity within the experi- 
mental error were also observed in this resonance, and 
interpreted as a cascade through a level at 3.92 Mev 
(Fig. 4). 

Measurement of the angular distributions of the two 
9-Mev lines is difficult due to the poor resolution of 
available scintillators in this energy region. The pulse- 
height spectra in the various angular positions (Figs. 5, 
6, 7, 8) show that the higher energy component of 
the doublet has an intensity variation of the form 
(1+¢cos’#) with « between $ and 1 and the lower 
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Fic. 3. y-ray spectra in 9-Mev region from the 636- and 854-kev 
resonances in Ne*(p,7)Na*. 





energy component of the form (1—ycos*#@) with yp 
between 0 and }. 

A double 9-Mev line was also observed in the 901-kev 
resonance, though it was almost completely over- 
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Fic. 4. y-ray spectrum from the 854-kev resonance, at, and on 
either side of the resonance energy. 
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shadowed by the intense radiation from the fluorine 
resonance at 873 kev. It was not possible to observe 
any lower energy radiation in such a background. 

A similar situation occurs in the 933-kev resonance, 
where only the 9-Mev doublet is visible above the 
6-Mev radiation from the 935-kev fluorine resonance. 


DISCUSSION 


The isotropy of the 9.40-Mev gamma ray from the 
636-kev resonance indicates that this capture state is 
formed either by s capture with spin }, even parity, 
or p capture with spin 3, odd parity. The fact that no 
decay is observed to the 439-kev level consequently 
implies that this state cannot have spin 3 or 3. We there- 
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Fic. 5. y radiation in the 9-Mev region from the 854-kev resonance 
at 0° to beam direction. 


fore suggest $+ for this state in agreement with 
Berenbaum e¢/ al.‘ and Read and Krone.® This indicates 
that the 9.40-Mev level is formed by p capture with 
spin 3, odd parity. 

The anisotropy of the 9.61—9.17 Mev doublet in the 
854-kev resonance indicates that the 9.61-Mev level 
has spin greater than }. It could be formed, in decreasing 
order of probability, by » capture to $—, d capture to $ 
or §+, f capture to $ or 3—, etc. The penetrability of 
g protons is so small (0.003Xthe s wave) as to make 
observation very unlikely. Only $+ or $— seem con- 
sistent with the observed angular distributions. $+ 
would yield an angular distribution 1+0.75 cos’@ for 
the 9,61-Mev gamma ray and 1—0,14 cos for the 
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Fic. 6. y radiation in the 9-Mev region from the 854-kev resonance 
at 30° to beam direction. 


9.17-Mev gamma ray. 3}— would yield 1+0.75 cos 


and 1—0.24 cos*6, respectively. The experiment cannot 
distinguish between these alternatives. 
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Fic. 7. y radiation in the 9-Mev region from the 854-kev resonance 
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Fic. 8. y radiation in the 9-Mev region from the 854-kev resonance 
at 90° to beam direction. 


Tentative conclusions can also be drawn about the 
3.92-Mev level. No transition to it is observed from the 
3— 9.40-Mev level, suggesting that its spin is unlikely 
to be less than } whatever its parity. But a fairly 
strong transition to it is observed from the 9.61-Mev 
level ($+) suggesting a spin not greater than 3. If its 
parity were odd, $ and 3 would both produce a greater 


transition probability for the 3.920.439 transition 
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Fic. 9. Suggested level scheme for Na*, showing 
observed y transitions, 
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than for the 3.92—>ground transition. The reverse was 
in fact observed, and consequently a spin of $ or } and 
even parity are suggested for the 3.92-Mev level. 
These conclusions are summarized in the level scheme 
(Fig. 9). It was not possible to calculate any absolute 
transition probabilities or gamma-ray widths because 


of the total lack of knowledge of the Ne®? concentration 
on the target. 
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Values of the ratio of the fission cross section divided by the total cross section for 3-Mev neutrons are 
correlated with the fission parameter Z?/A. For compound nuclei excited 8 to 12 Mev above their ground 
states, the fission width Ty derived from neutron- and gamma-induced fission data increases linearly with 
Z*/A. The quantity I'y/T,, is independent of energy for a particular nuclide excited between 8 and 12 Mev. 


INTRODUCTION 


OHR and Wheeler’ in their classical paper on 
nuclear fission show a schematic diagram (Fig. 
5 of reference 1) of the partial transition probabilities for 
fission, neutron emission, gamma emission, etc., for 
various excitation energies of a typical heavy nucleus. 
For the compound nuclei U*® and Th™*, formed by the 
capture of 2-Mev neutrons on U** and Th”, the above 
authors calculated ratios of the fission width to neu- 
tron emission width (T'y/T,,), of 0.25 and 0.04, respec- 
tively. These early estimates are in rather good agree- 
ment with experimental values. 

It is the purpose of this paper to (1) point out a 
correlation between the fissionability of heavy com- 
pound nuclei formed by 2- to 5.5-Mev neutrons with 
the nuclear parameter Z?/A, (2) compare values of 
r,/(ly+1,,) derived from photofission and _ photo- 
neutron experiments with similar values from neutron 
fission experiments, and (3) discuss the dependence of 
I, and I’, on excitation energy and the fission parameter 
Z2/A. 

RESULTS AND DISCUSSION 


A number of experimenters? have shown that the 
fast neutron fission cross sections of heavy nuclei are 


* Based on work performed under the auspices of the U. S 
Atomic Energy Commission. 

t Most of the material in this paper appeared in Argonne 
National Laboratory Report ANL-5150, 1953 (unpublished). 

1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

2 Results and references are given in Neutron Cross Sections, 
compiled by D. J. Hughes and J. A. Harvey, Brookhaven National 
Laboratory, Report BNL-325 (Superintendent of Documents, 
U. S. Government Printing Office, Washington, D. C. 1955); 
R. W. Lamphere, Phys. Rev. 104, 1654 (1956); Smith, Henkel, 
and Nobles, Bull. Am. Phys. Soc. Ser. II, 2, 196 (1957). 


relatively constant in the neutron energy interval 2 
to 5.5 Mev. Another striking feature of the cross 
section vs neutron energy curves is the uniform rise 
in the fission cross section at neutron energies of 
about 5.5 Mev. This increase in fission cross section 
can be explained by the onset of the (w,n’f) reaction. 
At neutron energies of about 5.5 Mev, the product 
nucleus after neutron emission begins to have sufficient 
excitation energy to fission. This interpretation is 
consistent with data showing the fission thresholds of 
heavy nuclei with Z=90 to 94 to be about 5.3 Mev.’ 
It is interesting to note that the values of the fission 
cross sections of those nuclei measured with neutrons 
of energy greater than 5.5 Mev reach a second plateau 
at neutron energies of 7 to 8 Mev and show a second 
break at neutron energies of approximately 13 Mev. 
In the present discussion the fission cross section 
plateau will refer to the first region in which the 


. values of the fission cross section are relatively con- 


stant, i.e., neutron energies of 2 to 5.5 Mev. The 
magnitude of the neutron fission cross section in the 
plateau region varies from one nuclide to another and 
is related to the fission parameter, Z?/A. Neutron 
fission cross sections and total cross sections for 3-Mev 
neutrons and the calculated ratios of the neutron 
fission cross sections divided by the total cross sections 
for several heavy nuclides are given in Table I. A plot 
of the on,7/on,, values vs Z?/A is shown in Fig. 1. The 
neutron fission to total cross-section ratios increase 
smoothly with Z?/A, although the five uranium 
isotopes are better represented by a line of slightly 





3 J. R. Huizenga, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 208. 











NEUTRON 


steeper slope indicating that the number of excess 
neutrons may also be an influencing factor. 
The total neutron cross section op,; is given by 


On, t= On, ct On, escy (1) 


where o,,- is the compound nucleus formation cross 
section which includes the fission o,,, neutron capture 
on,7, and the inelastic neutron scattering @n, inse CrOSS 
sections; and gn,ese is the elastic neutron scattering 
cross section. Since the capture cross section is small 
for 3-Mev neutrons compared to the fission and 
inelastic scattering cross sections, the compound 
nucleus formation cross section is adequately given by 


Tn,c=In, ftOn, inse- (2) 


The fission width Ty is proportional to the neutron 
fission cross section. The sum of the fission width and 











A 
37 





Fic. 1. Values of the ratio neutron fission cross section over 
the total neutron cross section (on, /on, +) are plotted as a function 
of Z?/A of the compound nucleus (A of target nucleus plus one). 
The cross-section data are for 3-Mev neutrons. 


the neutron emission width I’, is proportional to the 
compound nucleus formation cross section. From these 
relationships it follows that I'y/(T'y+T,)=on,s/on,c 
For the limiting case of a “black” nucleus whose 
radius R is much larger than the neutron wavelength 
A, the compound nucleus formation cross section equals 
the elastic scattering cross section, 


Tn, c= On, ese = WR’. (3) 
Even though the neutron wavelength A for a 3-Mev 
neutron is approximately 30% of the radius of a heavy- 
element nucleus, for the present calculations we assume 
the elastic scattering cross section equal to the com- 
pound nucleus formation cross section. With this 
assumption it follows that 


T'y/ (Uy +Tn) = 26n, ¢/On, t- (4) 
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Taste I. Total neutron cross sections and neutron fission 
cross sections of several heavy nuclide targets with 3-Mev 
neutrons. The values in parentheses are estimated. 








Z2/A 
(of compound 
nucleus) 


Target 


os * 
nucleus (barns) (barns) os/oe 





0.0003 
0.14 
1.13 
1.80 
1.53 
1.28 


34.115 
34.764 
35.694 
36.171 
36.017 
35.864 
35.713 
35.414 
36.340 
36.817 
36.664 


4X 10-5 
0.02 
0.15 
0.24 
0.20 
0.17 
0.12 
0.074 
0.19 
0.25 
0.24 


Ras 
Th 
Paz 
233 
U4 


U5 
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Values of I'y/(IT'y+I,) calculated from the 3-Mev 
neutron cross section data of Table I by Eq. (4) are 
given in Table II and plotted as solid circles in Fig. 2° 
Data from photofission and photoneutron emission 
experiments are used to derive the remaining values of 
T,/(I';+T,,) in Table II. These quantities are plotted 
as open circles in Fig. 2. In the case of U** and Th™ 
the photofission and the photoneutron emission cross 
sections were measured at several gamma energies. 
Since the fission width and neutron emission width are 
proportional to the photofission and photoneutron 
emission cross sections respectively, one obtains 


Vy/ (Ty AT a) = ey, ¢/ (oy, s+ 0,n)- (5) 


The photofission to photoneutron emission cross- 
section ratios of U%* and Th” are, within experimental 
error, independent of excitation energy in the energy 
range 8 to 12 Mev. If one assumes an average neutron 
binding energy of 6 Mev, compound nuclei formed by 


TABLE II. Values of r'y/(I'y+I,) and l,,/I'y are given for nuclei 
excited in the energy range 8 to 12 Mev. At these 
excitation energies the ratios listed are 
independent of energy. 





Method of 
formation 


Compound 


nucleus Iy/(Te +n) 





n 8xX10-> 
0.04 
0.08 
0.17 
0.30 
0.15 
0.20 
0.24 
0.32 
0.34 
0.38 
0.40 
0.38 
0.48 
0.49 
0.38 
0.51 
0.48 
0.50 
0.70 


= 
to 
oo 
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Fic. 2. Values of 'y/(T'y+T,) are plotted as a function of Z?/A. 
For a particular compound nucleus I'y/(f'y+I,) is independent 
of excitation energy for energies between 8 and 12 Mev. The 
data in this figure is restricted to this energy range. The quantities 
plotted as solid circles (@) and open circles (©) are derived from 
3-Mev neutron cross sections and photofission and photoneutron 
emission cross sections, respectively. 


2- to 5.5-Mev neutrons have approximately the same 
excitation energy as if produced directly by excitation 
with 8- to 12-Mev gamma rays. In either case the 
product nucleus formed by neutron emission, (n,n’) 
or (y,), has excitation energy below its fission and 
neutron emission thresholds. Secondary reaction cross 
sections such as (n,n’f) and (y,nf) are negligible at the 
above energies. From the gamma-ray experiments on 
U*® and Th® one concludes that the fission to neutron 
emission width (I';/I’,) is independent of excitation 
energy in the energy range 8 to 12 Mev. The constancy 
of the neutron-induced fission cross section for a par- 
ticular nuclide with neutrons of 2 to 5.5 Mev is also con- 
sistent with a constant I’,/T,, ratio. 


R. HUIZENGA 





Values of the quantity Ty/(T'y+I,,) given in Table 
II for U** and Th” of 0.2 and 0.08, respectively, are 
average values derived from cross-section data for 8- 
to 12-Mev gamma rays.‘:® Magnitudes of I'y/(I'y+T,) 
given in Table II for Th*°, U*, U5, [24 [2% Np’, 
and Pu*® are derived from relative photofission yield 
experiments with 12-Mev bremsstrahlung.® In calcu- 
lating values of 'y/(I'y+T,,) for these latter nuclides, 
the assumption is made that the photofission and 
photoneutron cross sections make up all the total 
cross section (I', and other widths are negligible) and 
the sum of o,,7 and ,,, for these isotopes is equal to 
the corresponding sum for U**. It follows then that 


(Vy/ (Uy +1.) x= F[Py/(Py+1,,) Ju, (6) 


where X=Th*™°, U™®, etc., and F is the fissionability 
of the nuclide X relative to U** with 12-Mev brems- 
strahlung. Values of F used in the present calculations 
are 0.46, 0.85, 1.00, 1.58, 1.88, 1.88, 2.44, 2.53, and 
3.51 for the isotopes Th*, Th, [%®, [236 [235 [264 
U8, Np*’, and Pu®®, respectively.® The value of 0.09 
for the ratio of T'y/(l'y+T,) calculated for Th?” from 
equation (6) is close to the directly measured value® 
of 0.08 and establishes the validity of Eq. (6). 

Values of T',/(f!y+T,,) derived from nuclei excited 
with neutrons (solid circles of Fig. 2) and gamma rays 
(open circles) increase linearly with the Z?/A value 
of the compound nucleus. The 3-Mev neutron data 
are, within experimental error, consistent with the data 
obtained from nuclei excited with gamma rays. This 
agreement indicates that the assumption of equal cross 
sections for compound nucleus formation and elastic 
neutron scattering for 3-Mev neutrons is valid within 
our experimental errors. 

From Fig. 2 it is evident that values of I'y/(I'y+T’,) 
vary from 0.04 for Th to 0.70 for Pu and 
that Ty is dependent on the fission parameter Z*/A 
and increases linearly with increasing values of Z?/A. 

4R.B. Duffield and J. R. Huizenga, Phys. Rev. 89, 1042 (1953). 


5 Gindler, Huizenga, and Schmitt, Phys. Rev. 104, 425 (1956). 
6 Huizenga, Gindler, and Duffield, Phys. Rev. 95, 1009 (1954). 
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Under certain conditions it is possible to ascribe an approximate 
nuclear surface to an independent-particle nuclear wave function, 
thereby achieving a means with which to describe the collective 
coordinates of a nuclear wave function that is expanded in terms 
of independent-particle states. By using this concept, a modifi- 
cation of the shell-model wave function is constructed which 
exhibits properties of collective motion. The collective aspects of 
the model are quite similar to the spheroidal-core model of 
Rainwater except that the core deformations are not restricted 
to zero- and second-order spherical harmonics. 

However, since the wave function for the deformed core here 
presented is expanded in terms of individual-particle states with 
quantum numbers nljm, a number of effects can be studied, 
concerning the deformed core, that were previously inaccessible. 


I. INTRODUCTION 


HILE the shell model has enjoyed considerable 
success in the assignment of nuclear spins, 
parities, and the prediction of magnetic moments,!? 
it has been unable to account for the large observed 
quadrupole moments in the heavy nuclei.’ These indi- 
cate much greater departures from spherical symmetry 
than can be accounted for by the shell model with 
reasonable coupling schemes. Until recently, the orders 
of magnitude encountered in the observed quadrupole 
moments could be explained only in terms of a deformed 
liquid drop,‘ and this was usually accomplished by 
treating the bulk of the nuclear matter as a quantized 
liquid drop, deformed by and coupled to one or more 
nucleons in independent-particle states.*-° Coulomb 
forces were treated by assuming the drop to be uni- 
formly charged, while the specifically nuclear forces 
were assumed to be adequately summarized by ascribing 
a surface tension to the nuclear fluid. 

Such a model can be made to account for the order 
of magnitude of the quadrupole moments,*** for the 
angular momenta and the energy level spectra of the 
excited states of highly deformed nuclei,’ and could 
even improve the agreement of the magnetic moments.° 
Nevertheless, this type of model suffers from two major 
defects. It is unable to predict the succession of spins 
and parities (since all independent-particle structure in 
the core has been suppressed), and it does not intrinsi- 
cally account for the intimate relation between the 
observed quadrupole moments and the magic numbers. 

1M. G. Mayer, Phys. Rev. 78, 16 (1950). 

2 Haxel, Jensen, and Suess, Z. Physik 128, 295 (1950). 

3 Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949). 

4 J. Rainwater, Phys. Rev. 79, 432 (1950). 

5L. L. Foldy and F. J. Milford, Phys. Rev. 80, 751 (1950). 

6A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 

7J. P. Davidson and E. Feenberg, Phys. Rev. 89, 856 (1953). 


8 A. K. Kerman, Phys. Rev. 92, 1176 (1953). 
9F, J. Milford, Phys. Rev. 93, 1297 (1954). 


In the first place, the Pauli exclusion principle is found to suppress 
partially the collective deformation. Calculations show that the 
Y2 mode of deformation, for example, is suppressed by about 
28% for a typical heavy nucleus. Secondly, the contribution of 
the individual nucleon excitation energies to the over-all energy 
of the Y2 mode of deformation is found to make the nucleus 
considerably more rigid against collective deformation of this 
type than is indicated by considering the core to be a liquid drop 
with a surface tension given by the semiempirical binding energy 
formula. 

Finally, a method is outlined, using the definition of nuclear 
surface here presented, for obtaining a self-consistent static 
wave function by means of a rough analog to the Hartree-Fock 
procedure. 


To reproduce the experimental data, the surface tension 
must be made large near the magic numbers, inasmuch 
as no large quadrupole moments occur in these regions. 
The other nuclear parameter introduced along with the 
surface tension, the effective moment of inertia, must 
also be endowed with a dependence on the numbers of 
protons and neutrons in the nucleus. 

For highly deformed (and, therefore, slowly rotating) 
nuclei, considerable progress has been made in justifying 
the assumption that a slowly rotating deformed shell 
structure can be described in terms of an effective 
moment of inertia, the value of which varies as a shell 
is filled,” although the variation of the surface tension 
with nucleon numbers has not yet received adequate 
attention. Recently, the succession of spins and parities 
for highly deformed nuclei has also been successfully 
reproduced by Gottfried” and Nilsson™ with one of the 
limiting coupling schemes introduced by Bohr*® and 
Bohr and Mottelson.“ In this coupling scheme, the 
motion separates into a part describing the collective 
rotational and vibrational motion and a part describing 
the motion of the nucleons in a static, nonspherical 
potential. 

For nuclei which are not greatly deformed, however, 
the effective moments of inertia are small, and the 
frequencies of collective motion are more nearly equal 
to those of the individual-particle orbits.'° In such 
cases, which occur in the vicinity of the magic numbers, 
the adiabatic treatment of the nucleon motion is no 


10D. R. Inglis, Phys. Rev. 96, 1059 (1954). 

11S. A. Moszkowski, Phys. Rev. 103, 1328 (1956). 

2K. Gottfried, Phys. Rev. 103, 1017 (1956). 

13S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

4A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

15 Classically, the angular momentum is related to the frequency 
of rotation by the equation L=Iw. Since the angular momentum 
is quantized, it remains fixed. Therefore, as the moment of inertia 
increases, so must the frequency of rotation decrease. 
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longer valid. Instead, it has been suggested that the 
collective motion of the core may be more like a tidal 
flow produced by the attraction of the outer nucleons, 
since the core distortion is capable of following the 
orbital motion of the outer nucleons. This is essentially 
the Rainwater model.!* This case was not discussed by 
Bohr and Mottelson, who considered the strong- 
coupling limit only for highly deformed nuclei. The 
present work is addressed to the problem of relating 
the individual nucleon motion to a collective motion 
of this type. 

In Sec. II the “nuclear surface” of a nuclear wave 
function expanded in terms of individual-particle states 
is defined. This definition may be stated concisely in 
words as follows: For a nuclear mass distribution 
p(r,0,¢), the nuclear surface R(6,¢) is so placed that in 
any given solid angle the integrated mass contained 
within it, computed by integration of the actual mass 
density, is equal to the mass of a fictitious fluid of 
uniform density that would be contained in the volume 
bounded by the given solid angle and the nuclear 
surface. In Sec. ITI a nuclear wave function, expanded 
in terms of individual-particle states with quantum 
numbers nljm," is described which is a modification of 
the shell-model state and which, with this definition of 
the nuclear surface, also fits the above-mentioned 
collective-model description of a liquid-drop core which 
is deformed by the odd:nucleon and which follows the 
latter as it pursues its orbit. In the limit of zero core 
distortion this state reduces to the shell-model state. 
The general conclusions derived from the study of this 
particular modification of the shell-model state should 
be applicable to all collective models in which the core 
is treated as a liquid drop deformed by the action of 
the odd nucleon. 

In Sec. IV, it is shown that the Pauli exclusion 
principle partially suppresses the collective deformation, 
reducing it to about 72% of the value obtained when 
this effect is ignored. More important, it is found, in 
Secs. V and VII, that the contribution of the individual- 
particle excitation energies to the over-all energy of the 
Y. mode of deformation is approximately four times as 
large as the energy customarily obtained by considering 
the core as a liquid drop with a surface tension given by 
the semiempirical binding energy formula. The collec- 
tive contribution to the quadrupole moment in the 
vicinity of Z=50 is found to be in the right direction, 
but too small to account for the data. It must therefore 
be concluded that nuclei are considerably more rigid 
against collective deformation than is indicated by the 
surface energy term in the semiempirical binding energy 
formula. 


16M. G. Mayer and jj H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), Chap. VIII, Sec. 6. 

17 The radial parts of the single-particle wave functions are 
those of the harmonic oscillator, while 7 and m are, respectively, 
the total angular momentum and its projection on the z axis. 
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II. NUCLEAR SURFACE 


According to the liquid drop model, the core is 
assumed to have a constant density p, throughout a 
volume bounded by a well-defined surface. This surface 
can be expressed in the form 


« 
R(,¢)=R] 1+ Ss an ¥s4(6,0)} (1) 
Am? p=—d 
where 
Re=1.5X10-" At cm (2) 


is the radius of that spherical surface which bounds the 
same volume as R(6,¢), the Y,“(0,¢) are the normalized 
spherical harmonics, and the coefficients a,“ must 
satisfy the requirement 


ay*= (—1)*a,-"* (3) 


to make the radius real. 
Actually, however, the mass density p, given by 


A ” 
p(r)=M >| (UY (rion: + 8-19 ao Pig 1041" + Tao), 
i=l 


W (roi: + P10 -alo Pig 10 41° * ‘Taga))d71° °° 


Xdri-sdriy1° : ‘dt, (4) 
certainly is not constant. Neither is it bounded, but, 
more likely, it decays exponentially to zero. Here M is 
the nucleon mass and the inner product is taken over 
all spin variables only.'* If, however, the mass density 
(a) is approximately constant at p, in the interior of 
the nucleus, (b) depends on the angular coordinates in 
a relatively narrow radial region only, and (c) is 
negligible outside this region, then it is meaningful to 
ascribe a surface to the nucleus. The nuclear surface 
R(@,¢) is, then, so defined that for any given solid 
angle the integrated mass within it is equal to the mass 
that would be included in the volume bounded by the 
solid angle and the nuclear surface if the density were 
constant at pn. If one takes the infinitesimal solid angle 
dw=sinédédy which, together with the nuclear surface, 
bounds a volume 


dV =}R*(0,¢) sinddéd¢, 


this definition of the nuclear surface yields the equation 
4p,R°(0,¢) sinOdéd ¢=sinédéd y f p(r,0,¢)rdr. 
0 


The left-hand side gives the mass that would be in the 
solid angle dw if the nuclear density were constant at 
pn up to the surface R(@,¢) and zero beyond, while the 
right-hand side gives the mass in dw by integration of 


18In this paper, the occasion arises to use two different inner 
products. The notation (U,V) symbolizes the process of multi- 
plying V by the Hermitean conjugate of U and taking the inner 
product over all spin coordinates only. The inner product over 
all coordinates, spin and spatial, will be designated by (U,V). 
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the actual density p. Solving for R*(6,¢) yields 
R0,0)= (3/0) [ olr.erdr. (8) 
0 


Now, the angular dependence of the mass density p 
can be expanded in terms of spherical harmonics to 
facilitate comparison with (1). 


p(r,8, ¢) _ Deaw8a"(r) Y\" (6, ¢), (6) 
with only even values of \ being required. Substituting 
into (5) yields 

R®(0,¢) = (3/pn) ory Ya"V0"(8,¢), (7) 
where 


nit= fi Byr(ryrar. (8) 


On the other hand, cubing the expression (1) for R(6,¢) 
and neglecting higher order terms in the deformation 


AR=Ro d ay*¥4*(8,¢), 
which is assumed to be small, one has 
R*(6,¢)=Rel1+3 ¥ ay*V\*(6,¢) J. (9) 


Equating respective coefficients in the two expressions 
(7) and (9) for R*(6,¢) and eliminating p, by means of 
the relation 


(4/3)rRo'p,=MN., (10) 
where MN, is the total core mass, one obtains 
MN./(4m)'=y0°, (3MN./4e)ay*=yx", (11) 
or 
ay"= (44r/3MN.)yx"=[ (4) */3]ya4/yo. (12) 


Equation (12), taken together with (1), defines the 
core surface in terms of the expansion coefficients of 
the mass density function. Although this can always be 
done formally, whether or not the conditions (a), (b), 
and (c) hold, the deformed drop approximation is valid 
only when they are satisfied. 

At the present stage of development of nuclear 
theory, nuclear forces are not sufficiently understood 
to make a fully self-consistent calculation of the wave 
function a reasonable undertaking.’ However, it might 
be pointed out, at this juncture, that the definition of 
the nuclear surface just given can form the basis for a 
rough analog to a Hartree-Fock calculation that may 
well be useful in achieving an approximate wave 
function for static or adiabatic deformations. The 
procedure can be outlined as follows: 

(1) Assume an over-all potential V;(r,0,¢) which is 
due to a deformed incompressible liquid drop. (In its 

19 A scheme for a self-consistent calculation, more general than 
the Hartree-Fock method, which is suitable for nuclear forces 
has been advanced by K. A. Brueckner, Phys. Rev. 97, 1353 
(1955) and has been extended by H. A. Bethe, Phys. Rev. 103, 


1353 (1956) to the finite nucleus. However, no results have been 
obtained for a realistic model, 


IN MODIFIED SHELL MODEL 


489 


crudest form, this can be taken as a nonspherical well 
with either finite or infinite depth.) 

(2) Calculate the individual-particle states that 
result from such a potential. 

(3) Fill the states with the available number of 
nucleons, taking cognizance of the effect of spin-orbit 
energy in the ordering of the levels. 

(4) Calculate the new mass density and then the 
equivalent incompressible-drop surface. This gives a 
new nuclear potential V2(r,0,¢), and the process can be 
repeated. 


Ill. DEFORMED CORE 


In what follows, a modification of the shell-model 
wave function of the core will be constructed, a modifi- 
cation which retains the shell-model state as a first 
approximation, yet which embraces certain aspects of 
collective motion. The particular type of collective 
motion that will be incorporated into the model is such 
that a tidal flow in the core is induced by the odd 
nucleon. This displacement, being due to the odd 
nucleon, will depend on the position of the latter. In 
fact, it will be assumed that the displacement of the 
ith core nucleon is a function of the angular separation 
between it and the odd nucleon. This is accomplished 
by making the substitution 


rot frig (ic) 


in the core wave function. Here, r; is the radial coordi- 
nate of the ith nucleon, while @;, is the angle between 
the radius vector to the ith nucleon and the radius 
vector to the odd nucleon. The quantity f(r,)g(@;.) is 
assumed to be small. 

The modification will be applied only to the special 
case in which the even-even core consists, in the shell 
model approximation, of complete n/7 subshells only. 
(Cases in which there are more than one nucleon in the 
incomplete subshell could be treated by first coupling 
these together and then treating them as “the odd 
nucleon.’’) 

The unsymmetrized core state in the shell model 
approximation ®, is given by 


$,= IL’ Ri(r)Q; (wi) ’ 


the prime denoting that the product is to be taken, for 
a given nucleus, only over those states which are 
occupied in the shell model. Here, the subscript 7 
stands for the entire set of quantum numbers mljmr so 
that 


(13) 


(14) 


R,(1)Q;(@) = Rrr(r)Qij-"(0,¢,0), (15) 


where R,,; is the normalized radial part of that single 
particle state which is described by the quantum 
numbers nljm, while Q:;" is the normalized spin and 
angular part of the same state. The isotopic spin 7 
serves only to differentiate neutrons from protons. 
Since each state is occupied by only one nucleon and 
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each nucleon is in only one state, the nucleons can be, 
and are, labeled by the states which they occupy. Thus, 
r; stands for the radial coordinate and w; for the angular 
and spin coordinates of the nucleon in the state R,Q;. 
Since ®, contains only complete subshells, it has zero 
angular momentum and a spherically symmetric mass 
distribution. 

Making the substitution (13) in the core wave 
function (14), expanding the result as a power series in 
the quantity /{(r;)g(6;.), which is assumed to be small, 
and keeping only the zeroth- and first-order terms, the 
modified shell-model core state is obtained. 


=6,4->>4'R: (ri) f (reg (Pio) Qe (on) TT Ri(r0)2i(«). (16) 


Here R,'(r,) denotes the derivative of R,. In Eq. (16), 
the sum and product, being primed, are each understood 
to be taken over the set of occupied states only. Upon 
regrouping, in the second term, the factor Q, with the 
rest of the 2; and multiplying and dividing by R;, 
Eq. (16) can be simplified to 


$=([1 =D’ (Re (ru) /Re(r)) f (re) g (Oxo) | 
xII’ Ri(r)Q;(@,). 


The second factor is the original shell-model core state 
(14). Since g(@:0) is spherically symmetric (6; is 
invariant under rotations of the coordinate system), 
it has zero angular momentum provided that the 
contribution of the outer nucleon is taken into consider- 
ation. Consequently, the entire expression in brackets 
has zero angular momentum. The shell-model core 
state also has zero angular momentum, so that the 
product, the modified core state, is a state with zero 
angular momentum. However, this is true only when 
the angular momentum contribution of the odd nucleon 
to the core is included. The core nucleons alone are not 
in the zero angular momentum state, but couple, in 
some sense, to the odd nucleon to give a resultant 
angular momentum of zero. The nature of the coupling 
can be seen by expanding g(6;.) in terms of spherical 
harmonics, 


(17) 





2A+1 
g(Ox0)=Dr of )Pr(cost. 
4r 


= Dau CrVn"* (80,00) Vx"(0x,¢%), (18) 


where the c, are real and ¢o is set equal to zero, since 
this merely corresponds to an expansion without 
distortion. The expansion is then substituted into (17): 


=, {14 Day cx Va"* (00,0) oe LRe (1e)/Re(re) J 


X f (ri) Vr" (Ox,¢%)}. (19) 
If one writes, for brevity, 
x=, De’ [Re (re) Riri) \f (re) Y,"(0:,¢%), (20a) 
then 
$=0,+), OrnV y"* (8.0, 0) xr". (20b) 


ee eet fT 
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As the notation implies, the state x,“ has total angular 
momentum #[A(A+1) ]! with projection wp on the z 
axis.” Taking, now, the odd nucleon into account by 
multiplying this zero angular momentum core state 
@(c,o) by the wave function for the odd nucleon 
Wn1j(0), one obtains the wave function for the entire 
nucleus. 


W = ni; (0)®(c,0) =Wnr;?(0)®,(c) 
+ do xu CxrV"*(0)Wnij?(0)xax"(0), (21) 


where o and ¢ stand for the odd nucleon and all the 
core nucleon coordinates, respectively. The term 
Wntj?(0)®,(c) is just the shell-model state for the entire 
nucleus, while the remaining terms in (21) are inter- 
preted as a linear combination of excited core states 
coupling with the recoiled odd nucleon to give the 
original shell-model angular momentum and projection 
on the z axis. 

It now remains to be seen whether this modification 
of the shell model exhibits features of collective motion. 
Toward this end it is demonstrated in the Appendix 
that, to the first order in the quantity /(rx)g(0,0), the 
probability P(r.,r)dr.dr of simultaneously finding the 
odd nucleon in the volume element dr, at r, and some 
core nucleon in the volume element dr at r can be 
written in the form 


P(r.,r)drdr=M~"p,(r.)dr.M —p.(r 0,8) dr, 
where 


(22) 


M 1bo(¥o)dto= (Ynij?(0) Wnij?(0) dro (23) 


is just the probability of finding the odd nucleon in dr, 
at r.. Hence, the second factor in Eq. (22), M~'.(ro,r)dr 
can be interpreted as the conditional probability that a 
core nucleon will be found in the volume element dr at 
r if the odd nucleon is at r,. According to Eq. (6), this 
can be written in the form 


Pc(Fo,¥) =B0"(r.,7) Y(0,¢) +2 Bx"(To,7) Y,"(8,¢), (24) 
where, as is shown in the Appendix, the coefficients 6, 


are given approximately by 


te) 
Bx*(To,7)—~cn Y,“* Oo ee) Spe (25) 
r 
for \>0. Here, p-, denotes the core mass density in the 
shell-model approximation and is given by 


M 
Pa + a (27’+ 1)[Rwv(r) P. 
4 


n'l’j’ 


(26) 


The coefficients a," are then easily found, with the aid 
of Eqs. (8) and (12), to be 





a),*= 


4nr ti Opes 
c¥x** Ooo) f fi)—rdr, (27) 
3MN. 0 or 





»” Aside from inconsequential radial factors, x,* consists of a 
sum of terms of the form V)“(6x,¢%)®s. Since ®, has zero angular 
momentum, being composed of full subshells, the angular mo- 
mentum of each term is the same as that of the factor Y*. 
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where NV, gives the number of nucleons in the core. 
These, together with Eq. (1) define the core surface. 
It is seen from Eq. (27) that the core deformation is a 
function of the instantaneous position of the odd 
nucleon, as is to be expected, if the core deformation is 
due to a tidal effect produced by the odd nucleon as it 
pursues its orbit. As a matter of fact, substituting the 
result (27) into Eq. (1) and using the addition theorem 
for spherical harmonics, the nuclear surface can be put 
into the form 





R(,e)=R¢ 1+ 


4 an Opes 
f f(n\—rdr 
M J 0 or 


ce 


3, se 
xe a= Py(cos®) | (27’) 


A=2 4a 


where © is the angle between any given direction 6, ¢ 
and the radius vector to the odd nucleon. It is clear 
from Eq. (27’) that the core distortion follows the 
instantaneous position of the odd nucleon. 

The properties of the model should not sensitively 
depend on the particular form of the radial displace- 
ment function f(r), which describes the manner in 
which the displacement of a given nucleon depends on 
its original radial coordinate. Since it seems reasonable 
to assume that the displacement will increase as the 
original radial coordinate increases, f(r) will be assumed 
to be proportional to r. The constant of proportionality 
will be absorbed into the angular factor g(@) and, 
ultimately, into the amplitudes c, so that f(r) is 
simply given by 

fin=r. (28) 

IV. EFFECT OF THE EXCLUSION PRINCIPLE 


In the previous section, a method was described 
wherein the shell model can be modified so that it 
exhibits properties of collective motion. This modifi- 
cation is obtained, for small core deformation, by adding 
a number of terms to the shell-model wave function for 
the core [see Eqs. (20) ]. Each of these terms, apart 
from an amplitude factor which depends on the odd- 
nucleon coordinates, differs from the shell-model core 
wave function in that the state of only one nucleon has 
been altered. In the term in which the state of the kth 
nucleon has been altered, the other core nucleons remain 
in the states assigned to them in the shell-model wave 
function, while the state of the kth core nucleon is 
changed by making the replacement : 


Ri (74 )Qe(@x)—reRe’ (7) Vn." (@x)Qe (x). 


Now, this altered state can be expanded in terms of 
the entire complete set of single-particle states: 


(29) 


eRe’ (14) Vx" (cox) Qe (x) 
= LAR Qj rR’ V 4O4)Rj(7x)25(wx), (30) 


ee r 


and this expansion substituted into Eqs. (20) and (21) 
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in its place. However, some of the individual particle 
states in the expansion (30) are already occupied, in 
the original shell-model state, by nucleons other than 
the kth nucleon. Since the Pauli exclusion principle 
specifically forbids two different nucleons being in the 
same state, such terms must be deleted from the 
expansion (30). (More precisely, if any term in the 
wave function consists of a product of single-particle 
states with two or more particles being in the same 
state, that term will vanish upon antisymmetrization.) 

It is clear, then, that the exclusion principle affects 
the collective deformation of the core, the main effect 
being to reduce or suppress the core distortion. A 
measure of this suppression can be obtained by com- 
paring the norms of the core wave function before and 
after the exclusion principle has been taken into 
account (i.e., before and after antisymmetrization). 
The norm of a function y, also called “length” or mag- 
nitude of y, is defined by (y,)! and denoted by ||y||. A 
reduction in the norm of x,“ [which results from the 
deletion of terms in (30)] is equivalent to a reduction 
in the amplitude ¢, of x,“ in the expansion (20b) for 
the core state ®. From Eq. (27) it can be seen that a 
reduction in ¢, implies a reduction in the amplitudes 
a," of all the modes of core distortion of order X. 
Similarly the deletion of forbidden terms from the state 
of the outer nucleon, Y,“*ni;/, in Eq. (21) is also 
equivalent to a reduction in the amplitude cy. 

Thus, a “coefficient of suppression” $,(c) can be 
defined, for each mode X of core deformation, as the 
ratio of the norm of x,*, for any projection u, when the 
exclusion principle is taken into account to the value 
of the norm of x,* when it is not. 


$,(c)=|| Pxa"| Ixx*ll, (31) 


where P is the projection operator which projects each 
state into the space of all states allowed by the exclusion 
principle. P, therefore, simply acts to remove all terms 
from any wave function which violate the exclusion 
principle. As implied by the notation, $,(c) is found to 
be independent of the z component of core angular 
momentum. It will always be less than, or equal to, 
unity. 

According to the preceding argument, §,(c) is the 
factor by which c, must be multiplied in order to take 
into account the effect of the exclusion principle as 
applied to the core state. But, besides suppressing the 
core deformation, the exclusion principle also acts to 
inhibit the recoil of the odd nucleon. This latter is not 
independent of u, but since the modified shell-model 
state described in Sec. III involves a summation over 
M, an average suppression factor can be defined 


8x(0) =[Qeul| PY nas'l|?/Leul| Pa *nas'||?}', (32) 
which is the factor by which c, must be multiplied to 
take into account the effect of the exclusion principle 


on the odd-nucleon recoil. Here, of course, nlj stand 
for the quantum numbers of the odd nucleon. 
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Fic. 1. The suppression factors for odd-Z nuclei for the A=2 
mode of core deformation are plotted as functions of Z,, the 
number of core protons. The circles show the calculated values 
for closed subshells, while the lines show the presumed approxi- 
mate behavior as the subshells fill. The broken line gives the core 
suppression factor S2(c), the dashed line gives the odd-nucleon 
suppression factor S2(o), while the solid line gives the over-all 
suppression factor $2. 


The over-all suppression factor for the \ mode of 
deformation is the product of the two effects: 


§,= 8, (0) 8, (c). (33) 


Since the amplitudes a)“ of all modes of core distortion 
depend linearly upon ¢,, 8 is the factor by which each 
a,“ must be multiplied in order to take into account 
the exclusion principle. It is a correction that must be 
applied if the core is treated as a liquid drop which is 
capable of being freely deformed. 

By a straightforward calculation it can be shown 
that $,(c) is given by the expression : 








fs] 2 
(=| E/|(vu¥oer—s) y 
r 
a |i, 
Y\"r*—; | ) (34) 
or | 














for any value of yu. Here, as before, >-’ is to be taken 
only over those states which are occupied in the shell- 
model core state. The other summation, }-*, is to be 
taken only over those states which are not occupied in 
the shell-model core state. With a little manipulation, 
the expression for $,(0) can be put in the form 


4r 
(=| —— EPL lens eviadaie)l], (35) 


2jHinvy ‘m 


for any value of u. 

Taking the radial parts of the single-particle wave 
functions to be those of the isotropic harmonic oscil- 
lator, the matrix elements in (34) and (35), summed 
over all states in each appropriate subshell, were evalu- 
ated exactly for the case A=2, with the help of the 
recurrence relations for the matrix elements of Y2* in 
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Feenberg and Pake.”! The calculations proceeded in a 
straightforward manner. 

The results are summarized in Fig. 1. This shows, 
for odd-Z nuclei, the suppression factors for both the 
core and outer nucleon as well as the over-all suppres- 
sion factor, all for the A=2 mode of core distortion. 
The suppression factors are plotted as functions of Z. 
The dots show the calculated values which are for 
filled subshells and these points are joined by straight 
lines for ease in visualizing the results. For heavy 
nuclei, the core suppression factor decreases slowly, 
having a value of about 0.80 for moderately heavy 
nuclei, while the outer-nucleon suppression factor 
fluctuates about a value of approximately 0.85. The 
over-all suppression factor $2 is about 0.72 for heavy 
nuclei. 


V. ENERGY OF DEFORMATION 
A. Core Energy 


Inasmuch as the shell-model state appears to be a 
valid first approximation for the nuclei under consider- 
ation, the nuclear Hamiltonian should be primarily 
that required by the shell model. In addition to this, 
a small residual potential energy due to the direct 
interaction between individual nucleons should be 
included. This includes the potential energy due to the 
Coulomb force between protons as well as that due to 
the short-range part of the specifically nuclear forces. 
The latter will here be assumed to consist of two-body 
forces. It is reasonable to assume that small deforma- 
tions will not affect the shell-model potential, which is 
to be considered more or less as a long-range potential. 


H= Ait+Hs-o+ > U (rij), (36) 


i<j 


where H,, is the harmonic-oscillator Hamiltonian and 
H,_. is the spin-orbit energy. 


An=D il p2/2M— VotLlVi1 
H,.= —K is s;°lj. 


Thus, H,+H,_. is the shell-model Hamiltonian. The 
choice of the harmonic-oscillator potential was made 
for computational convenience. It has depth Vo and 
should become zero slightly beyond the nuclear radius. 
Then, instead of remaining zero, it continues on to 
infinity for increasing r. Thus, the radial wave functions 
used here will tend to zero more rapidly than do the 
actual wave functions. The spin-orbit energy is here 
approximated by a constant K times s-l. The value 
for K needed to explain the doublet splitting is such 
that Kh? is of the order of 2 Mev.” This value will be 
used in the numerical computations below. 


(37a) 
(37b) 


(r;/Ro) F} ’ 


21. Feenberg and G. E. Pake, Notes on the Quantum Theory 
of Angular Momentum ay 0 § Wesley Publishing Company, 
Inc., Cam ridge, 1953), pp. 39-42. 

2A E.S. Green, Phys. Rev. 104, 1617 (1956). 
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1. Two-Body Potential Energy 


Instead of performing a detailed calculation, the 
contribution to the core potential energy due to two- 
body forces can be approximated by considering the 
core to be a uniformly charged incompressible liquid 
drop. Expressions for this energy in this approximation 
can be found in the literature (see, e.g., Milford®). Thus, 


3 Zé rA—-1 
a(v)=¥| Resa+2)a—1)-——— | 
hu 4dr Ro 2A+1 


Xf lasr(e.)|*Mpe(t.)dre (38) 


The symbol A denotes that this is a change in energy 
due to the deformation. The first term in the square 
brackets is the surface energy term due to short-range 
nuclear forces (a volume term has been omitted since 
it is assumed that all deformations preserve constant 
volume), while the second term gives the Coulomb 
contribution. Equation (38) differs from the customary 
expression in that the deformation coefficients a," are 
functions of the instantaneous position of the outer 
nucleon, and |a “|? is therefore averaged over all 
positions of the outer nucleon. 

The deformation coefficients a,“ are given by Eq. 
(27) in terms of the shell-model core density. (They 
must, however, be corrected for the suppression due to 
the exclusion principle as described in the previous 
section.) Instead of using the correct expression, Eq. 
(26), for the shell-model core density, this quantity 
will be approximated by a constant p, within the 
nuclear volume, and zero outside. This is consistent 
with the over-all liquid-drop treatment of the term 
A(U,). In this approximation, with the suppression 
taken into account, the a,“ are given by 





a= —€,8,V ."* (80,0), (39) 
from which it follows that 
2+1 
A(U.=> (8s) RAS O+2) (A— 1) 
 4r 
3 Ze rA-1 (40) 
4x Ro 241) 


2. Individual Particle Energies 


Let Q. be a sum of single-particle scalar operators, 
the sum being taken over all core nucleons: 


O-« ” Li Oi, 


such that the individual particle states are eigenstates 
of the single-particle operators Q;. The eigenvalues 
will be denoted by g;. Under those restrictions Q, may 
be the shell-model Hamiltonian for the core nucleons, 


(41) 
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the core spin-orbit energy operator H,_., or just the 
sum of the kinetic plus potential energies H,. Defining 
A(Q.) to be the change in the appropriate core energy 
due to the deformation : 


AQ.) = (Q.) <n (Qc)shetl, 


it is found, after some manipulation, that to the first 
order in (c,)?, A(Q.) is given by 


(42) 





2A+1 
AQ.)=X - [cx8,(0) P 
Ar 
a 2 
Pde. aan (vs.¥srr—vi) [qx—q;]. (43) 
ih or 








In Eq. (43) the exclusion principle has been taken into 
account. The factor $,(0) describes its effect on the 
odd-nucleon recoil, while its effect on the core defor- 
mation is accomplished by summing over appropriate 
states, the summations }>’ and }-* being taken over 
filled and vacent states respectively. Equation (43) has 
a very simple interpretation. Because of the deforma- 
tion, each core nucleon has a finite probability that it 
will be raised to a vacent level. The probability that 
the nucleon normally in the state y; is elevated, by the 
deformation mode of order A, to the vacant state y; is 
given by a factor times the absolute value squared of 
the matrix element of Y,“r(d/dr) ; namely, [$,(0)c, ? 
[(2A+1) /44]| We, ¥n4r(0/Or)y,)|*. The factor gx—g; 
obviously gives the change in the appropriate energy 
which results from this elevation. 

In using Eq. (43) to calculate the core kinetic plus 
potential energy and spin-orbit energy, the eigenvalues 
qg; are given as follows: 


For O=H,, 
then Qntim= hoo 2(n—1)+1+3]—Vo, (44) 
For 0=H,-o, 

then Qniim= — 3K e(1+-}3) —3], 


where e= +1 for 7=/+} and w=[2V1/MR¢ }}.* Since, 
for the harmonic oscillator, the energy is evenly divided 
between potential and kinetic energy, it follows that 


A(T .)=A(V -) =} (AE) cores (45) 


where T. and V, stand for the core kinetic and shell- 
model potential energy operators, respectively. For the 
shell-model Hamiltonian this even division is true only 
of the incremental energies, inasmuch as a constant 
potential term —V, is added to the harmonic-oscillator 
Hamiltonian. 


23 Mayer and Jensen, reference 16, Appendix A.I, Sec. d. A 
factor 2 should be inserted in the numerator of the radical for 
the expression for Aw given on p. 236. 
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B. Outer Nucleon Energy 
1. Short-Range Potential Energy. 


For this term in the energy it will be assumed that 
the outer nucleon has potential energy — Uo if within 
the nuclear volume and zero if outside. This is again 
consistent with the treatment of the short-range part 
of the nuclear energy by considering the core to be a 
deformed drop. Substituting the values Eq. (39) for 
the a,” into the expression given by Milford for this 
energy term, it is found that 


A(U 0) =U oR&| Rni(Ro) |? Len Cx$,(2A+1)/4, 


where A(U,) is the increment in short-range potential 
energy of the outer nucleon due to the deformation. 


(46) 


2. Individual Particle Energy. 


As with the core nucleons, the outer nucleon may 
also be elevated to vacant excited levels due to the 
deformation. This has been referred to as the “recoil’’ 
of the odd nucleon. After some manipulation similar to 
that used in deriving Eq. (43), it can be shown that 





me) 
A(Qo)= LLeaS8a(c) P IIxx°||? 
r 2j+1 
X LD | eve Va Wars™ |? Lge — nis]. (47) 


n'l’7’ m 
This result is valid to the first order in (¢,)*. With the 
appropriate eigenvalues [Eq. (44) ], the change in the 
appropriate energy of the outer nucleon due to the 
deformation can be calculated. 


C. Summary 


Collecting the results of Paragraphs A and B of this 
section, the change in energy due to the deformation 
is, to terms of order (c,)*, of the form: 





AE=))[ Anox+Ba(cr)*], (48) 
where 
A,= UoRo®| Rni(Ro) |?8,(2A+1)/42, (49) 
By= By +B,2+B,®, (50a) 
2A+1 
By =[S8)} : [Resta (A—1) 
T 
3 Ze r—-1 
-—— ——h (50b) 
4r Ry 2A+1 


2A+1 
4a 
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ce he (var Fite dares) 
r 


n’l’j!m! nll'' ys’? | 





By =[81(0)F 


X {hol 2n” +1" —2n'—1'7 


— 3 Khe" (l"+3)— (U+4)]},  (50c) 
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2+1 
B,® =[8)(c) P—|xa°||? 
2j+ 


1 
XxX p ag Ll Wary Vax Wars) |? 


n'l’7’ m 


X {hw 2n’ +1! —2n—1] 
—} Khe’ (l’+3)— (1+) ]}. (50d) 


It can be seen, from Eqs. (48), (49), and (50), that 
the model here described is similar to that of Rainwater. 
It differs in that (a) it allows for deformations other 
than those of order \=2, (b) it is a legitimate quantum- 
mechanical state with odd-nucleon recoil correctly 
accounted for, and (c) it includes the effect of shell- 
model energies in the deformation. As with the Rain- 
water model, the coefficients c, which minimize AE are 
simply given by 

























x= — A)/2B. (51) 


VI. QUADRUPOLE MOMENTS 


To order (c,)?, the quadrupole moment which follows 
from the state Eq. (21) is given by 


0=0.[1—c2(3Z-Re?/4a(r.2)) ], (52) 


where Q and Q, stand for the total quadrupole moment 
and the quadrupole moment due to the outer nucleon, 
respectively. Here, Z, gives the number of protons in 
the core. Substituting into this expression the value for 
¢2 which minimizes the deformation energy, then: 


Q0=Q.[14+ (A2/2B:) (3Z.Re?/4xr(r.)) ]. 


Inasmuch as both A» and By will be positive for all 
nuclei for reasonable values of parameters, it follows 
that the effect of the deformation will merely be to 
amplify the magnitude of the quadrupole moment 
that follows from the shell model. 


(53) 


VII. NUMERICAL COMPUTATIONS 
A. Parameter Values 


Caution should be exercised in drawing quantitative 
conclusions from a model in which there are five 
adjustable parameters. These are the ranges and depths 
of the shell-model and short-range potentials and the 
spin-orbit coupling constant. Nevertheless these pa- 
rameters cannot be avoided, since it is generally believed 
that all these potentials are present. Moreover, the 
acceptable values of the parameters are substantially 
agreed upon by most authors. (For example, the value 
for the quantity Ro’Uo|Rni(Ro)|* is taken to be 40, 
45, and 50 Mev, respectively, by Kerman, Mayer and 
Jensen, and Milford.) The principal defect is the 
assumption of the harmonic-oscillator potential for the 
shell-model potential which, together with the spin- 
orbit energy, gives incorrect level spacings and order 
within each shell. This defect does not, however, 
invalidate the calculations of this section, since it will 
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be shown in Part D, that the deformation is primarily 
achieved by the scattering of nucleons into vacant 
states which differ in energy from the filled states 
by 2hw (~13 Mev for moderately heavy nuclei). Com- 
pared to this figure, a 1- or 2-Mev error in the energy 
of any given level can be neglected. 

The depth of the shell-model potential Vo was taken 
to be 30 Mev and V, was set at 25 Mev in order to 
make this part of the potential become zero a short 
distance beyond the nuclear radius. With this value 
for V;, the quantity fw is found to be 30/A! Mev. As 
mentioned earlier, the spin-orbit constant was so chosen 
that Kh? is equal to 2 Mev.” These values are sub- 
stantially the same as those used by other investigators 
and cannot be changed by more than 50% without 
ruining the successes of the shell model. The short-range 
potential is less definitely determined. In these compu- 
tations the value U» equal to 54 Mev, suggested by 
Mayer to account for the odd-even binding energy 
shift, will be used. This value is somewhat higher than 
the values customarily used. The range of the short- 
range potential is effective only in determining the size 
of the surface-tension coefficient S due to this potential. 
For a reasonably short range, the surface energy due 
to the short-range force is small by comparison with 
other terms. It will be neglected here. 


B. Core Deformation Energy 


With the parameter values given in the preceding 
paragraph, the increment in core kinetic plus shell- 
model potential energy A(E,) and spin-orbit energy 
A(E,-.) due to the deformation of order \ equal to 2 
were evaluated exactly for nuclei with up to 50 protons. 
The matrix elements were computed as described in 
Sec. IV, using Jharmonic-oscillator wave functions. 
These results are presented in Figs. 2 and 3. Figure 2 
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Fic. 2. The core potential (or kinetic) energy per unit defor- 
mation, $A(E,)/2,|a2"|? is here shown as a function of Z-, the 
number of core protons. The circles represent the calculated 
energies in Mev as each subshell is closed. The solid line is a 
smooth approximation to these values. For comparison, the 
surface energy used by Milford is shown by the broken line. 


* M. G. Mayer, Phys. Rev. 78, 22 (1950). 


IN MODIFIED SHELL MODEL 


495 








4F 
> 
3 oe 
= 
2r 
IF 
Or 
—IF 
= f f t 
28 50 82 
1 i 1 | 
.@) 20 40 60 80 
Ze or Ne 


Fic. 3. For the A\=2 mode of core distortion, the spin-orbit 
contribution of either type of nucleon to the core deformation 
energy per unit deformation, A(E,-o)/2,|a2"|*, is plotted as a 
function of the core nucleon number Z, or N.. The circles represent 
the calculated values as each subshell is closed. The broken line 
approximately represents the presumed behavior between closed 
subshells. 


shows how the core kinetic or shell-model potential 
energy “per unit deformation,” }A(E,)/>_,.| a2“|*, varies 
as a function of the number of protons in the nucleus 
[see Eq. (45) ]. The points represent the calculated 
energies (in Mev) as each subshell is closed. The solid 
line represents a smooth approximation to these points. 
For comparison, the surface energy used by Milford 
(which he obtained by using the surface-energy coeffi- 
cient from the semiempirical binding-energy formula) 
is shown by the dashed line. These results will be 
discussed in Part D. 

Figure 3 shows the spin-orbit contribution to the 
energy of the mode \=2 of core distortion, due to one 
type of nucleon only. This is seen to be peaked at the 
magic numbers owing primarily to the fact that the 
closing of a shell removes from the list of vacant states 
a subshell with a large negative spin-orbit energy (1 f7/2 
at 28, 1go/2 at 50, etc.). Because of this, all nucleons 
which previously were scattered into this subshell by 
the deformation, must be scattered elsewhere and end 
up in states with a less negative or even positive spin- 
orbit energy. This has the effect of raising the total 
spin-orbit energy of core deformation. However, as 
can be seen by comparing the ordinates of Figs. 2 and 
3, the magnitude of the spin-orbit energy is small by 
comparison with the “surface energy.”’ 


C. Closed Shell at Z=50 


Inasmuch as the model presented in Sec. III is, at 
best, valid only near closed shells, comprehensive calcu- 
lations were carried out for nuclei in the region of the 
closed proton shell at Z=50. Unfortunately these 
nuclei do not also have closed neutron shells. Although 
the results reported below are specifically for the nuclei 
s91n""*-18 these values are substantially the same as the 
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TABLE I. Excitation probabilities. 

Core protons Core neutrons Odd nucleon 
Prob- Prob- Prob- 
ability AE, ability AE, ability AEs 
0.07 0 0.05 0 0.53 0 
0.83 hw 0.85 2huw 0.39 hw 
0.08 dtu» 0.08 4hw 0.05 4hw 
0.02 6hw 0.02 6hw 0.03 Ohw 








model would predict for other nuclei as well. Referring 
to Eqs. (48), (49), and (50), and using the parameter 
values given above, the following values are obtained : 


BLY =—5 Mev, B,°=187 Mev, Bz =99 Mev, 
B.= B+ B, +B, =281 Mev, A2=28 Mev. 


Here the core consists of 50 protons, and the “odd 
nucleon”’ is a 1g9/2 hole, which has a positive quadrupole 
moment. The quadrupole moment at equilibrium defor- 
mation, given by Eq. (53), is found to be Q=Q.[1 
+0.60]. (A value Q=Q.(1.33) would be obtained if the 
more generally accepted value Up=30 Mev were used.) 
Hence, the core deformation amplifies the shell-model 
quadrupole moment by 60% (or 33%). A comparison 
with the experimental data shows that this amplification 
is in the right direction, but too small by a factor 3.7 
(or 6.7). 


D. Discussion of Numerical Results 


Whereas other odd-nucleon-plus-liquid-drop models 
give quadrupole moments which are too large, this 
model gives quadrupole moments that are too small. 
There are two reasons for this difference. First, the 
effective surface energy due to nucleon excitations is 
much larger than the surface energy that results when 
the coefficient of surface tension obtained from the 
binding-energy formula is used. This can be seen in 
Fig. 2. Second, the odd-nucleon recoil energy, (c2)*B2, 
is comparable in size with the surface energy, (c2)?B,. 
(This is to be expected, since each time a core nucleon 
is scattered to a higher level, the odd nucleon is also 
scattered to a higher level.) 

Before drawing any conclusions from the results of 
this section it is necessary to determine whether the 
collective deformation studied in this paper is an 
energetically economical deformation. Therefore, in 
Table I, the probabilities that the various nucleons are 
elevated in energy by the amounts 0, 2/w, etc., are 
listed for indium. 

It can be seen from Table I that the tidal deformation 
under discussion is brought about principally by the 
elevation of nucleons by an amount 2/w. An attempt 
was made to reduce the excitation energy (for the V2 
mode of deformation) by deleting from the state (21) 
not only those terms which violate the exclusion 
principle, but also all those terms in which any nucleon 
was elevated by an amount 2/w or more. This does not 
mean that the excitation energies were zero, since here, 
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more realistic energy spacings had to be used. Only the 
1go/2 protons were allowed to be excited to 1g7/2 and 
2ds/2 levels for which the average excitation energy was 
taken to be approximately 9 Mev, and only the 17/2 
and 2ds/2 neutrons were allowed to be excited into 2d3/2 
and 35,2 levels, for which the average excitation energy 
was taken to be about 2 Mev. The resulting deformation 
still retained the “Y2 shape,” but it no longer followed 
the motion of the odd nucleon. As expected, the equi- 
librium amplitude cz was thereby increased (by a factor 
of three), but owing to the deletion of terms required 
to obtain this increase, the actual equilibrium distortion 
AR(@,¢) was considerably reduced. [As pointed out in 
Sec. IV, regarding the effect of the exclusion principle, 
the deletion of terms is equivalent to a reduction in 
the amplitude c:. This latter effective reduction more 
than counterbalanced the increase. From Table I, it 
can be seen that over 90% of the distortion had to be 
discarded in order to obtain the indicated increase in 
¢2, so that the new distortion was approximately 
(0.1) X (3) times as large as the old distortion. ] 


Vill. A MORE GENERAL MODEL 


Previous sections have dealt with a single odd 
nucleon outside complete subshells. Now a scheme will 
be considered for dealing with several particles outside 
the complete subshells, to obtain, in a self-consistent 
manner, the configuration assumed by these nucleons 
in the presence of the core which they have deformed. 


(1) Assume a configuration for the outer particles. 
(2) Construct a modified core by making the substi- 
tution 


r—rit f(r) Lg (Bic) +g (0:02) + ci | 


for the radial coordinate of the ith core nucleon in the 
core wave function. (Here, o', 0, --- represent the 
outer nucleons.) All the outer nucleons are responsible 
for the core distortion. This substitution will yield a 
state similar to that given by Eq. (17) except that the 
second term in the brackets must also be summed over 


all outer nucleons. 


@=[1—D0; Dee’ (Re (rn) /Re(re)) f (re) 2 (Oxo8 ] 
XII Ri(r)2i(o,). 


(3) Calculate the total nuclear energy, and find the 
deformation function g(6) (or, equivalently, the expan- 
sion coefficients c,) which minimizes this total energy. 

(4) Repeat this process for other possible configura- 
tions. 

(5) The nuclear state should then be the configura- 
tion which gives the lowest possible minimum. 


IX. APPENDIX 


For the sake of notational convenience, a new 
bilinear operator {U,V}, will be introduced which 
stands for the following sequence of operations: 
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(1) Multiply V by the Hermitian conjugate of U. 
(2) Take the inner product over the spin coordinate 

of the &th core nucleon. 
- (3) Take the inner product over all coordinates of 
the remaining core nucleons. 

(4) Replace r; by r. 
Note that the odd nucleon is unaffected by {U,V};,. 

To obtain the simultaneous probability of finding 
the odd nucleon in the volume element dr, at r, and 
some core nucleon in dr at r, the nuclear wave function 
(21) must first be multiplied by its Hermitian conjugate. 
Then, the inner product must be taken over the spin 
coordinates of the odd nucleon and the &th core nucleon 
and all coordinates of the remaining core nucleons. 
Next, r must be substituted for r,. Multiplying by 
dr dr gives the simultaneous probability of finding the 
odd nucleon in dr, at r, and the &th core nucleon in 
dr at r. Summing & over all core nucleons broadens the 
latter to the simultaneous probability of finding the 
odd nucleon in dr, at r, and any core nucleon in dr at 
r. This is denoted by P(r,,r)dr.dr. 


P(r,,r)dr dr 
= (Wntj?(0) Wnrj?(0) oe {P+ Law Orn¥ "* (@o) xa", 
Bet Dinw Cv Vr" * (Wo)xn” bad tol. 


Keeping only those terms up to the first order in the 
deformation, 


P(Fo,8) = (Wnts? (0) Wnts? (0) doe’ (Pe, Pa} x 
+¥ ay cr2 ReVy"* (wo) {Ps,xr"} x]. 
Now, 


De {h.,8.}4=Mpac= Le ni Rail) P(27+1)/4, 


and 


(®,,x."}e= } []y’ Yilri,on), 
o 
Xi Y"(od f(r )\— IV ¥ilri,@,) : 
Or; k 


In the_last equation, two types of terms result, in the 
summation over j, one type when j is equal to k and 
the other when j is not equal to k: 


0 
(b0*h= (va(rso) Yar(w) 0)—Valre)) 


0 
+(voYf—He) S eiieadiediadhs 
or ixk 


Adding and subtracting a term"with 7 equal to_k in the 
second expression and writing 


0 
(Yar f(O—n) = dnb: 5,0, 
or 
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where a; and 6,, are defined by 


te) 
oui=( Rus f(7)—Ral) bi), x™= (Qi, V°21;"), 
T 


and remembering that the subscript & stands for the 
entire set of quantum numbers ni jm; then 


(Bu,xr"} c= Re (r) Re’ (1) f(r) Yn" (@) (Qk (@) 2: (0)) 
+ayb,, 9 u0f Pec as [Ri (r) PO (@) 2 (@) )} . 


Carrying out, now, the summation over k and using 
the fact that ** 


De be x=Dontj Dom 54;,.."=0 when +0, 


the contribution of the p,, term in the brackets vanishes, 
so that 


{P.,xr"} c= (Qi (@) ,Q (@)) 
d 
x| Filelsfiy — axdy, 0 RAC. 
dr 


Substituting the result for {#,,x,“}, into the above 
expression for P(r.,r) and, at the same time, replacing 
the subscript & by the set of quantum numbers for 
which it stands: 


P(r,,r) = Was OWantO)| Mpact Cy2 ReY,*"*(.) 
Au 


d 
XE! rs (w) ey" (w))( YH) 
Tr 


n'l’j/m’ 


~eurbry "bu \ERee P| 

Now, for any /’;’, 
Lem (Qu °™ Qy p™) = (27 +1)/4e. 
Further, it should be noted that the 6,;,," are merely 
the expansion coefficients of the angular part of the 
probability density function: 
(Q1;",Q1;") = » bij, owY,°. 
These coefficients satisfy the orthogonality relationships 
Lem bi5,.01;,e"=0 if Av. 


Incorporating these results into the expression for 
P(r,.,r), and noting that all terms are real, this becomes 


P(t0,8) = (Wnts4(0),Wnrj4(0))} M— pect Diru Cx2Vy"* (wo) 





n'l’ 7’ 


7s An Ouo Dom (by y, r™’)?V)°(@) )ERe on? ; 





d 
Y\*(@)3 f(r)— 
dr 


6 This is just a restatement of the fact that the mass density 
of a full shell is spherically symmetric (i.e., has no angular de- 
pendence). 
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Finally, integrating over dr to find, to the first order in 
the deformation, the probability of finding the odd 
nucleon in dr, at r, for any core configuration, 


P(¥0)d 7 o= (Wnts? (0) Wnij?(0) )dto= Mp o(8o)dTo. 


(Note that /Y,“dw=0 for A, 40 and that d is not 
allowed to assume the value zero.) Thus, 


P(r.,r)dr dr=M~"po(to)droM p.(fo,r)dr, 


where the contents of the curly brackets in (54) 
constitute M~'p,(r.,r). Thus, the core density can be 
written in the form 


Pe(To,¥) - Bo" (For) Y°° (@) +2 By* (Fo,7) Y,*(@), 


where, upon equating respective coefficients of the 
various spherical harmonics, expressions are obtained 


for Bo°, Bx°, Bx*: 


M 
Be=—— DL’ (2j’+1) [Rev (9) F, 








= (55a) 
(4a)! ni"7’ 
27’+1 d 
By°= Mey Vy°(80, ¢0) z| f(r)— 
nil 4 dr 
=2ayer Eber") |ERev Fr (880 
2j'+1 4d . 
By"= MeV y"* (00,0) Do’ F(r)—LRwv (7) P 
nj’ Aor dr 
for wx#0. (55c) 


The coefficients a,“ are easily found, with the aid of 
Eqs. (8) and (12), to be 


2 
atm er Oreo) } dn (27’+1) 
n’l’;’ 


Vive 





4or 
x 1-; > (br 5,.™ | (56a) 
27’+1 m’ 


2 
an ca a Cnee) Daw (2j’+1) for w#0. (56d) 


ive n'l’7’ 
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TABLE II. Values of [42/(27+1) ]2m(bij,n™)?. 











I j A=2 4 6 . 
iat 0 0 0 
; 3/3} 0.20 0 0 0 
: +3} 0.23 0.10 0 0 
: a) 0.24 0.12 0.08 0 
3 V2} 0.24 0.13 0.08 0.04 








where NV, gives the number of nucleons in the core. 
These, together with Eq. (1), define the core surface. 
It is seen from the Eqs. (56) that the core deformation 
is a function of the instantaneous position of the odd 
nucleon, as is to be expected, if the core deformation 
is due to a tidal effect produced by the odd nucleon as 
it pursues its orbit. 

Table II lists the quantity [4m/(27+1) ]¥>m(b1;,.™)* 
and it can there be seen that this quantity is small 
compared to unity. Thus, this term can be neglected 
in (56a) and furthermore, inasmuch as the integrated 
contribution is small, that term in (55b) which gives 
rise to this term in (56a) can also be neglected. The 
expressions (55c) and (56b) therefore hold when y is 
equal to zero as well as when it differs from zero. It is 
worth noting that, since the core mass density in the 
shell-model approximation, pcs, is given by 


Pes = (M/4r) 2 (27’+1)[Rwv (r) f. (57) 
n'l’j’ 
Equations (55) can be expressed in the form 
7] 
By*(ro,r) aes‘) Y,“* (0., Pe) f(r) pes (58) 
Tr 


for all values of uw, and (56) can similarly be restated, 
for all values of yu, as 





ay*(ro) — 


4 » 0 
CrV ."* (00, G0) J f(r) (<p... (59) 
3MN. 0 or 
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Single Configuration Analysis of Li'} 
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The energy level and static moment data of Li® are analyzed in terms of the intermediate coupling model 
with the usual assumption of a (1s)* (1p)? configuration. The matrix elements of the central, spin-orbit, and 
tensor forces are derived from the data. The potential implied by the data has a central force strength which 
is larger than that expected from the two-nucleon analysis and has a different spin dependence. The tensor 
part of the potential is found not to be necessary for a satisfactory energy-level structure, and an extremely 
weak tensor force is called for by the small quadrupole moment. The magnetic moment is too large by about 
six percent. An extensive numerical study has been made of two-body potentials with parameters adjusted 
to give the correct binding energy and quadrupole moment to the deuteron and no simultaneous fit of the 
lithium energy levels and quadrupole moment seems possible. 


1. INTRODUCTION 


HE original intermediate-coupling calculations of 

Inglis,! in which the perturbing Hamiltonian 
consisted of a central internucleon potential plus a one- 
body spin-orbit interaction, showed that the levels of 
Li® were consistent with a degree of intermediate 
coupling near the LS limit. Tauber and Wu? confirmed 
these results using a variety of central potential shapes, 
ranges and depths. In addition, they calculated the 
magnetic moment which they found to be off by six 
percent and insensitive to small changes in the wave 
function. Elliott? and Regge‘ have investigated the 
intermediate-coupling theory of Li® with tensor forces 
included in the internucleon potential. The energy 
levels were found to be unimproved, and Elliott found 
that the wave function was not sufficiently improved to 
reproduce the correct magnetic moment. Adkins and 
Brennan® made similar calculations, but in reverse 
order, choosing a wave function which gave the correct 
ground-state moments and finding sets of potential 
parameters which would reproduce the wave function. 
This was found to be possible for a wide variety of 
parameters, but none of the potential parameters 
approximate those deduced from the deuteron data. 
In addition, they had difficulty in placing the J=2, 
T=0 level correctly. 

The energy levels of Li® are now sufficiently well 
known that it is possible to analyze them in terms of 
the intermediate-coupling model without making as- 
sumptions quite so restrictive as have been required by 
previous investigations, i.e., the energy matrices can be 
at least partially inverted to give relationships among 


+ Part of a doctoral 2 submitted to Catholic University of 
America, Washington, D 

* Present address: Palmer amas Laboratory, Princeton 
University, Princeton, New Jerse 

1D. R. Inglis, Phys. Rev. 87, O18 (1952); Revs. Modern Phys. 
25, 390 (1953). 

2G. E. Tauber and T. Y. Wu, Phys. Rev. 93, 295 (1954). 

3J. P. Elliott, Proc. Roy. Soc. (London) A218, 345 (1953). 

4'T. Regge, Nuovo cimento 11, 285 (1954). 

5 R. Adkins and J. G. Brennan, Phys. Rev. 99, 706 (1955). 


the matrix elements. In the present investigation this 
is done and the matrix elements so derived are related 
to potentials deduced from the two-nucleon data. An 
attempt was made to improve the intermediate-coupling 
wave function by including tensor forces. It is shown 
that the quadrupole moment can be improved in this 
way but not the magnetic moment value. The potential 
which gives the best results to all the data has a central 
strength somewhat greater than one would like and a 
tensor part which is extremely small. 


Data 


The ground state of Li’ is a J=1, T=1, even-parity 
state with a magnetic moment of 0.822 nm and a static 
electric quadrupole moment® of 2.3X10-5 cm?. The 
accuracy of this latter value is about fifty percent. The 
sign of the quadrupole moment is unknown. Throughout 
this investigation we shall assume that Li® is adequately 
described by the single configuration, (1s)*(1p)*. The 
most general wave function which can be formed from 
this configuration with the symmetry of the Li® ground 
state is 


W=C, *S1+C2 1Pi+Cs3*Dj. (1) 


The magnetic moment and the quadrupole moment can 
be used to fix C,, C2, and C3. The magnetic moment 
alone requires that 0.85< |Ci|?< 0.90; C,? and C;? 
much smaller. The quadrupole moment in terms of 
wave function Eq. (1) is given by 


(Q)= —$e(r?)[ (1/4/5)CiCs+ (7/40)C3?— (1/4) C22]. (2) 


In order to evaluate this, one must first assume a value 
of (r*), the mean square displacement of the p shell 
proton. Actually the value of the quadrupole moment 
is so small that the amplitudes, C;, are not sensitive to 
this value. In what follows, a value? of 


(r?)=7.8X 10-26 cm? 
6 T. P. Das (private communication). 


7R. A. Ferrell and W. M. Visscher, Bull. Am. Phys. Soc. Ser. IT, 
1, 17 (1956). 
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is taken. The magnetic moment, quadrupole moment, 
and normalization can now be utilized to give approxi- 
mate values to the wave function coefficients, i.e., 


|Ci|*=0.85, |C2|*~0.14, |C3|?~0.01. 


The exact values of neither the magnetic moment nor 
the quadrupole moment should be used to fix the ampli- 
tudes, because there are many theoretical and experi- 
mental uncertainties involved. Even though the usual 
meson currents cancel for a self-conjugate nucleus such 
as Li®, there are contributions of unknown magnitude 
which arise from the spin-orbit interaction*® and from 
relativistic effects. These effects are often estimated to 
be of the order of 0.1 nm; hence one should not neces- 
sarily reject a theoretical magnetic moment which 
differs from the experimental value by this amount. 
A magnetic moment larger than the value 0.879 (which 
is obtained in the Russell-Saunders limit C.=C;=0) 
cannot be obtained with wave function Eq. (1). It is 
seen, however, that the intermediate coupling model 
gives a wave function which is very close to the Russell- 
Saunders limit ; hence any theoretical magnetic moment 
which is larger than the experimental value but less 
than 0.879 cannot be rejected. Accepting the estimated 
error of fifty percent in the quadrupole determination 
as exact, the quadrupole moment must be less than 
3.5X10-*8 cm?. Dividing by the assumed value of the 
squared radius, we obtain 


— 0.0045 < (Q)/(r?) < +0.0045. (3) 


Since the quadrupole moment is sensitive to small 
details of the nuclear wave function, such as small 
admixtures of higher configurations, the above value 
should not be taken too seriously. Instead we shall 
arbitrarily take any theoretical value of the quadrupole 
moment as satisfactory which is within twice the above 
limits. 

Information concerning the wave functions of the 
excited states of Li®, principally the (J,7)= (1,0) level 
at 3.57 Mev as well as information about the ground 
state, might be obtained from the ft value of He*—Li® 
beta decay and from the Li’(p,d)Li® cross section.’ 
Because of the experimental uncertainties involved 
however, these data indicate only that Li® is very near 
to the LS coupling limit. These data shall not be con- 
sidered further. 

The energy spectrum of Li® is given by Ajzenberg 
and Lauritsen." The first six levels listed by these 
authors are assumed by us to belong to the lowest 
(1s)*(1p)? configuration, and to be identified correctly 
by the diagram of Inglis.1 The energy level diagram 
gives only energy spacings relative to the ground state; 
absolute energies may be obtained by calculating the 
absolute energy of the ground state from neutron and 


8 J. H. D. Jensen and M. G. Mayer, Phys. Rev. 85, 1040 (1952). 

® T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 

1 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 








T. PINKSTON AND J. G. BRENNAN 


proton separation energies. If one measures from the 
ground state, the energies of Li'+-m and He'+ are 
5.50 Mev and 4.66 Mev, respectively. The energy of 
He*+n-+ p is 3.70 Mev; hence the interaction between 
the alpha particle and the p shell particles is +6.46 
Mev. Since the LS representation is to be used, the spin- 
orbit energy of (P;)?, (—1.67 Mev), must be subtracted 
from the above energy value. This places the (1p)? 
configuration, without interparticle interactions, 8.13 
Mev above the ground state; hence the lowest eigen- 
value of the (1)? matrix must be —8.13 Mev. 


2. INTERMEDIATE COUPLING CALCULATIONS 


For the present let us limit the potential to the form 


dV, AN+E X bi. (4) 


V.(i,j) is a central potential which is multiplied by 
some exchange operator. ¢ is assumed to be a constant 
number. The (1)? matrices of this potential are given 
by Tauber and Wu? and will not be repeated in their 
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Fic. 1, Magnetic moment vs ground-state energy. The lower 
horizontal line is the experimental value of 0.822 nm. The upper 
line is the value 0.879 nm which would result if the ground state 
were pure 45; state. 


entirety here. The energies of the (2,0) and (3,0) 
excited levels are given by 


E(2,0)= (*D, Ve*D)—3¢=D-25, 
E(3,0)= @D, V.*D)+¢=D+f¢. 
The ground-state energy E, and the coefficients C; of 


the wave function (1) are the solutions of the following 
matrix equation: 


(Au— Ey)Ci+- AC 2=0, 
H2Ci+ (Ho2— E,)C2+H23C3=0, 
H32C2+ (H33— E,)C3= 0, (6) 
Hu= (?S, Ve*S)=S, Ha=(1P, Ve'P)=P, 
Hy3=D-%, Hw= (3) = — ($)*Hos. 


(5) 


If the experimental level spacing values, E(2.0)—E, 
=4.52 Mev and E(3,0)—E,=2.19 Mev, are used to 
eliminate E(2,0) and E(3,0), five equations in seven 
unknowns: S, P, D, E,, Ci/C3, C2/C3, and ¢, are ob- 
tained from Eqs. (5) and (6). Five of these unknowns 
can then be solved for in terms of the other two. In the 
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present work all the other unknowns will be obtained in 
terms of E, and P. The resulting expressions for S, D, 
and ¢ are then inserted in the secular determinant of 
Eq. (6). A cubic equation results whose coefficients 
depend on the two parameters E, and P. If E—E, is 
formally divided out, a quadratic equation remains, the 
roots of which are the energies of the excited (1,0) 
levels. The magnetic moment and the electric quad- 
rupole moment can be calculated from the expressions 
for C:/C; and C2/C;. In Figs. 1-3 the magnetic moment, 
the quadrupole moment, and the position of the first 
excited (1,0) level, E*, are plotted as functions of E, 
for three choices of P. Values of P=—2 Mev, 0, and 
+2 Mev are used. The energy curves for P=+2 and 
for P=0 are seen to be satisfactory since they yield 
a value, Figs. 1, 2, and 3, of E*—E,=5.6 Mev and 
5.4 Mev respectively for values of E, of about —8 Mev, 
the empirical value. For P=—2 Mev, the energy 
spacing is too low in the region where £, is about —8 
Mev. The quadrupole moment is seen to be always 
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Fic. 2. Quadrupole moment vs ground-state energy. The shaded 
area represents the region of acceptable values. 


positive and too high in the region of interest. The 
magnetic moment is too high and quite insensitive in 
the —8-Mev region, but the discrepancy is within the 
theoretical limits mentioned in the previous section. 
Table I gives approximate values of the potential 
matrix elements which will give the correct level struc- 
ture for the T=0 levels. P may lie anywhere in the 
region, 0< P< 2. L and K are the direct and exchange 
integrals of the central force. 

While it is clear that the quadrupole moment is too 
large in this model, it is not clear just how sensitive it 
is to the degree of coypling. (Q) has therefore been 
calculated as a function of ¢ by use of the central force 
matrix elements of Table I to see what the result of a 
small change in ¢ will have on (Q). For this and all 
future considerations P is taken as zero. This simplifies 
the calculations and can be justified because of the 
insensitivity of the previous results to the exact value 
of P. The two-nucleon scattering data also favor a near- 
Serber force for the odd-parity singlet states. The 
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Fic. 3. Energy of the first excited (1,0) level minus the ground- 
state energy vs the ground-state energy. 


dependence of (Q) on ¢ is plotted in Fig. 4. The smallest 
(in magnitude) value of ¢ which is consistent with the 
imposed limit on (Q) Eq. (3), is ¢=—1.0 Mev. We con- 
sider such a small value as unsatisfactory, especially 
since tensor forces have been neglected. 

The phenomenological matrix elements of Table I 
can be interpreted in terms of specific potential shapes 
and parameters which are in quite reasonable agree- 
ment with the deuteron requirements. Table II gives 
potential parameters for two shapes, Gaussian! and 
Yukawa,!? which give the correct binding to the 
deuteron and whose matrix elements in the (1p)? con- 
figuration of the harmonic oscillator shell model are 
quite close to the matrix elements of Table I. The 
mean square radii values used to compute Table ITI are 
quite close to the value assumed previously in this work, 
7.8X 10-*6 cm?. 

So far no mention has been made of the T= 1 levels. 
In addition to the spin orbit parameter ¢, these levels 
depend on (4S, V. 4S), (1D, Ve'D), and @P, V.*P). In 
order to determine these matrix elements numerically, 
we shall use [= —1.55 and E,= —8.1 Mev. Because of 
the simplicity of the potential (4), the following equality 
holds: 


(DD, Ve'D)/(S, Ve'S) 
= @D, V.*D)/(?S, Ve*S) = —90.55. 


With the above assumptions and the observed spacings 


TABLE I. Matrix elements deduced from the Li® level structure. 








5 K L/K t t/K (S, Ve4S) @D, Ve*D) 
—5.6 —1.2 4.66 —1.55 1.42 —8 —4.4 











TABLE II. Central potential parameters which have matrix 
elements approximating those of Table I. 











Strength Vo Range in (r?) in 
Shape in Mev 10-8 cm 10-26 cm? L K 
Yukawa 68 1.18 7.65 — 5.86 —1.17 
Yukawa 43 1.54 7.16 — 6.90 —1.17 
Gaussian 74.8 1.40 8.7 —5.56 —1.19 








11 E. Feenberg, Phys. Rev. 47, 850 (1935) ; 48, 906 (1935). 
12R. G. Sachs and M. Goeppert-Mayer, Phys. Rev. 53, 991 
(1938). 
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Fic. 4. Quadrupole moment vs spin-orbit strength ¢. The central 
force matrix elements of Table I are assumed. The shaded area 
represents the region of acceptable values. 


of the T=1 levels, E(0,1)—E£,=3.57 Mev and E(2,1) 
— E,=5.31 Mev, one can solve for the matrix elements 
to obtain 


@P, V.*P)=0, 
(4S, V.1S)=—3.85 Mev, 
(1D, V. 1D)=—2.12 Mev. 


The ratio of (4S, V.4S) to (8S, V.%S) is the ratio of 
singlet force strength to triplet force strength for even 
states. This ratio turns out to be 0.48, which is in 
disagreement with 0.7, the approximate value needed 
to obtain the observed singlet-triplet splitting of the 
deuteron for potentials such as listed in Table IT. Since 
the tensor force is absent in those potentials, all the 
splitting must be the result of spin-exchange forces. 


3. TENSOR FORCES 


What has emerged so far is that the energy levels and 
magnetic moment are not inconsistent with a potential 
of the type Eq. (4) which excludes tensor forces. How- 
ever, the quadrupole moment is not adequately ex- 
plained by such a model. In this section we consider 
the possibility of reducing the theoretical value of the 
quadrupole moment by the addition to our interaction, 
Eq. (4), of a term Sy2U (1,2), in which U (1,2) is a central 
well potential which may have a mixture of Wigner and 
Majorana exchange multiplying it and 


3(@1° Ti.) (oo: T12) 


Sr=— 


nn Fs * Fe, 
° 
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In order to see how the addition of the tensor force can 
improve the quadrupole moment, consider the wave 
function which results from choosing the central force 
matrix elements as given in Table I but taking a value 
of the spin-orbit parameter of —1.7 Mev. The reason 
for choosing a larger ¢ will become obvious later. The 
wave function amplitudes which result are (Ci, C2, C3) 
= (0.983, 0.177, —0.0474). Substituting these values 
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into the quadrupole expression, one obtains 


(Q)/(r?)= $C2?— (4C1C3/Sv/5) — (7/50) C3? 
=0.00627+0.01667 —0.00031. 


Clearly, if the wave function is brought closer to the 
LS limit by reducing the size of C2 and C;, the quad- 
rupole moment can be made smaller. But the tensor 
force can effect the reduction by changing the phase 
of C; so that the larger terms, —4C1C;/5/5 and }C,’, 
tend to cancel. The ratio of C,/C; is always negative for 
¢<0 in the absence of tensor forces. With tensor forces 
this is not necessarily so. This is exactly analogous to 
the famous C'-N"™ beta-decay problem.' In this 
problem, in order for the accidental cancellation of the 
beta-decay matrix element to occur, C,; and C, must 
have the same phase. For ¢>0 (as it is for nitrogen) and 
in the absence of tensor forces this is impossible. The 
tensor force is therefore invoked to explain the ab- 
normally small beta-decay matrix element. It is also 
clear from the above that the quadrupole moment of 
Li® can be made negative through the inclusion of 
tensor force. 

The tensor force matrix elements are now added to 
our T=0 matrices. These matrix elements are given by 
Regge.‘ Since the tensor force is considered to be a 
perturbation, we shall use the central force matrix 
elements of Table I and simply add the tensor con- 
tributions. The value for the spin-orbit parameter, 
¢=-—1.70 Mev, is assumed because we know in advance 
that the tensor force pulls down the (2,0) level strongly 
and pushes up the other T=0 levels weakly ; hence we 
want to start with the (2,0) level a little too high. 
Because of the difficulties encountered in the 4=14 
problem® when Yukawa forces are used in conjunction 
with harmonic oscillator radial wave functions, we shall 
consider only Gaussian shape potentials. In order that 
the tensor force will affect the wave functions as much 
as possible, but will affect the energy positions as little 
as possible, a potential is needed which has as large a 
ratio of off-diagonal to diagonal matrix elements as 
possible. A good measure of this in the present case is 
the ratio 


(9$1, Si2V *D1)/ (Dy, SigU *D)). 


This ratio is of the order of —1.5 for the Gaussian 
shape but only of the order of —0.3 for Yukawa shapes. 

It is found that satisfactory agreement with the 
experimental limits of the quadrupole moment can be 
obtained with very weak tensor forces. The sign of C; 
becomes positive and the quadrupole moment can be 
made as small as desired, négative or positive; the 
energy levels remaining within one- or two-tenths of an 
Mev of the experimental values. The strength of the 
tensor force needed to effect this agreement depends 
upon the ratio, 8/a:. The parameter 6 determines the 
rate of fall off of the radial wave function; it is related 
to the mean square radius (for harmonic oscillator wave 


“18 J. P. Elliott, Phil. Mag. 1, 503 (1956). 
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functions) by 2 
(r?)= 98. (8) 


The parameter a; is the tensor range. For a ratio 
8/a,=1 the tensor potential strength should be about 
—6 Mev. For the value (r?)=7.8X 10-*6 cm?, the above 
ratio implies a;=1.77X10-" cm. The improvement in 
the magnetic moment is negligible. The reason for this 
is that the magnetic moment depends primarily on C,’, 
whereas (Q) depends sensitively upon the ratio C2/C3; 
both in magnitude and sign. With the inclusion of the 
tensor force as a perturbation, the new wave function 
has amplitudes (0.986, 0.163, 0.0190). The only large 
change over the unperturbed function is in the ampli- 
tude of the *D state. 

The potentia! which emerges from this study has the 
following properties: (a) The triplet even-parity central 
force is strong enough to bind the deuteron. (b) The 
ratio of singlet to triplet even-parity state force strength 
is somewhat smaller than is required by the deuteron 
splitting. (c) The tensor force is quite small. This 
potential differs from the potentials obtained from the 
study of the two- and three-body problems.'*~'* These 
studies indicate that the central part of the potential 
should give approximately zero binding energy to the 
deuteron, that the tensor part of the potential should 
be strong enough to supply the additional 2.2 Mev of 
binding for the triplet state. For the accepted radius, 


such potentials usually have central force matrix 
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Fic. 5. The quadrupole moment vs the nuclear radius param- 
eter 8. The three graphs are for different values of »=tensor 
strength/central strength. The value of y is indicated on each 
graph. The numerical values labeling each curve in a graph are 
values of ¢. The shaded areas represent the region of acceptable 
values. These three potentials have the Yukawa shape and the 
potential parameters are taken from reference 17. 


14H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 

16 R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 

16 T, Hu and H. S. W. Massey, Proc. Roy. Soc. (London) A196, 
135 (1949). 


Fic. 6. The quad- 
rupole moment vs the 
nuclear radius param- 
eter 8. The two graphs 
are for two different 
Gaussian-shaped poten- 
tials. The graphs are 
labeled by the value of y 
of the potential used. 
The numerical values 
labeling each curve are 
the values of ¢ assumed. 
The shaded areas repre- 
sent the region of ac- 
ceptable values. The po- 
tential parameters were 
taken from reference 18. 
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elements much smaller [(*S,V.°S)~—6 Mev] than 
those in Table I, and tensor forces much stronger than 
are required to reduce the lithium quadrupole moment. 

It is not obvious, however, from inspection of the 
energy matrices that the addition of a very weak tensor 
force to the matrix elements of Table I is the unique 
solution to the problem. Because of this we have tried 
to fit simultaneously the energy levels and the quad- 
rupole moment of Li® using several potentials of 
Yukawa" and Gaussian!* shape which yield the correct 
binding energy, quadrupole moment, and scattering 
properties of the deuteron system. The Naval Ordnance 
Laboratory IBM 650 Data Processing Machine was 
programed to calculate the energy levels and ground- 
state moments over a wide range of values of the 
parameters ¢ and 8. The resulting quadrupole moments 
are shown in Figs. 5 and 6 for five of the ten sets of 
parameters tried. It is clear from Fig. 5 that there are 
many possibilities for fitting the quadrupole moment 
using the Yukawa shape. But the energy level structure 
was unsatisfactory for all cases in which the quadrupole 
moment lay in the shaded area. The J/=2 level always 
lay as low as or lower than the J=3 level, which was 
itself too close to the ground state. This difficulty is 
due to the unique problem with Yukawa shape already 
mentioned. In Fig. 6 the Gaussian shape is used. The 
Gaussian tensor potentials tend to overdo their role, 
making (Q) much too negative. This result is as expected 
because we have seen that the weak tensor force is 
capable of reducing the quadrupole moment adequately. 
For both Gaussian and Yukawa shapes, the tensor 
force is so strong that it forces the J=2 level too close 
to the ground state. For graphs and tables of the 


17H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 
18 Kalos, Biedenharn, and Blatt, Nuclear Phys. 1, 233 (1956). 
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behavior of the energy levels with the various potential 
parameters, consult Pinkston.” 


4. CONCLUSION 


The level structure of Li® is best fitted by a very 
strong central force with a great deal more spin ex- 
change than is required by the deuteron, a spin-orbit 
force of strength about —1.7 Mev, and a tensor force 
so small that its effect on the Li® level structure is 
almost negligible. Of course this statement is made 
ignoring the effect of higher configurations. Recent 
calculations by Feingold” and Lyons! seem to indicate 
that central and tensor forces alone can account for 
the Li® energy level structure, and that there exists an 


19W. T. Pinkston, doctoral thesis, Catholic University, 1957 
(unpublished). 

2” A. M. Feingold, Phys. Rev. 101, 258 (1956) ; 105, 944 (1957). 

211). H. Lyons, Phys. Rev. 105, 936 (1957). 
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effective potential which will give approximately the 
same results when used in a one-configuration calcula- 
tion. This potential also has a spin dependence different 
from that of the actual two-body potential, a weaker 
tensor potential and a spin-orbit part. So far, however, 
the theory is not on a sufficiently quantitative basis to 
compare with our parameters. In addition this method 
of treating configuration interactions does not give a 
satisfactory quadrupole moment. Mottelson?® intro- 
duced configuration interaction in a somewhat different 
fashion and got similar level spacings and astonishingly 
good theoretical moments. Unfortunately both the wave 
functions of Feingold and those of Mottelson contain 
unknown amounts of spurious states of center-of-mass 
excitation which might affect the moments. 


2 Ben Mottelson, thesis, Harvard University, 1950 (unpub- 
lished). 
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New Isotope, Sulfur-38t 


D. R. NETHAWAY* AND A. A. CARETTO, Jr.t 
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A new isotope of sulfur, S*, has been produced by the (a,3) reaction on Cl*7. It was found to have a 
half-life of 1721 minutes, and to decay by the emission of two beta groups with end-point energies of 
1.1 and 3.0 Mev. The 1.1-Mev beta was found to be in coincidence with a 1.88-Mev gamma ray. No other 
gamma rays were observed. The 3.0-Mev beta occurs in 5% of the disintegrations, and leads to the Cl* 
ground state. The log (ft) values of the 1.1- and 3.0-Mev beta groups are 5.0 and 8.2, respectively. A com- 
parison is made of the (a,3p) reactions on Al’, C87, and Cu®, 


INTRODUCTION 


NTIL now the only available radioactive isotope 
of sulfur that was suitable for tracer studies was 
S*5. The low decay energy of this isotope (167-kev 6-) 
leads to inaccuracy in absolute counting, so that its use- 
fulness in many applications is greatly reduced. A new 
isotope of sulfur, S**, has now been produced by alpha- 
particle bombardment of chlorine, and in some ways 
this nuclide is better suited for tracer studies than S**. 
An earlier search for S** was made by Jones,’ who 
tried to produce it by high-energy proton bombardment 
of scandium, but was unable to find direct evidence for 
its existence. He was able, however, to set exclusion 
limits for the half-life as less than 3 hours, or greater 
than 50 years. Roy and Kohman’ had also obtained 
+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
* Present address: Department of Chemistry, Washington Uni- 
versity, St. Louis, Missouri. 
t Present address: Department of Chemistry, Carnegie Institute 
of Technology, Pittsburgh, Pennsylvania. 
1]. W. Jones, Ph.D. thesis, Carnegie Institute of Technology, 
Atomic Energy Commission Report NYO-6627, May, 1956 


(unpublished). 
2 Jean-Claude Roy and T. P. Kohman (private communication). 


evidence that the half-life was about 6 minutes. The 
trend in the half-lives of the even-even isodiaspheres of 
the series including S** indicated that its half-life might 
be long enough to be useful as a tracer. Table I gives 
the even-even isodiaspheric series with N—-Z=6. 


EXPERIMENTAL PROCEDURE 


The S** was produced by alpha-particle bombardment 
of NaCl, the reaction of interest being Cl*’(a,3p)S*. 
A similar reaction, Al*’(a,3p)Mg** was known to pro- 
duce Mg** in good yield.* The target material was 
reagent-grade (99.9+%) NaCl crystals which had been 
ground into a powder. The powder was placed in an 
aluminum holder and covered with a piece of 0.001-inch 
aluminum foil. The target was exposed to the 48-Mev 


TABLE I. Even-even isodiaspheric series with VW —Z=6. 
(Isotopic abundances given.) 








Ca‘* Ae 
Stable (0.003%) >3.5 years 


Crs Ti*® 
Stable (2%) Stable (5%) 











3 J. Hudis, J. Inorg. & Nuclear Chem. 4, 237 (1957). 





NEW ISOTOPE, S$? 


alpha-particle beam of the 60-inch cyclotron of the 
University of California for a period of 30 minutes. The 
beam intensity was about 4 to 6 microamperes. After 
the bombardment the NaCl was removed from the 
target assembly and the sulfur produced was chemically 
purified from interfering radioisotopes. The chemical 
separation used is described in Appendix I. 

The radiations emitted from the sulfur sample were 
measured in a methane-flow beta proportional counter. 
The radioactivity found could be resolved into two 
groups: the first with a half-life of about 172 minutes, 
and the second with a much longer half-life, presumably 
due to the 87-day S**. The beta radiation of the latter 
group was stopped completely by a 40-mg/cm? alu- 
minum absorber, verifying that it was due to the low- 
energy (167-kev) radiation from S*. 

A preliminary experiment showed that the beta 
activity, when measured through the aluminum ab- 
sorber, had a growth characteristic of the well-known 
37.3-minute Cl**, indicating that the 172-minute period 
was due to the parent, S**. For further proof of the 
genetic relationship, a “milking” experiment was per- 
formed. A sulfur sample was purified of Cl*’, Cl®*, and 
other interfering radioisotopes. It was then allowed to 
stand for a period of 90 minutes, at which time the 
chlorine activity was separated. This sulfur-chlorine 
separation was then repeated at 90-minute intervals. The 
chemical separations used are described in Appendix II. 

The beta activity of the chlorine fractions was 
measured in a proportional counter. All the chlorine 
samples were observed to decay with a single 37- 
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Fic. 1. Plot of Cl* activity separated from S* 
versus time of separation. 
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Fic. 2. Aluminum absorption curve of S*. 


minute half-life. The observed counting rates were 
extrapolated to the time of the sulfur-chlorine separation 
and then corrected for the chemical yield of the chlorine 
carrier added and for the loss of sulfur in each separation 
step. In Fig. 1 these results are presented in a plot of 
corrected chlorine activity versus the time of separation. 
The slope of the line indicates that the parent of Cl** has 
a half-life of about 172 minutes, and the repeated 
chemical isolation of Cl** from the sulfur fraction 
verifies the assignment as. S**, 

The gamma-ray spectrum of S** was investigated 
by use of a 100-channel pulse-height analyzer together 
with a thallium-activated sodium iodide crystal. The 
1.65- and 2.15-Mev gamma rays from the decay of 
Cl** were observed to grow in and then decay with a 
172-minute half-life. In addition, one other gamma ray, 
of 1.88 Mev, was found, which decayed with a pure 
172-minute period. No other gamma rays were observed 
in the energy range up to 3 Mev; in particular, the 
660-kev isomeric transition from the Cl**™ isomer was 
not seen. 

By integration of the areas under the photopeaks and 
application of corrections for counting efficiency,‘ it 
was possible to obtain an approximate value of 70% for 
the abundance of the 1.88-Mev gamma ray. This value 
was found by comparison with the 47% abundant 2.15- 
Mev gamma ray in an equilibrium mixture of S**-C]*, 
and is uncertain owing to errors in the integration and 
counting efficiencies. 

4M. I. Kalkstein and J. M. Hollander, University of California 


Radiation Laboratory Report UCRL-2764, October, 1954 
(unpublished). 
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Fic. 3. Synthetic growth curves for 1.1-Mev beta. 
C= 31%. S* values indicated. 


Preliminary measurements on the beta spectrum 
were made by taking a set of aluminum absorption 
curves on an initially pure S** source over a period of 
time as the Cl** grew into equilibrium. Each set of 
measurements with a particular absorber was extrapo- 
lated to the time of sulfur-chlorine separation. That 
part due to the Cl** was subtracted in order to get a set 
of points for pure S**. These points were then plotted 
as an absorption curve, and are shown in Fig. 2. A 
straight line could be drawn through the points, giving 
a half thickness in aluminum of 56 mg/cm’. This 
corresponds to an end-point energy of about 1.1 Mev. 

Beta-spectrum measurements were made by use of 
an anthracene crystal in connection with a 100-channel 
pulse-height analyzer. The beta spectrum is complicated 
by the fact that the Cl** daughter has beta groups with 
end-point energies of 1.11 Mev (31%), 2.76 Mev 
(16%), and 4.81 Mev (53%). Hence it was necessary 
to make a series of measurements of the beta spectrum 
starting with a freshly separated S** source and con- 
tinuing until the Cl** had grown into equilibrium. 

Fermi plots® were made on each set of measurements. 
Each plot indicated the presence of three beta groups, 
at 1.1, 2.9, and 4.8 Mev. Each beta group was sub- 
tracted in turn and the counting rates due to each 
particular group were calculated. A plot of the counting 
rate versus time was then drawn for each of the three 
energy groups. From the amount of growth occurring, 
it could be seen that the 1.1- and 2.9-Mev beta transi- 


5 See Tables for the Analysis of Beta Spectra (National Bureau 
of Standards, Applied Mathematics Series-13, June 2, 1952). 
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tions occurred in the decay of both S** and Cl**, while 
the 4.8-Mev beta was from Cl** decay alone. The end- 
point energies of the two beta transitions occurring in 
the decay of S** were taken from the Fermi plot of the 
first measurement when the least Cl** was present, and _ 
are 1.1+0.1 Mev and 3.0+0.2 Mev. In order to deter- 
mine the relative abundances of the two beta groups in 
S** decay, synthetic growth plots for the 1.1-, 2.9-, and 
4.8-Mev betas were constructed. This was done by 
taking varying percentages for the unknown abun- 
dances in the parent, and combining with the known 
amounts growing in from the daughter decay. The 
synthetic plots were then drawn showing the growth 
as a function of time. 

Figures 3, 4, and 5 show the synthetic plots for the 
three energy groups. The experimental points are super- 
imposed on each plot. By comparison it was determined 
that the 3.0-Mev beta occurs in 5 +3% of the disinte- 
grations. The data taken for the 1.1-Mev beta are less 
definite, and the abundance was found to be between 
70 and 100%. A value of 95% was chosen so as to be in 
agreement with the other abundance (5%), since no 
other transitions were found. 

A beta-gamma coincidence counter, with anthracene 
and Nal(TII) crystals, was used to determine if the 
1.1-Mev beta was in coincidence with the 1.88-Mev 
gamma ray. This measurement was complicated by 
the fact that the Compton distribution from the 2.15- 
Mev gamma is in coincidence with the 1.11-Mev beta 
in the decay of Cl’. If the coincidences are gated with 
the 1.88-Mev gamma ray, a differentiation must be 
made between that photopeak and the Compton dis- 
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Fic. 4. Synthetic growth curves for 3.0-Mev beta. 
Cl*= 16%. S* values indicated. 
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tribution. The coincident beta spectrum was measured 
with the gamma-ray gate set at 1.81,1.88, and 2.04 Mev, 
corresponding to the peak and valleys of the 1.88-Mev 
photopeak. At each setting the coincident beta spec- 
trum had an end point at about 1.15 Mev. The measured 
coincidence rate of the 1.1-Mev beta at a gamma gate 
of 1.88 Mev was 2.2 times that at 1.81 Mev, and 2.5 
times that at 2.04 Mev. It was assumed therefore that 
the 1.1-Mev beta transition was followed by the 1.88- 
Mev gamma ray and that the 3.0-Mev beta was the 
transition to the ground state of Cl**. 

The half-life of S** was determined by following the 
decay of five separate samples for periods up to seven 
half-lives and treating the data by means of least- 
squares analyses. The measurements were made by 
using a 40-mg/cm? aluminum absorber to block out the 
activity from the S** present. No trace of impurity was 
found in any sample. The results found are: 174.6, 
170.0, 173.2, 170.0, and 172.7 minutes. The average 
value is 172+1 minutes. 


The threshold energy for the reaction Cl*’(a,3p)S**’ 
is E°= 39.4 Mev. Owing to the unusual nature of this” 


reaction, and to the small excitation energy available, 
the measured cross section was rather low. A much 
higher yield should be obtained with higher-energy 
alpha particles. For a thick NaCl target, an average 
of 2X 10° atoms of S** per microampere-hour was formed ; 
when an aluminum covering foil 0.002 inch thick was 
used, the yield dropped to 1.3 10® The cross sections 
for the similar reactions, Al?’ (a,3p)Mg**, E°= 35.3 Mev, 
and Cu®(a,3p) Ni®*, E°=40.2 Mev, were measured at 
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Fic. 5. Synthetic growth curve for 4.8-Mev beta. 
Cl = 53%. S¥=0%. 
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Fic. 6. Excitation functions for (a,3p) reactions. Al?"(a,3p) Mg” @; 
Cl7(a,3p)S®X ; Cu®(a,3p) Ni® 


various energies by using stacked aluminum and copper 
foils. The results of these measurements are shown in 
Fig. 6. The thin-target cross sections are plotted (in 
microbarns) as a function of the bombarding energy 
above the threshold energy (£,—£°). The indicated 
cross sections for S** production are based on approxi- 
mate calculations to convert from thick-target meas- 
urements. Figure 6 shows the Z dependence of the cross 
sections for the (a,3p) reaction. The decrease in cross 
section for the (a,3p) reaction with increasing Z would 
be expected if the reaction involves the evaporation of 
protons from a compound nucleus. The disintegration 
rate of Mg** was measured by means of both the 1.78- 
Mev gamma and the 2.87-Mev beta which occur in the 
decay of the Al** daughter. The disintegration rate of 
Ni® was measured by beta counting, with the assump- 
tion that the effective counting efficiency was 2. 

The decay of S** has been shown to proceed by the 
emission of two negatron groups, 1.1+0.1 and 3.00.2 
Mev. The 1.1-Mev beta is followed by a 1.88-Mev 
gamma transition to the Cl** ground state. The abun- 
dances of the 1.1- and 3.0-Mev beta groups were found 
to be ~95% and 543%, respectively. 

S**, being an even-even isotope, would be expected 
to have a spin of 0 and even parity. The spin and parity 
of Cl** have been measured as J=2(—). The log (/t) 
value for the 3.0-Mev beta transition is calculated as 
8.2,° corresponding to a first forbidden (unique) decay, 
in agreement with the known spin and parity changes. 


6S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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Fic. 7. Decay scheme of the mass-38 chain. 


The log (ft) value for the 1.1-Mev beta transition is 5.0, 
with an allowed (normal) classification; hence it must 
lead to a level of Cl®* at 1.88 Mev with J=0 or 1, (+). 
Owing to the sample thickness and the low counting 
rates, no conclusion could be drawn from the Fermi 
plots regarding the shape of the beta spectrum. The 
1.88-Mev gamma occurs in a transition with AJ=1 or 
2 (yes), and hence can be assigned as an F1 or M2. 
The most accurate measurements on the level scheme 
of Cl** were made by Paris, Buechner, and Endt,’ but 
their work was not extended to this high-energy range. 
The known lower-lying levels of Cl** are probably not 
populated by S** decay, owing to the large spin changes. 
The complete decay scheme of S** is shown in Fig. 7. 

The total decay energy of S* is 3.0 Mev. Most of the 
published tables of isotopic masses or decay energies 
either do not extend into this mass region or are of 
insufficient accuracy there. However, the predicted 
decay energy given by Cameron is 3.3 Mev,* in good 
agreement with the measured value. 
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APPENDIX I 


Standard sulfur purification procedure: The NaCl 
was poured from the target assembly into an iron 
crucible. About 30 mg of K»SO, carrier, Na2CO;, 
K,CO;, powdered iron, and charcoal were added, and 
the mixture heated at 850°C for 20 minutes. The 
sulfide was then distilled from 6N HC! into a chilled 
plumbate solution. The PbS was washed and then 
oxidized by an HCl-bromine mixture. BaSQO, was pre- 
cipitated and then metathesized with NasCO; and 
NaOH. The BaCO; was removed and the supernatant 
liquid boiled with HC] and HNO;; BaSO, was then 
precipitated and mounted for experimental purposes. 


APPENDIX II 


Sulfur-chlorine “milking” procedure: The NaCl was 
dissolved in NaOH, H,O2, 20 mg sulfate carrier, and 
~1 mg HF. PbSO, was then precipitated from an 
acidified solution. The PbSO, was dissolved in HNO; 
and the solution fumed with HCl and HNO;. A Fe(OH); 
scavenging precipitation was done with NaOH. PbSO, 
was again precipitated from an acidified solution. The 
time was noted here as the beginning of the Cl* 
growth. The PbSO, was dissolved in NaOH. A mixed 
NaCl-NaClO; carrier solution was added. A small 
aliquot was removed for assay to determine the sulfur 
yield. After the growth time was over, PbSO, was pre- 
cipitated with addition of Pb(NOs;)2 solution and HC1O,. 
The time was noted as the end of the Cl* growth 
period and the start of the next growth. FeSO, was 
added to the supernatant solution from the final 
PbSO, precipitation to reduce the chlorate carrier. 
The resulting PbSO, precipitate was separated and 
AgCl precipitated from the supernatant solution. This 
was dissolved in NH,OH and a final AgC! precipitation 
was made from an acidified solution. The AgCl was 
mounted for measurement of the Cl** activity. 
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The capture of negative muons by protons can be regarded as taking place as a result of a direct coupling 
or via the pi-meson field. An attempt is made to check whether the static, cut-off pseudovector coupling 
model of the x-meson—nucleon interaction can give rise to predictions on the capture of muons by nuclei 


in agreement with experiment. Chew theory leads to 


a capture rate 20 times smaller than that predicted 


by the direct-coupling theory. Accurate calculations can be made for the case of hydrogen, deuterium or 


helium, for which experimental information would be 


highly desirable. Comparison with the observational 


data for carbon, oxygen, and silicon, based on the ideal-gas model for nuclei, indicates that they are con- 


sistent with the direct-coupling theory. Meson theory 


n 


gives a capture rate about 20 times too small. 





INTRODUCTION 


HE experimental measurement of the capture 

rate of negative muons by protons would provide 

an invaluable source of information on the nature of 
the interaction between » mesons and nucleons. 

Owing to the fact that the decay of negative muons 
predominates over their nuclear absorption by nuclei 
with atomic number less than about 12, the experi- 
mental data refer up to now to medium and heavy 
nuclei.! It is, however, very difficult at present to make 
accurate theoretical predictions of the capture rate for 
such nuclei because of our lack of knowledge of the 
nuclear wave functions. 

As is well known, two alternative views are possible 
for describing the interaction between muons and 
nucleons.? The most widely accepted view prescribes a 
direct Fermi coupling between the nucleon and the 
muon-neutrino fields, in a manner analogous to beta 
decay. The alternative view is that of an interaction of 
muons and nucleons via the -meson field. The first 
interpretation received a great deal of attention when 
it was discovered that, within the experimental uncer- 
tainty, the same order of magnitude of the coupling 
constant could account for the beta decay of neutron 
and » meson as well as for the capture of muons by 
nuclei. On the other hand, the alternative interpretation 
of the interaction of « mesons with nucleons through the 
pion field is inevitable according to current quantum- 
mechanical principles. Since # mesons decay into yu 
mesons and interact strongly with nucleons, the mecha- 
nism of capture of u mesons by protons via virtual 
mesons cannot be discarded unless it gives a negligible 
contribution to the process or some as yet unknown 
rule forbids it. 





* This work was made possible by support from the Brazilian 
National Research Council. 

t On leave from Faculdade Nacional de Filosofia and Centro 
Brasileiro de Pesquisas Fisicas, Rio de Janeiro, Brazil. 

1R. D. Sard and M. F. Crouch, in Progress in Cosmic-Ray 
Physics edited by J. G. Wilson (North-Holland Publishing 
Company, Amsterdam, 1954), Vol. 2, p. 3. 

2 References to earlier theoretical work can be found in the 
review article by L. Michel, in Progress in Cosmic-Ray Physics 
(Interscience Publishers, Inc., New York, 1952), Vol. 1, p. 125. 
See also reference 1. 


The recent success of the cut-off meson theory for 
describing low-energy 7-meson—nucleon scattering and 
related processes,* led us to re-examine this problem. 
In this paper, we present results of calculations carried 
out under both interpretations, our aim being to check 
whether the Chew-Low meson theory would be capable 
of giving predictions in agreement with experiment. 
The calculations can be made accurately for the capture 
of « mesons by a free proton, by the deuteron and to a 
certain extent by the alpha particle. The Chew theory 
predicts a capture rate about 20 times smaller than the 
direct coupling theory, for acceptable values of the 
coupling constants. An estimate based on the Fermi 
gas model for nuclei spherically symmetric in spin and 
isotopic spin space, indicates that the available experi- 
mental data are consistent with the direct coupling 
theory, not with the Chew theory which predicts 
lifetimes 20 times larger. The conclusion will become 
definite when measurements for capture by hydrogen 
become available. 


1. Capture by a Proton 


_ The Hamiltonian of a z-meson field in interaction 
with a muon-neutrino field and an extended nucleon is 
the following: 


H=H,+H,4+H,+Hiwwthn, (1) 


where H,, H,, H, are the Hamiltonians of free + 
mesons, free muons, and neutrinos, respectively. 


Hew =Fora f U(2)(0-¥) eal (2) 


is the pseudovector interaction between 7 mesons and 
the extended nucleon with source U(x), where Fo 
= (4a)! fom, and the sum over the subscript a=1, 2, 3 
of isotopic spin space is implied; A=1, c=1. 


, 
He, =iGo2 f Yevers—pa + Herm conj. (3) 
Xj 


3G. C. Wick, Revs. Modern Phys. 27, 339 (1955); G. F. Chew 
and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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is the pseudovector interaction between the pion- and 
muon-neutrino fields. The muon-neutrino operators are 
labeled by the indices » and v; g=(¢i1—i¢e2)/V2 and 
j=0, 1, 2, 3 is the ordinary space subscript. The 
representation has been taken in which ys'= —75 and 
a;b ;= aobo—a-b. Also Go= (47) 'gom,. 

The interaction (3) gives rise to the decay y+», 
in which the transition probability for pions at rest is 


tx = gorm,(m,/m,)*[1 ae (m,/m,)* P. (4) 


The experimental value of 7,,=2.55X10- sec deter- 
mines go: 


ge=0.18X 10. 


The smallness of go allows the treatment of H,, as a 
small perturbation of the remaining Hamiltonian in (1). 

The annihilation of a negative muon accompanied by 
the transformation of a proton into a neutron and the 
emission of an antineutrino is described by the matrix 
element (in|H,,| fp). The Fourier development of ¢, 


y,, and y,: 


panne p 2 ~~Laa(h)e *+5,*(k)e~**-*], 
(2V )} k w,4 
1 1 
g=—(¢i-ige); a(k)=—[ai(k) —ia2(k) J; 
v2 v2 


1 
b*(k) = —(a,*—ia,*), 
v2 


>> = [c,* *(k)u, u, veik. r+, tu, "”, a ik. “1 


k r=1,2 


in (3) gives for the matrix element (im|H,,| fp) 
between the initial state d,'#(p,)|p)Wo and the final 
state d,'’(p,)|n)Wo the following expression (Wo is the 
vacuum state vector): 


(in| H,,| ip) =(6.4,M (k)v,”)(n| a(k) | p) 
+(6,",M (—k)v,”)(n|b*(—k) |p). (5) 
Here |p) and |) are the wave functions which describe 


the physical proton and neutron (with their meson 
clouds) : 


(H, +H,n)|p)= E>\?); (H,+H,w)|n)=E,|n), 


and M (k) = (Go/V3)wx*ysk, k= pu— pr», R= Raa. 

The matrix elements (m| a(k) | p) and (n|b*(k) | p) can 
be expressed in terms of the nucleon and 2-meson 
variables if one considers the commutation relations: 


(H.+Hyy, a(k) } = —w,a(k)+ V.(k), 


(H.+H en, b*(k) ]=w,b*(k)+ Vo(k), 
F ji 
V.(k)=——(e-k)s*(k); Vi(k)=—V.(—k); 
(Vox)! 


o(k)= func qx, 


LEITE LOPES 





One obtains 


(n| Va(k) | p) 





Vi(k 
- (nlb*)| p)= (n| Vol lp) 


n Pp n 


(n| a(k)| p)= 
E 


p Wk 
Substitution of these expressions in (5) gives 


ot (54,7 pv,”) 
(n|o-p|p)——, 
pi—m,* 





2 
(on| H,,| ip) =— (6) 


where pa= (p,*— p,*) is the (four-) momentum transfer. 
Now the well-known theorem, 


Fo(n|o- pr | p)=F(un'o- pr-uy), 


permits the replacement in our formula of Fy by the 
renormalized coupling constant F and the unknown 
matrix element (n|@-p7~|p) by the one computed with 
free-particle spinors (u,,'e- pr~u,). 

The transition probability for capture of a negative 
muon by a proton is then 


2 LD FL| (vm| Asy|urp)|” 


r,s=1,2 np 


TH = Qn 





V 
x | ¢(0)|?VadQ,, 
2n)8 


where } >>, }-np means the sum over the spins of 
the final neutron and neutrino and the average over 
the spins of the initial proton and muon, £, is the 
energy of the neutrino, and | ¢(0)|?= (1/2) (my,e?)® is 
the probability to find the muon at t the proton position 
(from the K orbit). 

Assuming that both the proton and uw meson are at 
rest gives 


= 32 fege’m,(m,/mz)*(e)L1+ (m,/ms)*}*. (7) 


In this formula, as well as in the matrix element (6), 
we have replaced the Fourier transform of the source 
function, 0(k), by 1. This results from the fact that the 
cut-off momentum in the Chew-Low theory is of the 
order of the nucleon rest energy. If one assumes a 
Gaussian distribution for the source, it may in practice 
be replaced by unity. 
From (4) and (7) we obtain 


AS) ASI 


2. Muon Capture by a Light Nucleus 


The preceding calculations can be generalized easily 
when a muon is captured by a nucleus. 

Let |9t) be the wave function which describes the 
state of a nucleus with energy E: 


H|X)=E|N). 











CAPTURE OF NEGATIVE MUONS BY LIGHT NUCLEI 


H is formed from the sum of the kinetic energies of the 
(slowly moving) nucleons and of the -meson field 
Hamiltonian and its interaction with the nucleons. 
The latter is 


A 
> Fora’ f U (x;) (@4° Vi) Ga(xi)d*x;, 


i=l 


where the sum is extended over the nucleons and 
summation over the isotopic spin subscript is under- 
stood. We want the matrix elements (9t’| a(k)|9U) and 
(ov’ | b*(k) |9t) which occur in the expression [analogous 
to (5) ] for the amplitude (79’| H,,| A) of capture of 
a negative muon by a nucleus in state |S) which then 
goes over into state |Qv’): 


(99 | H xy| BN) = (0,",M (kk)v,”)(N’ | a(k) | NY) 
+(6,4,M (—k)o.”)(0' | b*(—k) |X). 
They are obtained from the commutation relation, 
A 
[H,a(k) ]=—a,a(k) +> V;(k); 
7=1 
iF 
V ;(k) =———(o,;-k)7;-2*(k), 
(Voox)! 


and another one with 5*(k). 
One obtains 


(| a(k)| x)= ("|S Vatko|m) / (B!-E+e0), 


| i=l 
ax) / (E’— E—w). 


The matrix element analogous to (6) is then 


(3 |0*() | x) = (a 2 V i(k) 








(oN'| Hy ,| AN) 


2GoF ot 
= ——— I’ 
V 


A 


> (o;: p)7i-0;* (k) x) 


i=] 


(5,",;Y5pv.”) 


?.'— m,? 





Here we have neglected the effect of the nuclear Cou- 
lomb field on the muon wave function which was 
represented by a plane wave. The formula should, 
however, be sufficiently accurate for light nuclei if we 
use the effective atomic number calculated by Wheeler.‘ 

In the preceding expression we shall replace Fo by 
the renormalized Chew coupling constant F. This 
amounts to introducing the impulse approximation.*® 
The interaction of a nuclear proton with the muon is 
complicated by the presence of other nucleons with 
which it interacts. However, the time during which the 
interaction with the muon place is small compared to 
the past and future history of the nucleus. We therefore 


4J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949). 
5 See, for example, G. F. Chew and M. L. Goldberger, Phys. 
Rev. 87, 778 (1952). 
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assume that only a small error is committed if we take 
the proton in question as free during that time. The 
effect of this assumption will be to replace Fo by the 
effective renormalized coupling constant relative to a 
free nucleon. This approximation is also equivalent to 
assuming that a proton which absorbs a pion emitted 
by the muon does not exchange pions with the neigh- 
boring nucleons for a short time before and after the 
arrival of the virtual x meson. 

The transition probability is 


P»Py\ £ fl 
rg finl VEC) 
E’ E,E,/ (24)®\r 


2 Fo? 








x Zme)( )eanveo,, 


(Pa?— m,?)? 


where }_ z is the sum over the final nuclear states and 
(M¥ is the sum over the final nuclear spins and the 
average over initial nuclear spin of the absolute square 
of 


M= (x | > (a;: prre mala), 


lia! 


Here again we neglect the nucleon extension and thus 
replace 0;(k) by exp(—ik-x;). 


8 m $ p,° p 
o-tana() cre (22) 
7 mM, E'V9, E,E, 


EZ 
Mere ame ; 
[( E,- E,)- c(p,— p.)°m,” P 


3. Case of the Deuteron 








(M)2dQ,. 


(M)* can be calculated in the case of the deuteron. 
The ground state wave function is 





1/1 | 


where p and » are the proton and neutron components 
of the isotopic-spin wave function, *X,,(1,2) is the 
triplet spin wave function, and wa(r) is the radial 
function. 

After capture of the muon, the deuteron transforms 
into a di-neutron which can have spin 0 or 1. The two 
possible final wave functions are thus 


1 
| We’) =———m(1) (2) *Xo(1,2)u,(r)e'?-®, 
(2m)! ; 





1 
| Ne’) = m(1)n(2) 8Xm(1,2)u#a(r)e'?'®, 
(2m)! 


where 'Xp is the singlet spin wave function, P is the 
center-of-mass momentum, R=}3(r;+1re), r=ri—fe, and 











512 J. 


the subscripts s and @ stand for symmetric and anti- 
symmetric wave functions in space coordinates. 

The matrix elements corresponding to the two types 
of transition are 


1 
“a (o:—@2)- p|*Xm)Ts, 


1 
Ma=— Xm | (61+02)- P|*Xm)Ta, 
v2 


where 
1= fut(ualeednrar, Tam f ush(a)ua(tebnser, 
For a muon at rest, the transition probability is 
2 _ (82) 
té*=— DL —[2|J4|*+ |7.|7] )- (8) 
tH © \ g(0) 


E=m,—E,—p,/4M is the nuclear excitation energy 
and 
g(E) = (m,— E)*/(2m,E—m,?—m,’)?. 


To evaluate the sum in (8), develop g(Z) in powers of 
E. The first and second terms depend on the following 
integrals: 


[Zo]? ff w)uc(tu(e uate) sin(K-r) 
Xsin(K-r’)d*rd*r’, 

nie f fencer rua) cos(K-r) 

xX cos(K-r’)drd*r’, 


U=U,+Ua; 


K=}p. 


The sum can be obtained if we assume that K does not 
depend on £; this amounts to assuming an average 
excitation energy small compared to the muon rest 
energy which is known experimentally to be true. One 
gets then 


E|2.|2= f ua*(t)ua(1) sin®(K-1)d*"=J, 
E 
E [l= fust(euale) cos?(K-r)dr=1—J, 
P 
LD E|I.|?=—(1—J) +(Vs;—Va)., 
E 4M 


z E\1.2=—- 7 +(V)— Vadey 
E 4M 


where 
Vp Ve Z ff wreutey Vp Vaduat uals) 
E 
Xsin(K-r) sin(K-r’)d*rd*r’, 
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and (V;— V4). is the same expression as (V ;— Va), with 
cosines in place of sines; Vg is the deuteron potential 
energy, V; the potential of the final di-neutron. We 
neglect V; and write 

‘(0 
sel F ay 
g(0)L4M 


tq = 2rH? 





+ f watu L1-+sin*(K-1) Wr] . 


For evaluation of the integrals we take the deuteron 
wave function,® 


a 4 eo e~6r 
u=|——| S 3 =i 


4 1 
Perr ae 5 GER; 
atp 8B 


where 


a=45.5 Mev, 


and for the deuteron potential energy’ 
Va=Voet!*, Vo=214m.c?, a=0.251(e/m.c). 


One then obtains 


a a 
1 ~ap+“| tan-*(~) 
K K 
8 a+p 
+tan(=) —2 tan (—)| ; 
K 2K 


1 
30a) 





J 





f ud V adr 








—t 1 1 2 
=— = aa _ : 
1—ap!2a+1/a 28+1/a a+8+1/a 
aVo 1 
fuer. sin?(K-r)d*r7= — yo 
2(1—ap) !a+1/2a 








1 4 1 a+2/a 
saat er) 
B+1/2a at+f8+i/a K K 


B+2/a a+8+1/a 
+tan-( . )-2tan(= )II. 











2K 


The numerical result is 
rq =1.2147rq, 


Physically the fact that the transition probability for 
the deuteron is a little larger than that for the proton 
can be understood from the finite extension of the 
deuteron within which the proton is spread. The average 
excitation energy of the di-neutron is 13.5 Mev. 

6 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 


7G. Breit and R. L. Gluckstern, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 365. 


ta= 0.817. 








CAPTURE OF NEGATIVE MUONS BY LIGHT 


4. Spherical Nuclei 


We need to evaluate 


L | ("| Lo (o;- p) tre 85 | NY. 
E 


j=l 


Under the assumption that the average nuclear excita- 
tion energy is small, we carry out this sum with k 
independent of EZ’ and obtain 


a | M|?=(0| ® (o. p) (Om: P) Ti+ Tm € ik: (am—=D | 9), 
E’ l<m 


We shall consider nuclei which have spin zero and 
equal number of neutrons and protons. The spherical 
symmetry in isotopic spin space reduces the above 
matrix element to the following one: 


> | M|2=(9| } (or: p)(Om: P) T 217 2m COSLK «(Xz—Xm) }| MN). 
Ez’ l,m 


Let us call |9t)=W(x;x2---x4) the wave function of 
the nuclear ground state, the «’s representing the space, 
spin, and isotopic spin variables of the nucleons. Let 
pi(x;,x;) denote the probability density of finding a 
proton with spin up at x; and another proton with spin 
up at x;. Let po(x;,x;), p3(Xi,X;), pa(Xi,X;) be the analo- 
gous quantities for a proton with spin up at x; and a 
proton with spin down at x;, a proton with spin up at 
x; and a neutron with spin up at x;, a proton with spin 
up at x, and a neutron with spin down at x;, respec- 
tively. We have 


P,= foun) cos[k- (x;—x;) ]d*x,d*x; 


1+73; 
= fe(—*) sat atatendhto)¥ 
Xcos[k- (x;—x,) ]d¥xy- - -dx4, 
whence (taking into account the spherical symmetry 
in spin and isotopic spin space) 
P,=7¢{(cosk- (x;—x;))+(0.,0 2; cosk - (x;—k,)) 
Hai 2j cosk- (xj;—Xi)) + (G20 2 jT iT 2; cosk- (k;—x;))}, 


where the angular brackets{_) indicate the expectation 
value in the nuclear ground state. 

From similar expressions for P2, P;, and P,4, one 
obtains 


(O20 2jT iT 2j cos[ k- (x;—x;) ])=4{P1—P2—P3+P,}. 


The sum of this expression over the pairs of nucleons 
is then 


p (0 iO 257 2iT 23 cos[k: (x;—x;) }) 


i<i 


A\? 
-2(=) {Pi— P.2—P;+P,}. 
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The exclusion principle is taken care of by the density 
pi(x;,x;). This density has also a 6 singularity for 
x;= x, which accounts for the case when the two protons 
with spin up are the same particle. 

The transition probability for spherical light nuclei 
is the following: 


(1—E/yc*)$ 
{1+ (u/m,)*(1—2E/yc’)}? 





r i=Z 


u\?PZ 
x|1+(—) Fala Rial. 


Mr 
where E is the average nuclear excitation energy. 
5. Helium 
For the alpha particle one has 
P,=1, 
P= P,= P= fv cos[k- (x;—X2) |d*x,- - -d*x4, 


and hence 
16(1— E/puc*)! m,\?? 
Tq |= — = |1+(™) TH 
{1+ (m,/m,)?(1—2E/yc*)}? m, 


x forve 1—cos[k- (x;— x2) }}d®x1- + -d¥ay. 





We evaluate the integral by taking an oscillator-type 
wave function for y: 


v= (a'a)* exp[ —}a*(x°+a2°+a3+24) ], 


which gives 


fvrver—costk: (x;—X2) ]}d®x1-- -d®xq 
= 1—exp(—k?/2a”). 


To determine a= (Mw/h)}, we use the virial theorem, 
$Mw*R?= 3 (thw), 


with the nuclear radius for the expectation value of r? 
in the 1s level. With E=11 Mev we obtain r,=0.022 
sec for f?=0.08. 


6. Fermi-Gas Model for Heavier Nuclei 


In order to compare with present experimental data, 
we need the lifetime for muon capture by such nuclei 
as carbon, oxygen, and silicon. The P’s can be computed 
in the Fermi-gas model for nuclei. In this model we have 

2 5(x1—X2) 
p1(X1,X2) =— ———— 
Z V 
9 1 fsin(Kor:) 


Ve (Korss)44 Korie 





2 
~cos( Kor) , 
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TABLE I. Muon capture lifetimes (in seconds). 








Direct coupling theory 


Chew-Low theory 
.08 gett = 3 X10~ erg cm? 


fiz 


Experiment 





0.44 X10 


1H} 0.080 
1H? 0.064 
eHet 1 
sC2 3.10 X10~4 1 
gre 10.60 X10-® 5 

7 

2 


0.022 

(0.18 +0.05) X10~¢e 
(1.35 +0.76) X10~5¢ 
(0.83 +0.21) X10~6¢ 


14Si28 
(041+? )x10-64 


2oCa” 


15.08 X10~6 


5.14 X107-8 -25 X10-68 





* Average nuclear excitation energy =11 Mev. 

> Average nuclear excitation energy =20 Mev. 

© Reference 1. 

4A, J, Meyer quoted by B. W. Ridley, Progr. Nuclear Phys. 5, 188 
(1956). 


where Ko= (92/8) '¢~' is the radius of the momentum- 
space Fermi sphere, V is the nuclear volume $17r°A, 
and rj2= |X;—X2|. We obtain 


8\? 1 
52(P,—P.— Pat Pd)= bra 8( — ) -—(tra. 
7. 


The average excitation energy of a nucleus is approxi- 
mately given by 
h’k?/2M 
3Z(P,:— P2— P3+P,) 





B= ~16 Mev. 


7. Direct Coupling Theory 


The interaction Hamiltonians for the capture of 
muon by a nucleus, in the direct-coupling theory, are 
the following: 


Hs+Hr=gs E ven +ieg + fa) 
X rer (x1 + xi + ta) Gy*(xi)B G(x) 
+er [Cv e'Beire Vie," edbaes(x) 
for a combination of scalar and tensor couplings, and 
Hy+Ha=ge f Z W* (xe + x2) 7Wr (aye ate? +) 


X ¢*,(xi) (x) +g4 J L vet o.7 Yr ey" (xi) g,(x1) 


for a combination of vector and axial vector couplings, 
Wr and yw; are the wave functions of the initial and 
final nuclear states. 

A summation procedure analogous to the one used 


in Sec. 4 gives us 


E\? 
rotert=zi(1-—) | (PtP. Pe Ps) 
uc 


1 
TS 
19Z 
+ (PPP POL, 
tpHy2 
E\3 
rttrt=zi(1-—) [te P- Po 


uc 


1 


tyH 


1 
+ (PrP Prt POL, 
raHj2 
where 


(gs¢rs8)' = (gy2ry 8) = (3g42r 48) = (3gr2r 78) 
1 (“)(“ (« o1 
2r\ h 7 7 (hc)? 

Both combinations lead to predictions in agreement 
with experiment if the effective coupling constant, 
(gs°-+3g7")! or (gy?+3ga?)! is about 3X10-" erg cm’. 
If it is assumed that gs=gr or that gy=ga, then the 
value of each of these constants is 1.5 10~-* erg cm’. 
Table I lists the results for the lifetime of muon capture 
by the elements indicated in the first column. The 
following column gives the values of 7 corresponding to 
the value f?=0.08 of the Chew-Low coupling constant. 
In the third column we list the lifetimes according to 
the direct coupling theory for (gs*+3g7r*)!=3x10-* 
erg cm*® and average excitation energy (for carbon 
through calcium) of 11 Mev; in the fourth column the 
average excitation energy for these nuclei was taken to 
be 20 Mev. The last column gives the experimental 
results. 

One sees that the capture rate in the static, cut-off 
pseudovector coupling model of the meson theory is 
too small by a factor 20. It is true that the comparison 
with observation was made possible by recourse to the 
ideal-gas model for nuclei. It is to be expected that the 
true value of the nuclear matrix element will not be 
very different from the value given here. However, the 
comparison with capture by hydrogen, deuterium, or 
helium would provide an invaluable check for the direct 
coupling theory. Thus the ratio of the number of 
muons captured in hydrogen to the number of muons 
which decay in electrons is about 1/40000 in Chew 
theory whereas the direct coupling predicts a ratio of 
about 1/2000. 
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Neutral Mesons Arising in the Photoproduction of Pion Pairs* 
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The cross sections for neutrons obtained in the photoproduction of pion pairs have been computed using 
the Wick-Chew-Low formalism. It is found that in the case of neutral mesons, one must consider the contri- 
butions obtained from terms giving rise to two P-wave mesons. The latter arise chiefly from the anomalous 
magnetic moment interaction, and alter the results obtained from terms giving rise to one S- and one P-wave 
meson by a factor of about 50% for neutral mesons. The results for charged mesons obtained by Zachariasen 
and Cutkosky are not altered appreciably. The model so obtained has many features of the model for single 


meson photoproduction as given by Chew and Low. 


ECENTLY, Zachariasen and Cutkosky have ap- 
plied the Wick-Chew-Low formalism to compute 
the cross sections obtained in pion pair photoproduc- 
tion.! Their results are particularly well suited to the 
case of charged mesons since they consider the con- 
tribution from the meson and interaction current 
terms. This is done by projecting out the lowest order 
angular momentum state in the interaction, thus ob- 
taining a state with one S-wave meson and one P-wave 
meson. For neutral mesons obtained in these processes, 
this approximation is no longer adequate, and we must 
consider the P-wave parts of the meson and interaction 
current terms, as well as the contribution of the 
anomalous magnetic moment. In short, we must take 
into account the state with two P-wave mesons. 
We shall be concerned with the following processes: 


yt pontat+r (1a) 


—pt+n+nr°. (1b) 


The effect of the state with two P-wave mesons on the 
photoproduction of a w*, w~ pair is negligible for the 
energy range to be considered, so that, in this case, the 


results of reference 1 are completely valid.? The matrix 
element for the reactions (1a) and (1b) is 


(Wop | Hx | Wo). (2) 


Inserting the solution of the two-meson state in (2),? 
we obtain 


* Part of a thesis submitted to the Faculty of Pure Science at 
Columbia University, in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

t Now at Physics Department, West Virginia University, 
Morgantown, West Virginia. 

1R. E. Cutkosky and F. Zachariasen, Phys. Rev. 103, 1108 
(1956). 

? For a comparison of theory and experiment see R. M. Fried- 
man and K. M. Crowe, Phys. Rev. 105, 1369 (1957). 

3N. Fukuda and J. S. Kovacs, Phys. Rev. 104, 1784 (1956). 


(YO | [ay ; Hi, | Wo) 


| 1 1 
+(% {a ———_V,—_——_V» 
H+ H+, 


1 1 
$F 
H—w,—te H+wp 


1 1 
+, Vy} w) 
H—wyp—ie H—wyy—ie | 

+(Wo| (Lap, ],ap]|Yo). (3) 
Here 


Wpp’ = Wp twp’. 


If we neglect recoil completely, the last term of (3) 
is zero. The commutator in the first term of (3) gives a 
multiplicity of angular momentum states. Projecting 
out the S-wave and P-wave parts, we obtain for this 
term: 


Mx (pp’) = (49/wyk)*(€ fo/2M) €s,e5ppTo 
Xv, | Ao-e+ Bo-k| Wo) 


= (w,’, 2pwk)* (€€sc5ppTo) 
X[A T peo (P’) gat BT pxo(p’) sa |, 
where 


A=—((1-e]-[p b/s 1 -3(u-)/P°}, (5) 
B=[p-e/4k ][1+3(ut+)/p*], (6) 


and 


u={wp_t [1/2p ] In[ (wp— p), ‘(wpt p) J}, 
v= {1+[wp/2p] In[ (wp—p)/(wp+P) J}. 


In expression (4), the 7’s are the matrices for elastic 
scattering. The subscripts on the 7’s indicate the state 
of the “incident” meson. Thus peo indicates a meson 
of momentum #, incident in the direction e, and of 
isotopic state o. The energy to be used in the effective- 
range approximation is that of the p’ meson. 

If the last term of (4) is neglected, and if we approxi- 
mate (5) by ignoring the p-k term, we obtain the result 
of reference 1. For neutral mesons we must however, 
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Fic. 1. Theoretical curves of do /dw in microbarns per Mev for 
various values of the incident photon energy. These have been 
plotted as functions of the kinetic energy of the outgoing meson in 
Mev. 


use the complete result of (4) and add the contribution 
arising from the second term of (3). This latter term 
is evaluated by inserting complete sets of states on each 
side of the middle term and cutting the series off in the 
one-meson approximation. If we take the sum of the 
meson and interaction current parts of this term we 
obtain a negligible result. The justification for this 
approximation has been given by Chew and Low.‘ 
Thus, we must consider the contribution obtained by 
using the scalar and vector current parts of the middle 
term of (3). An additional simplification is obtained if 
we note that the coefficient of the scalar current term is 
much less than that of the vector current term, so that 
we may neglect the effect of the scalar current. 

When these approximations are made, one finds that 
the second term of (3) is proportional to the matrix 
element describing meson production by mesons.’ 
Explicitly, we obtain 


Nx(D,p') a= [—™?(up—bn)/2 JL2k/4x }! 
XTxe,3(P,P’)sa- (7) 
In (7) the T is the matrix element for the processes 
m+ pon+at+7° (8a) 
—pt+m+n°, (8b) 


where the incident meson has a momentum of kXe. 
This may be expressed in terms of the elastic scattering 
matrix elements as follows: 


T,(p,p’)= T, (P) pV p/p’ we T,(p’) V q/wpp’. (9) 


Here the subscript to the right of the elastic scattering 
matrix element indicates the energy to be used in the 


4G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 
5S. Barshay, Phys. Rev. 103, 1102 (1956). 
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effective-range approximation. The first term of (9) is 
the approximation used by Barshay in evaluating the 
matrix element for meson production by mesons in the 
mt ,p reaction. The processes (8a) and (8b) require the 
presence of the second term. 

Expressions (4) and (7), when suitably symmetrized 
with respect to the outgojng mesons, have been used as 
a basis for computing the cross sections for neutral 
mesons. The results obtained for the total cross sections 
(neglecting recoil effects) are shown in Fig. 1. To see 
the effect of the double P-wave part of the matrix 
elements, corresponding curves have been plotted in 
Fig. 2 for the cross sections obtained using the one S- 
and one P-wave part of the interaction. The double 
P-wave parts produce an increase in the yield of neutral 
mesons at all energies of the incident photon. This 
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Fic. 2. Theoretical curves of do/dw» in microbarns per Mev as a 
function of the kinetic energy of the outgoing meson. These values 
have been computed using the one S- and one P-wave part of the 
matrix element. 


increase becomes more pronounced at higher photon 
energies, reaching a value of about 50% at 405 Mev. 
It turns out that the contribution to the cross 
sections obtained from the P-wave part of the meson 
and interaction currents in (5) and (6) are negligible 
for the energies considered. Thus the increase obtained 
from the double P-wave part of the matrix element 
arises entirely from the anomalous magnetic moment 
interaction. A breakdown of this contribution is indi- 
cated in Fig. 3 which shows the cross sections at 405 
Mev for process (1a) (curve C), and for process (1b) 
(curve A). Curve B in Fig. 3 shows the cross section 
for process (1a) obtained by using the one S- and one 
P-wave part of the matrix element. It can easily be 
seen that process (1b) accounts for 10% of the total 
cross section, while the contribution of the anomalous 
magnetic moment term to process (1a) is about 40%. 
It should also be kept in mind that process (1b) con- 
tributes negligibly at lower photon energies. Figure 4 





NEUTRAL MESONS 


is a plot of the differential cross section at an angle of 
60°. The result here indicates again that the double 
P-wave part of the interaction gives an enhancement of 
50% in the meson yield. 

One should note that the contribution of the anoma- 
lous magnetic moment term to the results for negative 
meson production are less than 10%. This is due to two 
factors: the result for negative mesons obtained from 
the one S- and one P-wave part is about five times that 
for neutral mesons obtained from the same inter- 
action'; on the other hand, the contribution to the 
negative meson cross section obtained from the anoma- 
lous magnetic moment term is somewhat less than that 
for neutral mesons because of isotopic spin relations. 
At a photon energy of 475 Mev it is found that the 
anomalous magnetic moment term contributes 10%. 








4 100 
Fic. 3. Theoretical curves of do/dw in microbarns per Mev as a 
function of the kinetic energy of the outgoing meson, for an 
incident photon energy of 405 Mev. Three cases are shown. Curve 
A is the result for process (1b). Curve B is the result for process 
(1A) using the one S- and one P-wave part. Curve C is the total 
result for neutral mesons arising in processes (1a) and (1b). 


It is felt, however, that this is too large, since the 
approximation to the two-meson state, on which this 
estimate is based begins to break down at such an 
energy.® 

Another effect of the anomalous magnetic moment 
term is to alter the angular distribution of the outgoing 
mesons. The one S- and one P-wave part gives rise to a 
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Fic. 4. Theoretical curves of { (do /daydQ) (dk/k) as a function 
of the kinetic energy of the outgoing meson in Mev, at an angle 
of 60° and an incident photon energy of 405 Mev (c.m.). The 
differential] cross section is given in milli-microbarns per Mev per 
steradian. The solid line indicates the total result for processes 
(1a) and (1b), while the dotted curve indicates the result for 
process (1a), using the one S- and one P-wave part of the inter- 
action. © 


preference for mesons at 90° to the incident photon 
beam.! The double P-wave term tends to cancel this 
effect, and, at the higher energies to give rise to a 
preference for meson yields in the forward and backward 
directions. 

An interesting feature of this model is that it predicts 
a simple algebraic ratio for the cross section of (1b) as 
compared to that of (8b). This is given by 


F y-00, 0= [ (km*/q) (€/ f) (Bp—8n)*/ (4M)? Joo+0,0. 


This is similar to the result obtained for the single- 
meson case by Chew and Low. Relation (10) may not 
be as useful as the latter since the partial wave analysis 
is more complicated, and the appropriate cross sections 
are more difficult to measure. 


(10) 
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Recoil Protons from Meson Photoproduction in Hydrogen and Deuterium* 
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The spectrum of photoprotons produced by 500-Mev bremsstrahlung on hydrogen and deuterium has 
been measured at laboratory angles of 29.7°, 41.2°, and 51.8° with a telescope of three scintillation counters. 
From the hydrogen data the 7° cross section of hydrogen was obtained, which agrees with the previous 
results of this laboratory. The contribution of the deuterium photodisintegration reaction was subtracted 
from the deuterium counting rate and the deuterium-to-hydrogen ratio of recoil protons from meson 
photoproduction was obtained. This ratio was also calculated from the deuterium w~ and hydrogen 7° 
photoproduction cross sections, by means of the ‘‘spectator model” of the deuteron. In this model photons 
interact with only one of the deuterium nucleons and the initial momentum of the target nucleon is taken 
into account. The ratio predicted by this model is significantly larger than the experimental ratio. 





I. INTRODUCTION To obtain the free nucleon cross sections from the 
bound nucleon cross sections, a model of pion photo- 
production is needed. One model is the “spectator 
model”, in which the deuteron is considered to be so 
loosely bound that the photon interacts with only one 
nucleon which is considered as free, except for its 
initial momentum. The deuterium photoproduction 
reactions become: 


N order to compare the current theories of pion 

photoproduction with experiment, one would like 
to bombard free neutrons as well as free protons with 
photons. Since the deuteron is the simplest system 
involving neutrons, it is important to understand how 
the observed pion production from a bound nucleon in 
deuterium is related to pion production from a free 


nucleon. One may obtain some insight into this problem ytpomr* +n 
by studying positive pion production from the free 0+ p, 
proton and from the bound proton in deuterium.' Ad- ytnpor +p 
ditional experiments have measured the deuterium-to- wn, 


hydrogen ratio of neutral pion production,? and the 

negative to positive ratio of pion production from where the subscript D means that the target nucleons 
deuterium.’ These last two experiments involve pion are moving with the momentum distribution of deu- 
production from the bound neutron. From them one _ terium nucleons. 

would like to calculate the cross sections for pion This paper reports the results of an experimental 
production from free neutrons. test of this model. The deuterium-to-hydrogen ratio of 
recoil protons from pion production was measured. 
This ratio can be calculated from previous pion photo- 
production experiments by means of the spectator 
model. The comparison of the calculated and experi- 
mental ratios is a check on the validity of the spectator 
model. As an additional test of the model, we have 
investigated the effects of nucleon motion on the 
deuterium-to-hydrogen ratio of pion photoproduction 
and on the negative-to-positive ratio of pions from 
/ 7 deuterium. 


Il. EXPERIMENTAL METHOD 
Fic. 1. Proton telescope and gas target geometry. The lead plug . : Sage aa 
shown in the center of the telescope was used during background The synchrotron beam collimation and monitoring 
runs, to stop the true proton counts, but permitted the protons equipment as well as the high-pressure, low-tempera- 
scattered from the shielding into the counter to be counted. 








: TABLE I. Th i d a ] f th ction 
* This work was supported in part by the U. S. Atomic Energy F eed © i leouns ett. eee 
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1R. M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952); Correction Maximum value Average value 
Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 Redhannemdl 33% 17% 
(1954); Lebow, Field, Frisch, and Osborne, Phys. Rev. 85, 681 Abs Ste om 16% 6 3% 
(1952); Crowe, Friedman, and Hagerman, Phys. Rev. 100, A wider " 8% 2% . 
1799 (1955); White, Jakobson, and Schulz, Phys. Rev. 88, 836 rae _ ~ 5.80 ~ 2% 
(1952); Sands, Teasdale, Walker, Querzoli, and Bloch (private Slit _ 5.2 9 2 2 
communication). me onge —5.2% —2% 

2G. Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952); == 
Keck, Tollestrup, and Bingham, Phys. Rev. 103, 1549 (1956). a 

5 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). ‘J. Keck and R. Littauer, Phys. Rev. 88, 139 (1952). 
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Fic. 2. Schematic of the proton telescope electronic system. The 
absorbers Ai, As, and A; determined the range of the particle 
observed. The pulse height from counter C; was recorded in the 
20-channel pulse-height analyzer, which was gated by the coin- 
cidence circuit. Protons were identified by their pulse height in C1. 


ture target have been previously described.*:* The 
proton telescope (Figs. 1 and 2) consisted of three 
plastic scintillation counters and a tungsten slit, 
similar to the four-counter telescope previously de- 
scribed® with the front counter replaced by a tungsten 
slit. The angular resolution function of the telescope 
was an isosceles triangle with a maximum width of 
4.7° After runs with gas in the target, a 1} in. by 4 in. 
by 4 in. lead plug was inserted in the telescope (Fig. 1) 
and background runs were taken to count protons which 
were scattered into the counters from the telescope 
shielding. Empty target runs were taken in the same 
way and subtracted from the gas runs. This method 
eliminated all counts from sources other than the 
hydrogen. The only undesired events which could 
affect the counting rate are: (A) untrue counts from 
hydrogen which are stopped when the plug is inserted, 
(B) untrue counts from the hydrogen which are pro- 
duced by the plug, and (C) true counts which somehow 
get through the plug and into the counter. From a study 
of these cases it is concluded that they are small, and 
further, that they tend to cancel. 

Table I gives the average and maximum values of 
the corrections applied to the data. In. addition the 
following possible sources of error were examined and 
found to be negligible: absorption of higher energy 


2 Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 
6 J. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956). 
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Fic. 3. Differential cross section for photoproduction of 7° 
mesons from hydrogen, at a proton angle of 29.7°. Units are 10-” 
cm? per steradian, 


protons while in the sensitive region of the telescope; 
star production in C,; recoil deuterons from elastic 7° 
production in deuterium; recoil protons from meson 
pair production; Compton protons from hydrogen; 
multiple scattering of the protons in the absorbers. 


Ill. HYDROGEN 


The photoprotons from hydrogen can come from 
three reactions: 


ytp=ptm, ytp=pty, vt+p=ptrtn. 


The second of these is the Compton scattering of 
photons from protons and this reaction is negligible as 
is shown by the Illinois experiment.’ The contribution 
of the x pair production was shown to be negligible by 
lowering the synchrotron energy below the 7 pair 
threshold. Since the second two of the above reactions 
make negligible contributions to the photoproton 
spectrum, the photoprotons must come from the first 
reaction. We can calculate the 2°-meson production 
cross section from the photoproton spectrum. 

The cross section for r® production from hydrogen 
is shown in Figs. 3, 4, and 5. The dashed curves were 
drawn by Oakley and Walker® through their data at 
proton angles of 29°, 40.5°, and 50.3°. It is seen that 
there is good agreement between the two experiments. 
The sources of error common to both experiments are: 
the beam monitoring equipment; the measurement of 


7T. Yamagata, thesis, University of Illinois (unpublished). 
8D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955). 
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Fic. 4. Differential cross section for photoproduction of 7° 
mesons from hydrogen, at a proton angle of 41.2°. Units are 10” 
cm? per steradian. 


the synchrotron energy; and the hydrogen density 
measuring equipment. 

Absolute errors which apply to all points, and which 
are not shown on the cross section points are: beam 
calibration 7%; telescope geometry 5%; hydrogen 
density 3%; synchrotron energy 0.4%. These combine 
to give a 9% probable error in absolute cross section, 
but these errors do not apply to the photoproton 
ratios. The sources which contribute to the errors shown 
on the individual points are: hydrogen and background 
counting statistics; uncertainty in proton peak limits; 
absorption correction (+5% of the correction) ; tele- 
scope angle (+0.3°); AR (2%, 3%, or 5% depending 
on A3) ; range-energy relations (1%+0.01 cm of copper). 

The angular distribution coefficients obtained from 
this experiment are given in Table II. The statistical 
errors overlap the Oakley-Walker® coefficients, except 
for the C coefficient at 460 Mev. Our C coefficient is 
more negative than theirs, but the statistical errors on 
C are large because our data are all obtained within 
26° of 90° in the center-of-mass system. Since we have 
data at only three angles the angular distribution 
coefficients are not overdetermined, and a least-squares 
fit was not possible. 


IV. DEUTERIUM 
A. Interpretation of Deuterium Data 


Since we are interested only in protons from meson- 
producing reactions, we have subtracted from the 
deuterium counting rate the protons produced by the 
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photodisintegration of the deuteron.** The fraction of 
the deuterium photoprotons from photodisintegration 
for each of the three telescope angles is as follows: for 
29.7 degrees, 11% to 20% except for the highest energy 
point which was 25%; for 41.2 degrees, 16% to 23%; 
for 51.8 degrees; 32% to 39%. By the spectator model 
the remaining proton counts are attributed to the 
following reactions: y+pp—p+7, y+np—ptn-. If 
the simplifying assumption is made that the motion 
of the target nucleons is not important, then the 
deuterium-to-hydrogen proton ratio is related to the 
meson ratio experiments in the following way: 


where @ is the differential cross section for production 
of a pion (whose charge is indicated by the superscript) 
from the nucleon indicated by the subscript. The sub- 
scripts » and p denote the deuterium nucleons and H 
denotes the free proton. The ~/x* and a*/x* ratios 
have been measured by Sands ef al.'* The hydrogen 
m* cross section has been measured by Tollestrup et al.° 
and by Walker et al.!° The hydrogen x° cross section 
has been measured by this experiment, by Oakley and 
Walker,’ and by Corson ef al." The deuterium-to- 
hydrogen 7° ratio® gives some indication of o,°/cn’, 
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Fic. 5. Differential cross section for photoproduction of 7° 
mesons from hydrogen, at a proton angle 51.8°. Units are 10-” 
cm? per steradian. 


® Whalin, Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 

10 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955). 

1 McDonald, Peterson, and Corson, Phys. Rev. 107, 577 (1957). 
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since r° production from the neutron is nearly equal to 
production from protons, according to Watson ef al.” 
A comparison of the experimental deuterium-to- 
hydrogen proton ratio with the meson ratio experi- 
ments mentioned showed some discrepancies which 
could not be ignored. For this reason the effect of the 
motion of the nucleons in deuterium was investigated. 


B. Deuterium Dynamics Calculation 


In the case of a proton telescope looking at a hydrogen 
target bombarded by photons, the counting rate is 
proportional to the appropriate differential cross sec- 
tion. If the target nucleons are moving, as in deuterium, 
then the counting rate is no longer dependent only on 
one particular value of the cross section, but it depends 
on a weighted average of the cross section over neigh- 
boring energies and angles. The problem now is to find 
this weighting function. It was decided to do this 
by considering two-hundred equally probable initial 
momenta for the target nucleon. For each momentum 
the following quantities were calculated, using the 
condition that the recoil proton be counted by the 
telescope. The laboratory energy of the incident photon 
k, the apparent photon energy as seen by the target 
nucleon ko, the center-of-mass angle between the 
incident photon and the recoil proton 6, and a weighting 
function which is described in the appendix. The 
quantities ky and cos 6 determine the point where the 
differential cross section is sampled (the dots in Figs. 
6 and 7). The single-meson production cross section 
can be described as a function of two variables, for 
example; do/dQ’=da/d0’ (ko,cosé) where ko is the 
photon energy as observed from the target nucleon 
and 6 is the angle between the photon and the recoil 
proton in the center-of-mass system (in general, primes 
denote center-of-mass system). A contour map of cross 
section can be made as shown in Figs. 6 and 7. If our 
telescope is set to observe the cross section at some 
point when the target nucleon is at rest, then as the 
nucleon assumes each of the two-hundred values of 


TABLE IT. Angular distribution coefficients obtained for the pho- 
toproduction of neutral pions from hydrogen. In parentheses are 
the coefficients given by McDonald, Peterson, and Corson,* ob- 
tained by combining their photographic plate data with the 
data of Oakley and Walker.» Units are microbarns per steradian. 
da /dQ’! = A+B cos6,’+C cos,’. 








Photon energy 





Coefficient 380 Mev 420 Mev 460 Mev 
A 17.8+0.9 12.6+1.2 8.354+1.3 
(18.0+0.7) (11.7+0.6) (7.3 +0.6) | 
B 1.7+2.0 2.742.4 0.9 +2.6 | 
(2.6+0.9) (2.7+0.7) (2.7 +0.7) | 
Cc —14.0+4.8 —11.2+5.9 —13.2 +63 
(—10.9+1.2) (—7.341.1) (—4.2 41.0) ] 








* See reference 11. 
» See reference 8. 


awe Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
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Fic. 6. Contour map of center-of-mass cross section obtained 
by adding the cross-section coefficients for the reactions y+) 
=p+n°, y+n=p+2-. These are the two meson-production 
reactions in deuterium which produce recoil protons. The coordi- 
nates are —cosé, minus the cosine of the center-of-mass meson 
angle, and ko, the incident photon energy as seen by the target 
nucleon. If recoil protons are observed at a fixed angle and energy, 
the cross section is sampled at each of the points shown as the 
target nucleon assumes each of the two-hundred momenta selected 
to represent the motion of the nucleon in deuterium. 


momentum the cross section will be sampled at each 
of the points shown. There are less than two-hundred 
points shown because of some momenta it is impossible 
to produce the required recoil with a photon of 500 Mev 
or less. The two-hundred momenta were chosen to 
represent the motion of the nucleons in deuterium as 
follows. Twenty spherically symmetric directions were 
chosen. These are the perpendiculars to the faces of a 
regular icosahedron. Ten values of momentum were 
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Fic. 7. This figure shows the reduced effect of the nucleon 
motion in the hypothetical case where the cross section shown in 
Fig. 6 is measured by observing the mesons, 
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Fic. 8. Deuterium-to-hydrogen photoproton ratio. Protons from 
deuterium photodisintegration have been subtracted leaving the 
ratio of protons from meson-producing reactions. Proton angle is 
29.7° from the photon direction. 











chosen to represent the momentum spectrum. They 
were selected so that there was a 5% probability of a 
nucleon with momentum less than the first value, 15% 
for the second value, and so on up to 95% probability 
of a nucleon with momentum less than the tenth value. 
Two deuteron wave functions were tried and both gave 
practically the same ten values of momentum. One was 
the familiar Hulthén wave function and the other was 
the Gartenhaus wave function, derived from the cutoff 
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Fic. 9. Deuterium-to-hydrogen photoproton ratio. Protons from 
deuterium photodisintegration have been subtracted leaving the 
ratio of protons from meson-producing reactions. Proton angle is 
41.2° from the photon direction. 


3S, Gartenhaus, Phys. Rev. 100, 900 (1955). 
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Yukawa meson theory. A digital computer program was 
developed which would perform the above operations. 
The computer input consisted of a table of cross-section 
coefficients for the reaction, and the energy and angle 
of the observed particle (proton or meson). The com- 
puter output showed the effect of measuring a cross 
section of a nucleon moving with the deuterium mo- 
mentum distribution relative to the same cross section 
measured with the nucleon at rest. It is interesting to 
observe that the smearing effect of deuterium (Figs. 
6 and 7) is much greater when recoil protons are ob- 
served than when the mesons are observed. 


C. Deuterium Results 


The photoproton counting rate was adjusted by 
subtracting the photodisintegration contribution, as 
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Fic. 10. Deuterium-to-hydrogen photoproton ratio. Protons 
from deuterium photodisintegration have been subtracted leaving 
the ratio of protons from meson-producing reactions. Proton angle 
is 51.8° from the photon direction. 











has been discussed, to obtain the photoproton counting 
rate which was divided by the hydrogen counting rate 
and multiplied by twice the hydrogen to deuterium 
density ratio, to obtain the photoproton ratio per 
nucleus. This ratio is plotted in Figs. 8, 9, and 10. Also 
shown (dashed curve) is the deuterium to hydrogen 
photoproton ratio as calculated from the m and 7° 
cross section of a free proton and neutron at rest. The 
failure of this simple calculation led to the calculation 
which included the effect of the nucleon motion in the 
deuteron. This calculation has been described in the 
preceding section and the results are shown in Figs. 8, 
9, and 10 (solid curve). The agreement between the 
predicted and measured deuterium-to-hydrogen photo- 
proton ratio has been improved, especially in regard 
to the energy dependence of the ratio. However, there 
is still an amplitude discrepancy of about 15%. This 
discrepancy and its probable cause will be discussed. 
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Fic. 11. Deuterium-to-hydrogen x* photoproduction ratio. The 
experimental points are from Sands et al.! The theoretical curve 
does not include the effect of meson absorption. 


V. OTHER DEUTERIUM EXPERIMENTS 


Sands ef al.! have measured the ratio of positive- 
meson production from deuterium and hydrogen. This 
experiment should be a good subject for the deuteron 
dynamics calculation in the range where the recoil 
neutron has high momentum (>300 Mev/c) so that 
the exclusion principle and the density of final states 
do not restrict positive-meson production from deu- 
terium. This calculation has the advantage that only 
one cross section enters, where in the photoproton case 
there were two cross sections involved and one (the 
negative-pion) was not as thoroughly known as is the 
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Fic. 12. Deuterium-to-hydrogen x* photoproduction ratio. The 
experimental points are from Sands et al.! The theoretical curve 
does not include the effect of meson reabsorption. 
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Fic. 13. Deuterium-to-hydrogen x* photoproduction ratio. The 
experimental points are from Sands et al.! The theoretical curve 
does not include the effect of meson reabsorption. 


positive-pion photoproduction cross section. The posi- 
tive-meson ratio is shown in Figs. 11, 12, and 13 with 
the experimental! points of Sands et al. 

The effect of nucleon motion on negative-meson 
production is of interest for two reasons. First, we 
assumed that the effect was small enough to permit us 
to use the deuterium 7 photoproduction cross section 
as a free-neutron cross section to calculate the photo- 
proton yield. Figure 14 shows that the effect of the 
nucleon motion on the #~ cross section is 6% or less 
in the region where the ~ cross section was measured, 
except for the 210-Mev point at 73°. Second, we can 
use the ratio of x~ photoproduction from neutrons in 
motion to neutrons at rest together with the previously 
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Fic. 14. Negative-meson photoproduction from neutrons 
moving with the momentum distribution of a deuterium nucleon, 
relative to production from neutrons at rest. 
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discussed x* ratio to find the effect of nucleon motion 
on the deuterium z~ to w+ ratio. In general the effect 
is small. In particular, nucleon motion does not account 
for the discrepancy between theory and experiment at a 
meson angle of 140° reported by Watson et al.” 


VI. DISCUSSION OF RESULTS 


The results of the neutral-pion photoproduction cross 
section measurement (Figs. 3, 4, and 5) are not as 
extensive as those of Oakley and Walker,’ but the 
agreement provides a useful consistency check, since 
the two methods employed different means of detecting 
the recoil protons. 

The calculated deuterium-to-hydrogen photoproton 
ratio is larger than the experimental! ratio by about 
15%. A discrepancy of this type might be expected 
because the spectator model does not include the 
possibility of a meson being reabsorbed by the other 
nucleon. Since the reabsorption of a meson will lead 
to photodisintegration of the deuteron, the cross section 
of this reaction provides a measurement of the reab- 
sorption probability. Wilson’ has obtained a very good 
fit to the total cross section for deuterium photodis- 
integration using a meson reabsorption probability of 
0.11. The deuterium-to-hydrogen positive pion ratio’ 
and neutral pion ratio® were examined for evidence of 
this 11% reabsorption in deuterium. The experimental 
values of the x* deuterium-to-hydrogen ratio from the 
300-Mev machines are inconclusive as regards evidence 
for or against the 11% reabsorption figure. The + 
deuterium-to-hydrogen ratio from 500-Mev_ brems- 
strahlung is shown in Figs. 11, 12, and 13. It is seen 
that if the curves were decreased by 11% the agreement 
with experiment would remain about the same. 

Averaging the deuterium to hydrogen 7° ratio from 
310-Mev bremsstrahlung over meson energies and 
angles, we find that the x° production per nucleon in 
deuterium is 10% less than from hydrogen, with 
statistical errors of about 5%. The 500-Mev data are 
consistent with this 10% reduction at meson (actually 
decay-photon) angles of 73° and 140°. However, the 
ratio is larger at 30°, a fact which Keck and Tollestrup*® 
suggest may be an interference effect. Typical errors 
are 5%. 

From these r+ and x° deuterium-to-hydrogen ratios, 
it can be said that they are consistent with the 11% 
reabsorption probability, but that they do not provide 
strong evidence for it. The best evidence comes not 
from the meson ratio experiments where one must look 
for an 11% difference between measured quantities, 
but from the photodisintegration of the deuteron at the 
higher energies, which is almost entirely caused by this 
effect. 

The reabsorption correction applies only to the 7° 
cross section used in the calculation, as the #~ cross 
section employed was obtained from measurements 


1 Robert R. Wilson, Phys. Rev. 104, 218 (1956). 
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on deuterium. The actual correction to the ratio isa 5% 
to. 6% decrease, which still leaves a significant dis- 
crepancy between the calculation and the experiment. 
Since this was a ratio-type experiment, and the cross 
sections used in the calculation were all measured at 
this laboratory using the same beam-monitoring equip- 
ment, the discrepancy between the calculated ratio 
and the measured ratio appears to be a real short- 
coming of the spectator model. The model was suc- 
cessful, however, in yielding the proper shape of 
the energy dependence of the deuterium-to-hydrogen 
photoproton ratio, but predicts a value that is every- 
where higher than is experimentally observed. The 
worst discrepancy is at 51.8° (Fig. 10) where the 
predicted ratio is about 40% high, whereas the errors 
on the calculated ratios due to the uncertainties in the 
meson production experiments are only about 15%. 
Thus, the discrepancy does not seem to be an experimental 
one. The quandary posed by this situation is that one 
is predicting the number of recoil protons that should 
be observed from the mesons actually observed. If 
these recoils are not observed, at the expected places, 
then either the momentum distribution within the 
deuteron, or interactions between the outgoing particles, 
is causing the protons to appear at different angles than 
expected. The deficiency observed at 51.8° would be 
expected to be largest on this basis as it is nearest the 
kinematic limit in angle for recoil protons to be observed 
from pion production from stationary nucleons. Any 
effects omitted in the spectator model that tend to 
cause the recoils to be scattered through a larger angle 
than predicted will deplete the protons most seriously 
from this region. Thus, further experiments to observe 
recoil protons in the regions kinematically forbidden 
from stationary nucleons should show more protons 
than expected on the basis of the model used here. In 
these regions the resonance enhances the importance 
of the higher momentum components of the deuteron, 
and thus such experiments would offer further infor- 
mation on the deuteron wave function. 
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APPENDIX 


To find the weighting function used in Sec. IV, let 
us first consider the contribution to the counting rate 
of the particular initial target-nucleon momentum. 


Counts= NV f J eavacr dQ’ (dn/dko)dko. 
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where d0’ is the differential of solid angle in the center- 
of-mass system. The integral is carried out over the 
aperture of the telescope in ‘ko, 2’ space. N is the number 
of target nucleons/cm? with the particular value of 
initial momentum. N(do/d’) is the probability per 
unit solid angle of a photon with energy ko producing 
a meson at an angle r—64 in the center-of-mass system. 
The product (dn/dko)dko is the number of photons in 
the energy range ko+3dko. If the aperture of the 
telescope is sufficiently small, as it was designed to be, 
then we may replace the integrand by its value at the 
center of the aperture and take it outside of the integral. 
Making successive transformations of the integral from 
ko, space to k,Q’ space, to k,Q space and finally to 
T,,2 space, where the integral becomes AT,AQ, we 
obtain 


Counts/beam integrator pulse= (do/«" )AT ,AQNG/ Eo 
X { (9 cosa’/d cosa) (1—8, cosd,) (Ok/AT ,) f(k)/k}, 


where AT, is the width of the proton energy interval 
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accepted by the telescope, AQ is the solid angle sub- 
tended by the telescope, G is the total energy in the 
photon beam per beam integrator pulse, Eo is the 
maximum bremsstrahlung energy, 0 cosa’/d cosa is the 
solid angle transformation function (photon energy 
held constant), 8, is the initial velocity of the target 
nucleon, (6n,6n) is the initial direction of the target 
nucleon (the photon direction is 2=0; the plane con- 
taining photon and recoil proton defines ¢=0), 0k/0T > 
is the partial derivative of photon energy with respect 
to recoil proton energy with the laboratory proton 
angle held constant, and f(k) is the bremsstrahlung 
function defined so that the number of photons/beam 
integrator pulse in the Ak is Gf(k)AR/REp. 

In deriving the above equation, account was taken 
of the fact that at arget nucleon moving toward the 
synchrotron sees a larger photon flux than if it were 
moving away from the synchrotron. It is now seen that 
the cross section at each of the dots in Fig. 4 should be 
weighted by the expression inside the braces in the 
foregoing equation. 
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Scattering of y- Mesons by Nuclei* 
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The effect of finite nuclear size on the scattering of u~ mesons is calculated for a nucleus Z=80, R=1.2A! 
X10~ cm. The nucleus is considered as a uniformly charged sphere. The ~~ mesons have v/c=0.2 corre- 
sponding to an energy E=2.1 Mev. It is found that the left-right asymmetry in the scattering of polarized 
mw” mesons is decreased from that for a point nucleus. However, considerable asymmetry remains at large 


angles. 


INTRODUCTION 


HE scattering of negative » mesons by a point 
Coulomb field is similar to that for electrons if 
the ~ meson is taken to be a Dirac particle. For the 
same 8=v/c, the only difference is that the yw cross 
section is smaller in the ratio of the squares of the masses 
of the two particles. The angular distributions and 
polarizations are exactly the same in the two cases. 
Recent experiments! on the decay of m mesons, 
m—u+v, have indicated that the » mesons are polarized 
in the direction of their momentum in the center-of- 
mass system. It is possible, by using this effect, to 
obtain a beam of transversely polarized 1 mesons. The 
scattering of such a beam by a point Coulomb field will 
have a left-right asymmetry,” S, which has been calcu- 


* This work supported in part by the U. S. Atomic Energy 
Commission. 

t Part of this work was performed while one of the authors 
(J.F.) was at Brookhaven National Laboratory, Upton, New York. 

1 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957). 

2H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 


lated by Sherman.’ Measurement of this asymmetry 
would indicate the original spin direction (parallel or 
antiparallel to the momentum) of the » meson and this 
could be used as a check on the hypothesis of conser- 
vation of leptons. 

The purpose of this paper is to examine the effect of 
the finite size of a charge distribution such as is found 
in heavy nuclei on the scattering cross section and on S$ 
for w~ mesons. For electrons the finite size of the nucleus 
does not become important until highly relativistic 
velocities are reached, at which point there are no 
polarization effects. 1 mesons, because of the larger mass, 
have smaller wavelengths than electrons for a corre- 
sponding 8 and in fact the finite size affects the scatter- 
ing strongly already at the lowest energies. 

We derive in the next section a general method for 
correcting the Dirac particle point Coulomb scattering 
results for finite nuclear size for a uniformly charged 
nucleus of radius R. We then apply the results to the 


3N. Sherman, Phys. Rev. 103, 1601 (1956). 
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calculation of the cross section for scattering of a u— 
meson beam and the left-right asymmetry for trans- 
verse polarization for the case 8=0.2 (E=2.1 Mev), 
the nucleus having charge number Z=80, kR=0.77. 
This corresponds to using a nuclear radius R=1.2A! 
X10-" cm. The small value of &R enables the calcula- 
tion to be done with a desk computer. Machine calcu- 
lations are advisable if a series of such calculations are 
to be performed, especialiy for higher energies. 


THEORY 


The scattering of relativistic Dirac particles of mass, 
m, and total relativistic energy, E, in the potential, V, 
is governed by the Dirac radial equations*® 











1 dG, (x—1) 
—(E- V+mce)F + ———G, =), 
he dr r 
(1) 
1 dF, chia 
—(E-V— eat Ta F,=0, 
"he r 
where «= +(j+4) for j7=/+}. 
The asymptotic form of G,, 
1 Zé 
G.~- sin( r+ Indlr— Bet), (2) 
r v 


determines the phase shift, ,. The logarithmic term 
appears since the potential falls off as 1/r. 
The scattering cross section averaged over ¢ is then 
given by 
o(6)= | f(6)|?+|g(9)|*, (3) 
with 


f(0)=— ' $ x{ Lexp(2in,) — 1] P.—1(cos6) 
2ik «=! 
+[exp(2in_.) —1]P,(cos#)}, 


1 
g(0) ” DiR o or- exp(2in.) P.-1' (cos) 
1k «= 
+exp(2in_.) P.'(cos6)}. 


For a given initial spin direction ¢, the cross section 


Fic. 1. The relative direc- 
tions of spin and momenta 
for a transversely polarized 
beam. 
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4N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, Oxford, 1949), second edition, p. 74. 
5L. K. Acheson, Phys. Rev. 82, 488 (1951). 
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as a function of @ and ¢ is given by’ 


da (6,¢) 





={] f()|?+!g(6)|*} +e 


a: (py oxy (5) 
sin 


where #, and f» are unit vectors in the directions of 
initial and final meson momenta, respectively, and 


1( bas 
so= i(fe*— f*s) f*g) 6) 
T+ lel? 2+ \g|2 


The left-right asymmetry in the scattering, that is the 
relative number of scatterings at g=0 minus the 
number at y= divided by the sum of these two scat- 
terings, for a given @ is 








L-R sa-(fixXh 
-( es p2) )s@. (7) 
L+R sin6 “ude 
For a transversely polarized beam (see Fig. 1), 
(L—R)/(L+R)=S(6). (8) 


Polarizations after double scattering of an unpolarized 
beam can also be calculated by using S. Formulas for 
such polarizations are given by Mott and Massey‘ and 
by Tolhoek.? 

For a point Coulomb potential, V=—ahc/r where 
a=Ze*/hc, the solutions of (1) which are regular at the 
origin are: 

G.=—M, Im &/r, F.,=N, Re &/r, (9) 


we i 
t= (=F) em ater (tig, 2241, 21h), 00) 
—K—9 





where s=(x*—a’)!, g=a/8, g’=q(1—6*)! with B=0/c, 
and F(s+ig, 2s+1, 2ikr) is the confluent hypergeo- 
metric function. M, and N, are constant normalization 
factors with N,= —[(E/me?—1)/(E/me?+1) ]iM,. 
The asymptotic expression for the confluent hyper- 
geometric function leads to the asymptotic form (2) with 


s—i 


4 
n= —are( ~) —argI'(s+1+ig)+3(/—s)m, (11) 
—Kx—ig 





and the normalization constant 


IT(sti+ig)| 
= —_—______—e™ 2 
T'(2s+1) 


(12) 


TaBLE I. Changes in Coulomb phase shifts 
due to finite nuclear size. 
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Fic. 2. The relative cross section for a uniform charge distribution’ 
do»/dQ is Sherman’s result for a point nucleus. 


The use of the », given by (11) in Eqs. (3), (4), and (6) 
would then lead to the scattering cross section and 
asymmetry for a point Coulomb scatterer. 

For a finite size nucleus, the phase shift is determined 
by matching the logarithmic derivative of the inside 
wave function to a linear combination of the regular and 
irregular Coulomb solutions at the boundary of the 
nucleus. 

Eliminating F, in Eqs. (1) and making the substitu- 
tion g,=r{d(InrG,)/dr] leads to a Ricatti-type differ- 
ential equation for the inside logarithmic derivative : 





dg, r(dV /dr) 
‘hate —e -) 
dr (E —V+mc’) 
[(E—V)—mic*] r(dV /dr)x 
aera rere omg germ 8) pennmnevenerer ere. (55) 
hrc (E- Vime)_ 


The solution of Eq. (13) for a uniformly charged nucleus 
is given in the appendix. The matching condition at the 
radius, R, of the nucleus then is 
d , / 
&«(R) =A Ain arco) + BIG) , (14) 
r 


r=R 


where G,* is the regular Coulomb solution given by (6) 
and G,- is the irregular solution obtained from G,* by 
replacing s by —s. 

The phase shift for finite size, n,’, is then determined 
from the asymptotic relation 


sin(kr+q Inkr—}lr+n,')~A sin(kr+q Inkr—}$lr+n,*) 
+B sin(kr+q Inkr—3lr+n-), (15) 


where ,* and »,~ are the phase shifts for G,+ and G,-, 
respectively, as determined by Eq. (11). 
If one lets &=n,’—n* and &=n-—m*, Eq. (15) 
leads to 4 
sine, 
né, =——— ~ (16) 
(A/B), +-co8e, 
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Fic. 3. The asymmetry parameter S(6) for a uniform charge dis- 
tribution. So is Sherman’s result for a point nucleus. 


The ratio (A/B), from Eq. (14) is 


A \P(1—s—ig)| T'(1+2s) 
(-) = —(2kR)-? Li te 
B/, IT(1+s—ig) | T'(1—2s) 


Im {e~** exp(i¢g-) 





Im {e~** exp(igt) 
[ (ge-+s-+ikR)F-—R(dF-/dr)],-r} 
[(ge—s-+ikR)F+—R(dF+/dr)],—r} 


+s—ig\} 
exp(ig*) = ( ) ; 
—kx—ig’ 


and F*=F(+s+ig, +2s+1, 2ikR). 


(17) 








The expression for f(@) and g(@) can be written 
directly in terms of 6, and the regular Coulomb phase 
shifts, n+: 


S(0)= fe Ort => x{exp(2in.*Lexp(2i6,) — 1] 


k «=1 


X P.-1(cos0)+exp(2in_,.*)[exp(2i5_.)—1]P,}, 
(18) 


1 
g(0)=ge @)+— “ — inet) Lexp(2i6,) — 1] 


pz) x=] 
X P.-1'+exp(2in_.+)[exp(2i5_,)—1]P 2}, 


where fc(@) and gc(6) are the values of f(6) and g(@) 
for point Coulomb scattering. The functions f¢(@) and 
gc(@) can be calculated from the tables of Sherman 
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TABLE II. Differential cross section and asymmetry parameter. 























6 as° 30° 45° 60° 7s* 90° 105° 120° 135° 150° 165° 
da/dQX(b) 6260 374 87.8 38.5 16.6 6.86 2.84 La7 0.738 0.615 0.630 
da /dQ 
peri 1.01 0.921 103 137 135 0.990 0.572 0.300 0.183 0.155 0.158 
doy/dQ * 
100 S(@) 0.3 —0.1 1.1 0.2 —1.3 —2.7 —5.3 —i1 —19 —19 —10 
10050)" 02 -02 -10 56 a —28 —26 ~19 —10 

* doo/dQ and So(@) refer to the point-nucleus results of Sherman. 
ACKNOWLEDGMENTS 


through 
kfc(6)=G(6)—iq'F (6), (19) 
bGc(6) =tan($6)G(0)-+ig’ cot (36) F (0), 


where F(6) and G(@) are given by Sherman. 


RESULTS AND CONCLUSIONS 


The change in the Coulomb phase shifts due to the 
finite nuclear size is tabulated in Table I. The finite 
size of the nucleus has the effect of decreasing the 
scattering considerably at large angles (Table II and 
Fig. 2). 

The left-right asymmetry, S, in the scattering of 
transversely polarized y- mesons as a function of scat- 
tering angle is plotted in Fig. 3 both for a finite size 
charge and for a point Coulomb field. At large angles 
a considerable left-right asymmetry remains after cor- 
recting for finite nuclear size. One might have expected 
this asymmetry to disappear owing to the finite nuclear 
size with its consequent weakening of the spin-orbit 
interaction. However, the Rutherford or charge scatter- 
ing is also weakened and hence a considerable asym- 
metry remains. It is not unreasonable to expect that 
this left-right asymmetry will persist at higher energies. 

It is to be noted that for u*+ mesons of 2-Mev energy, 
one should not expect to see asymmetries since the 
Coulomb repulsion of the nuclear scattering center 
prevents the y+ meson from reaching the region where 
the spin-orbit interaction is important. 

Finally, the results of this calculation show that » 
mesons when scattered from nuclei can provide infor- 
mation on the charge distribution of nuclei. This infor- 
mation would supplement that obtained from the work 
of Fitch and Rainwater® on u-mesonic atoms and that 
of Hofstadter? on high-energy electron scattering. It 
is to be noted that measurements of left-right asym- 
metries in the scattering of transversely polarized yu 
mesons provides information not obtainable from 
electron scattering since for electrons the finite nuclear 
size is not important at energies where S(6) is large. 


®V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 
7 E.g., R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 


We wish to express thanks to Miss H. Oberthal, who 
carried out much of the numerical work involved in 


this paper. 
APPENDIX 


The potential energy of a negatively charged u meson 
inside a uniformly charged nucleus is 


V =—(Ze?/2R)[3—(r/R)?]. (A1) 


Equation (13) can be written for potential (A1) in the 
form 


dg. 
(e— ba) g2-+2(«—bs)—— (e—3bx)g.+J(x)=0 (A2) 
x 
where 


J (x) = —x(x—1)+[p?e(e— 2) +x (x—3)b |x 
— p’be(3e—4)2°+ p?b? (3e— 2) a3 — p?b*x4 

x=(r/R), b=(Ze?/R)/2me, 
e= (E+ mc’) /mc?+ 3b, 


The solution of (A2) can be written as 


p=R/(h/mce). 


&(X)= 2 On”, 


n= 
where 
ady=x for x>0, 
=—(k-1) for «<0, 
and 


b 6, 
a,= [=(2n—S-pa0)o0-1—— 


€ € 


n—1 b 
+> tn (~to-m-1— nn) |(2n—14+200) (A3) 


m=1 e 
6, is given by 


4 
J(x)=> 6,x", and 6,=0 for n>4. 
n=O 
The value of g,(r) for r=R is then 


.(R) =r “ss (A4) 
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Charge Spectrum, Mean Free Paths, and Flux of Heavy Primary Cosmic 
Rays at the Top of the Atmosphere 
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This investigation is restricted to primary cosmic rays of nuclear charges equal to or greater than ten 
at the geomagnetic latitude of 41 degrees north. Data were obtained from thick emulsions exposed at 
high altitudes over Texas. The flux, extrapolated to the top of the atmosphere, was found to be 2.65+0.3 
particles/m* sec sterad. The distribution histogram for the charge spectrum is included: The attenuation 
mean free paths for three groups were 28.5+2.8, 26.7+2.9, 23.643.7 g/cm? for Z=10-11, 12-14, 15-26, 


respectively. 


INTRODUCTION 


HE heavy primary component of the cosmic radia- 
tion studied in this paper includes particles having 
Z>10. At balloon altitude, passage of these heavy 
primaries through finite thicknesses of air has caused 
changes in the character of the heavy primary beam. 
Besides this, measurements of the very small flux of 
heavies are easily influenced by extraneous variables. 
Therefore ideal values of flux, mean free path (MFP), 
and the charge spectrum of the heavy nuclei have not 
yet been obtained. Increased accuracy requires both 
better statistics and further improvement in methods. 
This study has the dual purpose of determining the 
charge spectrum with good statistics (total tracks 
considered: 1887), and determining the attenuation 
MFP for several different charge groups. 


EXPERIMENTAL METHOD 


Six different plates or groups of plates were exposed 
to the cosmic radiation at 41 degrees north geomagnetic 
latitude (Texas) at altitudes ranging from 90000 to 
115 000 feet, with the exception of one series of plates 
(3200 series) which was exposed at 70 000 feet. Complete 
flight data are given in Table I. 

With the exception of plate 2588, the delta-ray 
counting method exclusively was used to determine the 
relative characteristics of the tracks. Plate 2588 was a 
composite emulsion consisting of Ilford G-5 and G-0 
emulsions sandwiched together. On this plate grain 
counts were also made. Upon the completion of scanning, 
each track found was counted for delta rays under a 
total magnification of 1250. The delta-ray counting 
criteria developed by this laboratory and based on a 
4-grain convention were closely adhered to throughout.' 

In order to identify charge, and to decide whether 
or not certain tracks were relativistic, measurements 
of the deflections of tracks in the emulsions caused by 
multiple scattering were taken. While there are several 
methods of measuring this scattering,’ the method 
used in this experiment was the coordinate method. 
Systematic errors inherent in the measurement of 


10. B. Young and W. C. Ballowe, Am. J. Phys. 24, 157 (1956). 
2 P. H. Fowler, Phil. Mag. 41, 169 (1950). 


‘ 


scattering may be classified as statistical and non- 
statistical. Errors of the first type result from un- 
certainties in setting the filar micrometer hairline on 
the center of the track and also from the apparent 
scattering which results from uneven stage motion. 
Assuming these errors are distributed normally we may 
consider them as statistical noise, and call spurious 
scattering of this type “noise level.’’ These errors were 
corrected by the method of different cell sizes,* or by 
the use of third differences obtained in the coordinate 
method.‘ Distortion of emulsions is the most important 
source of the second type of error, and can be detected 


_by noting runs of positive and negative signs of the 


second differences. It can be corrected by subtracting 
from each second difference, the average of the algebraic 
values of the second differences.? The above process of 
correction was carried through where such error was 
detected. 


Identification of Particles 


The cutoff energy at 41°N geomagnetic latitude is 
approximately 1.5 Bev per nucleon—the velocity of 
nuclei having this energy being 0.931c; consequently 
the delta-ray density on a track produced by a particle 
having this velocity is about 15% greater than the delta- 
ray density of a truly relativistic track. But on the 
average, the nuclei will have a velocity of about 0.97c 
since many of the nuclei will have relativistic velocities, 
and not merely that allowed by the cutoff value. We 


TABLE I. Flight data. 








Effective Area 


Altitude Geomag. flight scanned 





Plate in lat. and time in in Emul. 
No, g/cm? location Date hours cm? _ type 
2601 17:46 Texas 41°N Unknown 6.0 34.70 G-5 
1423 15.43 same March ?, 1952 7.7 32.14 G-5 
1480 15.40 same May 8, 1952 78 60.00 G-5 
4001 7.74 same June 3, 1955 9.0 21.70 G-5 
3200 2.80 same January 24, 1955 8.0 280.40 G-5 
HHNI1_— 9.98 same February 11, 1955 8.4 23.78 G-5 
2588 11.43 same November 18, 1954 6.2 23.45 G-5 
and 

G-0 








3M. G. K. Menon et al., Phil. Mag. 42, 932 (1950). 
4J. E. Moyal, Phil. Mag. 41, 1058 (1950). 
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TABLE II. Calibration constants. 











Plate 2601 1423 1480 4001 #3200 HHNI1 2588 
a 0.057 0.075 0.081 0.082 0.072 0.082 0.065 
6 02 0.2 0.2 0.23 0.2 0.2 0.2 





may assume then that the discrepancy introduced by 
the assumption that all nuclei are relativistic is well 
within the limits of experimental error at 41°N. On this 
basis, the delta-ray density of tracks will vary directly 
with Z? since 8c approaches one in the formula 


aZ* ( 1 -) 
Va—{ ———}, 
PAW, & 
where NV is the number of delta rays per unit length 
having an energy greater than W, produced by a 


nucleus of charge Ze. This relation is independent of 
the precise energy value. Therefore, we may write 


N=aZ’?+b, 


where a and 6 are constants of the plates, b representing 
the background delta-ray counts.’ Thus we have a 
calibration relation usable without restriction at 41°N 
for very high altitudes (i.e., altitudes above 90 000 feet). 


Plate Calibration 


The primary method of calibration used was that 
proposed by Dainton ef al.,* and confirmed by Tidman 
et al. on an experimental basis.’ In this method, long, 
fast tracks made by alpha particles and lithium nuclei 
are found either by scanning or from stars caused by 
heavy nuclei. The tracks are counted for delta rays, 
thus giving the delta-ray density for nuclei with a Z of 
2 and.3. The value of minimum ionization is obtained 
for single charged particles from observations of decay 
electrons from mu mesons. In addition to this, long 
tracks from the CNOF (carbon, nitrogen, oxygen, 
fluorine) group are counted, and then all are measured 
for multiple scattering. If V3, the number of 6 rays per 
hundred microns is then plotted against &, the scattering 
per hundred microns, on a log-log scale, these points 
will always show clearly resolved. lines, provided of 
course, that the total number of tracks is large. Hence, 
the above formula is a calibration relation for relativistic 
tracks. Considering the fact that the average energy of 
the particles makes them somewhat less than relativistic, 
a value which was 5% higher than the first constant 
in the above formula was used. Thus, the formula 
becomes 

N=0.082Z?+0.2. 


A star caused by a heavy nucleus in which the 
conservation of charge between the incident nucleus 

°>H. L. Bradt and B. Peters, Phys. Rev. 77, 58 (1950). 

* A.D. Dainton et al., Phil. Mag. 42, 317 (1950). 


7 Tidman, George, and Hers, Proc. Phys. Soc. (London) A66, 
1019 (1953). 
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and the outgoing jet of fast particles could be seen was 
found on this plate. Four alpha particles, three protons 
in the narrow ferward cone, and one more proton which 
made a large angle with the primary incident nucleus 
were observed. The count on the incident nucleus 
was 9.54 delta rays/100 microns. Assuming no meson 
production and that the target nucleus was a proton, 
the charge of the incident nucleus should be eleven. On 
this basis, the calibration constant should be 0.077. 
From the angular distribution of secondary particles, 
the energy of the primary nucleus could be estimated 
as 7 Bev using the relation (6?)!=0.056/E, where 6 is the 
root-mean-square angle.* This value agrees well with 
the results obtained from scattering measurements. 

The results of the calibrations for all plates are 
shown in Table II. 


Calibration of HHN11 


This calibration will be given as an example of the 
general method by which the plates were calibrated. 
Figure 1 shows the results of both multiple scattering 
measurements and delta-ray counts on tracks having 
a delta-ray count between 0.5 and 7 per hundred 
microns which were more than 5000 microns long. 
From this it is clear that the delta-ray density of the 
track of a nucleus at the mean scattering angle of 0.01° 
per hundred microns can be expressed by the following 


formula: 
N=0.078Z?+-0.2, 


the constants a and 6 being derived from 
= 3 (N2— N) = 4(N3- N2), 
b= Ni-—a= Ne—Aa. 
Charge Spectrum 


A summary spectrum is shown in Fig. 2. The 3200 
series is omitted in the summary since the light end 
contains many secondary particles. No nuclei were 
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Fic. 1. Summary charge spectrum. 


8 Kaplan, Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 
(1952). 
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found which had a delta-ray density significantly 
greater than that which the plate calibrations allowed 
for iron. No predominance of nuclei carrying an even 
charge was seen. A general decrease in frequency of 
particles from a Z of 10 to 15 is seen, at which point 
the spectrum shows a flattening out though there is a 
slight general decline in frequency. However, it can be 
seen in all individual plate histograms except the 1480 
series and plate 2588 that there is a considerable peak 
at a Z of 26 compared to the preceding Z which is 
manganese. As could be expected, the 3200 series 
(alt: 70000) shows a much lower value at its heavy 
end indicating that many of the heavier particles have 
broken up and added a secondary flux to the light end. 

The summary spectrum is given in percent in 
Table II. 


Mean Free Paths by Groups 


The ultimate goal in calculating MFP by groups is 
the eventual calculation of MFP for each Z value. 
Presently this is not possible for two reasons: (1) the 
difficulty of absolute Z calibration, and (2) the difficulty 
of obtaining statistics enough to give reliable values. 

In this paper, the spectrum was broken into three 
groups, each containing approximately the same 
number of particles. The grouping was as follows: 
Group I: Z=10-11; Group II: Z= 12-14; Group III: 
Z= 15-26. 


Method of Mean-Free-Path Calculation 


If the flux at the top of the atmosphere is assumed 
to be isotropic (with respect to zenith angle), then the 
formula 


1 (6) =I exp[.(—d/d) cosé } (1) 


gives the flux at zenith angle 6, and atmospheric depth 
d, in terms of Jo, the flux at the top of the atmosphere. 
The number of particles in a unit angle interval at 
zenith angle 6, is given for a plate in the vertical 
position by 


N (0)=4ATI(@) sin’, (2) 


where A is the area of the emulsion in cm’, T the flight 
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Fic. 2. Charge spectrum. 
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TABLE III. Abundances of elements in heavy cosmic rays from 
Z=10 to Z=26 inclusive for 1082 tracks. 








Element Abundance (%) 





Ne 
Na 
Mg 
Al 
Si 
P 

S 
Cl 
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time in seconds, and / the flux at a zenith angle @, in 
particles per cm? sec sterad. Combining Eqs. (1) and 
(2) and taking the common logarithm,* we have 


N(6) loge\ d 
oe( m ‘) =log(4AIoT) — (~“)— 
sin’6 d /cos6 


A plot of this function gives — (loge)/d for the slope 
and for the intercept at d/cos#=0 the value log(4AJo7). 
The best-fit straight line was found by the least- 
squares method." The end points of the graph shown in 
Figs. 3 and 4 were obtained by taking the antilogarithms 
of the end points of the above. 


Combination of Plates and MFP Calculation 


The plates were combined by plotting on logarithmic 
paper the flux vs the atmospheric path length (d/cos@). 
Of course, this leaves the possibility of errors caused 
by time variation. However, at present it appears that 
the chief variations are caused by variations in solar 
emissions, and apparently the flux of heavies is much 
less affected than that of alphas and protons; also it 
was determined that no unusual: solar activity was 
seen on the dates on which the flights of the plates used 
(first four plates in Table I: total tracks 941) took 
place. This leaves the possibility of diurnal variation 
but in view of the studies of Lal e¢ a/.,' and Freier e¢ a/.,! 
who estimate an upper limit of variation between night 
and day flux as 10% and 20%, respectively, the varia- 
tion between the different flights should be small since 
all are day flights. 

Under the above considerations, the attenuation MFP 


* A. D. Dainton and D. W. Kent, Phil. Mag. 41, 963 (1950). 
” R. T. Birge, Phys. Rev. 40, 207 (1932). 
1 Lal, Pal, Kaplon, and, Peters, Phys. Rev. 86, 569 (1952). 
(1s Freier, Anderson, Naugle, and Ney, Phys. Rev. 84, 322 
51). 
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Fic. 3. Flux of CNOF (carbon, nitrogen, oxygen, 
fluorine) on plate HHN11. 


for each group is: 
Group I=28.5+2.8 g/cm’, 
Group II=26.7+2.9 g/cm’, 
Group III=23.6+3.7 g/cm’. 


These results agree well with those of other workers. It 
can be seen that the order of the MFP’s is in the order 
predicted by theory in that the MFP varies inversely 
with Z. 


Mean Free Path on Plate HHN11 


An unusually low MFP was found on plate HHN11 
for the Z>10 group (19.0). Therefore, it was not in- 
cluded in the MFP calculation by group as only plates 
of similar characteristics were used. On the basis of 
one section of this plate (176 tracks), it was found 
that the values of the MFP for the CNOF group and 
Z>10 were 


Z>10 group=19.0+0.7 g/cm’, 

CNOF group= 16.1+0.64 g/cm’. 
Not only are these values unusually low, but the order 
is reversed. Apparently the mean free paths are energy- 
dependent. The velocity change was probably due to 


modulation by changed magnetic fields of the earth 
and sun. 








YOUNG AND F. 


eae HB Ns ls a RNs aR 


E. HARVEY 





10.00x10 | 








01 


0 0 80% «0 80 600 
ATMOSPHERIC PATH LENGTH (D/COS @) 
Fic. 4. Flux of Z>10 on plate HHN11. 





Flux 


The flux at the top of the atmosphere was computed 
by using the equation 


1 (6) =I exp[(—d/A) cos@], 


which applied directly after \ had been found as pre- 
viously described. The angular distributions of the 
particles were measured and a separate calculation was 
made for each interval of ten degrees. The number of 
particles in each interval was determined by use of 
Eq. (2) under “Method of Mean Free Path Calculation” 
in this paper. The total flux was the sum of the values 
obtained for the ten-degree intervals. 

The flux at the top of the atmosphere of all nuclei 
with Z> 10 for the 749 tracks on the plate HHN11 was 
found to be 2.66+0.3 particles/m? sec sterad which is 
in close agreement with a value of 2.64+0.3 particles/ 
m? sec sterad found for the four plates with a total of 
906 tracks used in the MFP calculation by groups. 
Hence on a bais of 1655 tracks the flux has been found 
in this paper to be 2.65+0.3 particles/m* sec sterad. 
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Measurement of Panofsky Ratio: Nuclear Absorption of 
x from K Shell in Hydrogen* 
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The ratio of charge exchange to radiative capture in hydrogen for stopped x~ mesons has been determined 
by measuring the total photon spectrum in a lead glass Cerenkov counter. The ratio was found to be 1.87 
+0.10. Possible contribution from in-flight pions has been shown to be quite small. The error has been 
estimated including this effect, as well as errors related to total number of events observed, and errors arising 
in the data analysis. Evidence for high-energy photon production by capture of slow x~ in elements other than 


hydrogen is discussed. 


INTRODUCTION 


HE Panofsky ratio, defined as the relative proba- 
bility of charge exchange to radiative capture 
after absorption of a negative pion from the K shell 


in hydrogen, 
> rate (x + p—1+n) 
~ rate (x-+p—y+n) 





has been measured as 0.94+0.30 by Panofsky, Aamodt, 
and Hadley, as 1.60+0.17 by Kuehner, Merrison, and 
Tornabene,?* as 1.50+0.15 by Cassels, Fidecaro, 
Wetherall, and Wormald,’ and as 1.10+0.50 by 
Lederman et al. The present experiment has yielded 
a value of 1.87+0.10. 

The pions used in the first-mentioned measurement 
were of all energies produced from an internal target 
hit by 350-Mev protons, and the photons were measured 
with a pair spectrometer. The next two measurements 
were made with external beams of pions slowed to 
thermal energies and stopped in liquid hydrogen 
targets. Merrison ef al. also measured the resulting 
photons with a pair spectrometer, but Cassels and his 
colleagues used a large lead glass Cerenkov counter to 
observe the photon spectrum. The report of Cassels 
et al. gives a useful bibliography of experiments related 
to these reactions. 

_ The present measurement was made with a glass 
Cerenkov counter, using a procedure similar to that of 
Cassels ef al. but with some differences. In particular, 
the measured photons were one-hundred percent con- 
verted in the glass itself, instead of being converted 
by a smaller efficiency in a piece of lead in front of the 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 

2? Kuehner, Merrison, and Tornabene, see Proceedings of the 
CERN Symposium on High-Energy Accelerators and Pion Physics, 
Geneva, 1956 (European Organization of Nuclear Research, 
Geneva, 1956), Vol. 2, p. 241 for description of apparatus. Revised 
value of Panofsky ratio reported in 3. 

3 Cassels, Fidecaro, Wetherall, and Wormald (to be published). 

4 Beneventano, Stoppini, Tau, and Bernardini, wl ge ping of the 
CERN Symposium on High-Energy Accelerators and Pion Physics, 
Geneva, 1956 (European Organization of. Nuclear Research, 
Geneva, 1956), Vol. 2, see footnote p. 263; see also Beneventano, 
Bernardini, Carlson-Lee, and Tau, Nuovo cimento 4, 323 (1956). 


glass. In this way a correction for efficiency of con- 
versions in the lead has been avoided. Furthermore, 
there was observed a background effect presumably 
caused by pions absorbed in the walls of the liquid 
hydrogen container, which was demonstrably different 
in the presence and in the absence of liquid hydrogen, 
accordingly as more or fewer pions were scattered into 
the walls. The magnitude of this effect was determined 
and corrected for bya substitution method. In the present 
experiment, such a large number of events were observed 
that the error related to the number of observations has 
become almost negligible. Finally in the present 
measurement it has been proved that the Panofsky 
ratio measured here is truly that of pions captured from 
mesonic orbits around protons; that is, small upper 
limits for contribution by pions in flight have been 
experimentally determined both for the radiative 
capture and for charge exchange processes. 

An important property of the Panofsky ratio is the 
fact that it connects the ratio, R+, of x to + photo- 
production, with the difference of the s-wave phase 
shifts for the } and the } isotopic spin states of the x-+ p 
system. The argument is briefly as follows.° 

For pions captured by a proton from a K-mesonic 
orbit the p-wave phase shifts are negligible and the 
charge exchange cross section may be written 


0," 
? 


Sar 
oo=a(x-+ p—r"+n) = aaa 


Uy 


where »,- and 2,° are the barycentric (center-of-mass 
system) velocitie: of charged and neutral pions. With 
h/uc=1.41X10- cm, and® (6;—61)/n= (a3—a) = 0.27, 
which last amount should be corrected for isotopic 
spin nonconservation by an uncertain amount,’ 


V,° 
69= 4.07 X 10°" —. 
i 


5H. L. Anderson and E. Fermi, Phys. Rev. 86, 794 (1952). 

® A. Roberts and J. Tinlot, Phys. Rev. 90, 951 (1953) ; see also 
J. Orear, Nuovo cimento 4, 856 (1956). 

7H. P. Noyes, Phys. Rev. 101, 320 (1956). 
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Fic. 1. Range of nominal 120-Mev x~ mesons versus thickness 
of copper shown for two different field values of the steering 
magnet. 


But go is related to the Panofsky ratio P through the 
equation 


o(x-+p—r+n)= PXa(4-+p—7y4+n). 
By use of detailed balance the right-hand side becomes 
PX Xely-te-pte"), 
which is a function of R, defined as 
o(ytn—e +p) o(y+d—w +2) 
, iin be) alee tin) 





= 


We introduce R+ together with the measured 2* 
photoproduction cross section‘ 


o(y+p—nt+n) = (1.43+0.02) X 10-*8n, 


and also the barycentric p,=yc(1+y/2M)/(1+4/M) 
at threshold, and find 


1 4.07X 10-7 v0 (14+4/M)? 
2 1.4310-8 ¢ (1+n/2M)? 





PRz= 


Using® 2,°/c=0.20, we find PR+= 3.26. The value of 
R= calculated from dispersion theory is 1.34, which 
requires P=2.43. The measured values‘ of R+ when 
extrapolated to zero energy give a value of about 2, 
but there is some question as to whether the extra- 
polation as presently done is meaningful. Moravcsik® 
has discussed many of the uncertainties inherent in the 
extrapolation. A value of R+ of about 2 is in agreement 
with the ratio P measured by Cassels ef al.* and by us. 

®W. Chinofsky and J. Steinberger, Phys. Rev. 93, 586 (1954). 

®M. J. Moravcsik, Nuovo cimento (to be published). 
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EXPERIMENTAL 


A beam of 120-Mev x~ from the cyclotron after 
magnetic analysis was slowed through that amount of 
attenuator corresponding to the inflection point on the 
range curve (Fig. 1), made up of ~2-in. copper, 
followed by two monitor plastic scintillation counters, 
1 and 2, each of } in. thickness CHe, and then followed 
by 1-in. polyethylene plus §-in. copper. The full 
energy width of the pion beam was 7 Mev. The diameters 
of counters 1 and 2 were 6 in. The pions next passed into 
a liquid hydrogen container or various other targets. 
Photons emitted at 90° to the pion beam direction 
passed through a collimator in a Pb wall 8 in. thick 
into a Corning Pb glass Cerenkov counter, protected 
by a scintillation plastic anticoincidence counter, 3. 
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Fic. 2. Block diagram of basic components of counting ap- 
paratus. HP means Hewlett Packard distributed amplifier 460A, 
and SKL means Spencer Kennedy Laboratory 202D distributed 
amplifier. G designates Pb glass Cerenkov counter adjoining 5819 
DuMont phototubes indicated schematically. 


The glass counter (d= 3.89, n= 1.649 for NaD) was 
made of a cylinder of glass 7 in. high by 12-in. diameter. 
On each of the flat sides were mounted three DuMont 
photomultipliers of 5-in. diameter connected optically 
to the glass by a glycerine seal. The six photomultipliers 
were selected for equality of pulse height response to a 
test source. The glass and the photomultipliers were 
protected from stray magnetic fields by two concentric 
outer cylinders of u metal, each 0.02 in. thick and 
separated by a }-in. fiber shell between the u-metal 
shells. 

Photons passing through the collimator in the Pb 
wall entered the glass cylinder through the curved 
surface. The pulses from the photomultipliers were 
adjusted to be equal for the case when monoenergetic 
electrons from the 100-Mev betatron were fed into the 





MEASUREMENT OF 
glass, and at the same time the delays in the various 
photomultipliers were adjusted so that the 6 pulses 
arrived at an external point simultaneously, .e., 
within 1X10~* second. 

A block diagram of the electronics is shown in Fig. 2. 
The main feature is that the combined pulse from the 
glass counter was split, with half going to make a 
coincidence with the 2 monitor counters 1 and 2 
together with counter 3 in anticoincidence. The output 
of the coincidence circuit triggered the oscilloscope 
sweep, upon which was displayed the other half of the 
pulse from the glass counter and_which was recorded 
photographically. 

The electronic variables were adjusted with electron 
beams from the betatron, and the efficiency was 
measured as a function of electron energy for a col- 
limated beam of monoenergetic electrons passing through 
counters 1 and 2 and going into the glass counter. 
The efficiency curve, measured as the rate of triple 
coincidences, 1+2+glass, divided by rate of double 
coincidence, 1+2, versus energy of electron beam, is 
shown in Fig. 3. For 96 Mev, 70 Mev, and also for 
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Fic. 3. Percent effi- 
ciency of detection of 
electrons in Pb glass 
counter versus electron 
energy, also indicated in 
equivalent pulse height, 
measured for mono- 
energic electrons from 
betatron. 
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43-Mev electrons (selected by a magnet) the pulses 
from the glass were photographed on the oscilloscope 
sweep, and the pulse heights were read off the film in 
projection. In this way the efficiency curve previously 
found versus energy of the electrons was related to 
height of pulse from the glass counter, and at the same 
time the resolution of the glass counter was determined 
as a function of energy (Fig. 4). 

In spite of extensive heavy concrete shielding around 
the glass counter in the cyclotron experimental area, 
there was a large random background count, apparently 
caused by neutrons and present only when the cyclotron 
was running. The spectrum of the background was 
measured as a function of gain of the amplifier which 
fed the oscilloscope sweep trigger with the pulse from 
the coincidence circuit. For high gain the dependence 
of the logarithm of oscilloscope trigger rate versus pulse 
height was found to be linear, but to depart from 
linearity with decreasing gain at low pulse heights. The 
ratio of the curve for gain 0.065 (namely that used in 
the present measurements) to the curve for gain 0.09 
(Fig. 5), gave a second measure of the efficiency of the 
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Fic. 4. Pulse-height resolution curves for glass counter measured 
by using 43-, 70-, and 96-Mev electrons from betatron. 


glass counter through the region 30-60 Mev in good 
agreement with that measured using electrons from 
the betatron. This confirmation indicated that the 
efficiency of the glass counter did not depend too 
sensitively on the position in the glass where the 
Cerenkov light was created, showing an equivalence 
between, on the one hand, betatron electrons which 
begin to emit light as they enter the glass and on the 
other hand, light from radiation whose source was the 
general room background and which might be created 
at any arbitrary point in the glass. 
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Fic. 5. Gain in Y 
amplifier which con- 
trolled the height of 
pulse to trigger the 
oscilloscope sweep versus 
pulse-height spectrum in 
glass counter measured 
with cyclotron turned 
on. This background 
was presumably caused 
by a general flux of 
neutrons which managed 
to penetrate a large 
amount of shielding. 
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Fic. 6. Schematic drawing of geometry for measurement of 
pulse-height spectrum from CH, carbon, and other elements. 
Measurements were made both with and without marker counter. 
For measurements with marker counter, an anticoincidence 
counter not shown above was imposed between Pb converter 
and target. 
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MEASUREMENTS WITH CH: AND C 


It was observed and explained by Panofsky, Aamodt, 
and Hadley! that if H atoms are in the presence of 
nuclei of higher Z, incident negative thermal pions 
are absorbed, as far as can be detected, only by the 
nuclei of higher Z. This follows because although the 
x-H atom may form, its life is long compared with the 
time for collision with other nuclei, and therefore the 
probability is large for capture of the pion onto the 
nucleus with higher Z. 

This fact allows an upper limit to be determined for 
charge exchange by those pions in the beam which do 
not come to rest in a hydrogen target. Such a limit was 
needed because the hydrogen target was thin compared 
with the energy width of the beam, the thickness of 
liquid hydrogen subtended by the photon collimator 
being 3 inches or ~} gram of hydrogen which stopped 
or scattered out approximately 30% of the incident 
pions. 

The upper limit to charge exchange by in-flight pions 
was measured by observing the pulse spectrum in the 
glass counter produced by pions in CHg, and observing 
in particular those pulses in the glass which were 
produced in coincidence with a pulse in a large 
plastic scintillator (‘‘marker” counter) placed behind 
a 3-in. Pb converter, opposite to the glass counter. 
A large plastic scintillator counter in front of the lead 
converter and in anticoincidence with the marker 
counter prohibited the counting of charged particles. 
The argument is that, because all pions coming to rest, 
even those forming Hz, will be captured by C instead 
of H nuclei and will not produce r°, the two coincident 


TABLE I. Estimate of in-flight-contribution using 
marker pulses from (CH2— BG).* 





Corrected for 
efficiency of 
converter 


Markers/double Collimation 


(3 —2)/4.2 X108 
(16 —8)/36 X10° 


Attenuator 
2}-in. copper 
2}-in. Cu+1-in. CHe 





lin. X2 in. 
din. Xj in. 


(2.7 +6.7)/107 
(2.9 +1.8)/107 


AND MARSHALL 
photons from 2° decay can be produced only by in- 
flight pions. Therefore the maximum observed number 
of these events determines an upper limit for the charge- 
exchange contribution on H by the in-flight component 
of the slow pion beam. It is important to determine this 
limit because, as has been pointed out by Bernardini,!° 
the observed Panofsky ratio might be substantially 
changed by a non-negligible in-flight contribution. 
The geometry is shown schematically in Fig. 6. 
Targets of 0.75 in. X5 in. width CH: and of 0.59 in. 
X5 in. carbon were placed within the umbra of the 
photon collimator. The average vertical dimension of 
the scatterer viewed by the collimator was 2.5 inches. 
If a pulse in the marker counter coincided with one in 
the glass counter pulse, the marker counter pulse 
appeared on the oscilloscope sweep after the glass 
pulse, marking it as one produced as if from the decay 
of a r°. Both for the CH, and for the C target, the rate 
observed for marked pulses was not significantly 
different from the rate observed with no target at all 
within the limits of statistical error. 


Mop Of Scottered Pion Flux Per 751N* 
Per {0 Pion In Monitor 
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Fic. 7. Map of thermal pions measured in plane of photon 
collimator at a distance 7 in. from attenuator. The pion distri- 
bution was produced by attenuating a 120-Mev ~ beam to the 
inflection point of its range curve. 


The net rate observed for (CH2,— BG), where BG is 
the background, is shown in Table I. The marker 
counter was 8.6 in. X10.7 in. and was 6 in. away from 
the center of the scatterer. It was estimated, taking 
into account the volumes of liquid hydrogen and of 
CHe scatterer in the umbra and in the penumbra of the 
collimator and taking into account the relative pion 
fluxes (see Fig. 7) on the various volumes, that effec- 
tively the ratio of number of atoms of H in liquid 
hydrogen to that in the CH» target was 1.76. The 
production of x° by in-flight pions to photons from 
liquid hydrogen then was estimated to be 


3.942.5 


2.2+1.4 
< ’ 
10’ pions 


Re ae 
10’ pions 


where 0.5 is the efficiency of the Pb converter covering 
the marker counter. 





* BG means background. 





0G. Bernardini (private communication). 








MEASUREMENT OF PANOFSKY RATIO 


A second estimate of the same quantity was made in a 
different way without using the marker counter. 
Namely, the spectra of glass pulses from targets of 
CH, (0.75 in. X5 in.) and C (0.59 in. X5 in.), having 
approximately equal stopping power, were photo- 
graphed and measured. Figure 8 shows the respective 
pulse height spectra, with background subtracted, 
versus energy, and in Table II are given the total 
observed net counts per pion from pions in flight 
hitting H atoms. In liquid hydrogen, then, the upper 
limit to charge exchange plus radiative capture is 
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Fic. 8. Pulse-height spectra in glass counter for CH: and C 
targets having same stopping power. Ordinate is given as total 


counts for } pulse-height interval for 4.33 X 10° poins in counters 
1 and 2. 


estimated as 
(546.5) KX 1.76/107= (8.8+11.4)/107 pions 


when one uses the data of Table II. The total number 
of pulses above 100 Mev shown in Fig. 8, namely those 
which could be related to radiative capture in flight, are 


(043.5) X 1.76/10? = (046.2) /10", 


and those below 100 Mev which may be related to 
charge exchange in flight on hydrogen nuclei are 


(545.5 X1.76/107= (8.8+9.7)/10’. 


For the measurement with hydrogen the geometry 
is shown schematically in Fig. 9. The liquid hydrogen 
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TABLE II. Yields of photons from thermal x~ 
captured in C and in CHo. 











{(CH:—BG] Photon 
—0.63[C —BG]} collimation Pion attenuator 
+ (17+12)/107 1j-in. Xi} in. 2,;-in. Cu+1-in. CHe 
(+3+411)/107 #-in. X}-in. 2}-in. Cu+1-in. CH2 
(+21+18)/107 f-in. X}-in. 2}-in. Cu+1-in. CH» 
(5+13)/107 f-in. Xf-in. 274-in. Cu+1-in. CH2 
(—4+15)/10’ j-in. Xj-in. 2}-in. Cu 


(+5+6.5)/107 Average 


liq. H: (78045) /107 
Net: (595+5)/10? 
BG: (18542) /107 








Styrofoam container had inside dimensions 14 in. long 
in the direction, of the collimator by 5 in. wide in the 
direction of the,incident pion beam. The center of the 
pion beam was 6 in. from the Styrofoam wall nearest 
to the collimator. The pulse-height spectrum observed 
for hydrogen plus container and for the container alone 
are shown in Fig. 10. It was observed early in the course 
of this experiment that there was a component of the 
pulse height spectrum which depended on the shape of 
the container and also on the presence of liquid hydrogen 
in the container in such a way as if produced by capture 
of pions scattered into the walls by the liquid hydrogen. 
The effect could be greatly amplified by putting pieces 
of wall material into the liquid hydrogen. In order to 
determine the correct background to subtract from the 
spectrum of hydrogen plus container, background 
spectra were measured for the empty container as a 
function of thickness of sheets of polyethylene scatterer 
placed as shown in Fig. 9, in the pion beam, but out of 
the view of the glass counter. In this position the 
polyethylene sheet simulated the effect of liquid 
hydrogen in scattering pions into the walls of the 
container. The background counting rate as a function 
of polyethylene sheet thickness is shown in Fig. 9. The 
rate at first increases rapidly and then apparently 
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Fic. 9. Schematic drawing of geometry used with large styro- 
foam hydrogen container, and also background counting rate for 
empty container versus thickness of CH: scatterers simulating 
scattering and attenuation effects of liquid hydrogen. 
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Fic. 10. Pulse-height spectra in glass counter for container plus 
liquid hydrogen, for empty container, and net spectrum. Ordinate 
is total pulses per } pulse height unit per 31.8X107 pions in 
counters 1 and 2. 


reaches a saturation value. This is the value to which 
the spectrum of the empty container was normalized 
before subtraction from the spectrum of hydrogen plus 
container. This saturation effect is probably due to the 
fact that for very low energy pions the root-mean-square 
multiple scattering angle (6°),,? quickly approaches 180°, 
and the distribution of scattered slow mr in the con- 
tainer approaches isotropy. Because calculations of 
(6*)», indicated that such a situation prevailed in the 
liquid hydrogen, it followed that the saturation value 
was the most realistic estimate of background. The 
counting rates are listed in Table II for liquid hydrogen 
plus container, for empty container thus normalized, 
and the difference of the two, presumed to be the net 
contribution of the liquid hydrogen. Note that in the 
net spectrum the contributions of charge exchange 
and radiative capture are not separated. The separation 
was performed by a method similar to that described 
by Cassels ef al." The shape of the x° contribution was 
determined by the marker pulse technique. A small 
Styrofoam container for liquid hydrogen was used, 
having a trapezoidal cross section of internal width 
8 in. The center of the beam was 5 in. from the internal 
wall adjoining the collimator and 3 in. from the opposite 
wall. The marker counter was 6 in. from the center 
of the pion beam and had dimensions 8.6 in. X 10.7 in. 
The marker spectrum is shown as the black spots in 
Fig. 10. This spectrum was corrected for the variation 
with photon energy of the efficiency of the Pb converter, 
taking into account that in coincidence with a photon 
of greater than }m,*c? in the glass there must be a 


uJ. M. Cassels, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956). 
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photon of less than 3m,»c? in the marker counter. The 
Doppler-broadened photon spectrum for the 7° decay 
was calculated for this purpose in the usual way. The 
corrected marker spectrum was fitted to the net 
hydrogen spectrum by calculating the proportionality 
factor 


xX 
> A(x)M (x) 
0 
eS, 
x 


> M(x)? 


0 


where H(x), M(x) are the total number of counts of 
pulse height x for the net-hydrogen and for the marker 
spectra, respectively. The limit X was chosen to lie in 
the region of pulse height just below the point at which 
the radiative capture might begin. Below X, the net 
hydrogen spectrum was assumed to be exclusively due 
to charge exchange, and above X the difference H (x) 
—aM(x) was interpreted as radiative capture, and 
aM (x) was taken as charge exchange. In this way errors 
in determining a affect only the data between X and the 
point at which M(x) effectively vanishes, which are 
less than 20% of the total data. 

Sensitivity of the Panofsky ratio to choice of X was 
tested, and it was found that varying X within the 
limits 3.75 to 5.25 on our pulse-height scale changed R 
only by +1.1%. Choosing a value X= 4.5, we obtained 
R=1.88. 
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Fic. 11. Schematic geometry for observation of attenuation in 
Pb of radiation from slowed z~ capture in CHe, and also Pb 


attenuation curve. 








MEASUREMENT OF PANOFSKY RATIO 


The known errors inherent in the determination may 
now be listed: (1) the statistical counting error for 1° 
events which depends on the total number of events 
including background, 25460, and on a?/,°Mdx 
= 33 800 (to take into account the error caused by a 
limited number of marker events) and is given by 
[ (25 460+ 33 800)/14 876 ]!=+1.6% where 14 876 is 
the number of net 7° events; (2) the statistical counting 
error for radiative capture events which depends on 
the total number of events including background, 
5115, and again on a? f{*Mdx= 33 800, and is given by 
(5115+33 800)3/3935=+5.0%, where 3935 is the 
number of net radiative capture events; (3) choice of 
limit X in least-squares fit, +1.0%; (4) r° production 
by in-flight pions, —0.7+0.4% on numerator; (5) 
radiative capture by in-flight pions, 0+1.0% on 


TABLE III. Relative yields. 





Targets at 45° 





to incident pion Measured —dE/dx . 

flux and cover- photons (Mev/g (2) Az 

ing collimator per 107 Effective cm?) \ dx} Relative 
aperture pions grams/cm?at5 Mev Mev yield 

59-in. carbon 3544 1,69 73 123 1 

$-in. aluminum 23+11 2.42 60 145 0.56 +0.11 

f-in. copper 374 74 3.01 47 141 0.92 +0.21 

}-in. lead 31+ 7.4 2.56 30 * 76.8 1.42 +0.37 

Hydrogen 595+ 5 0.90 174 156.6 208 


« Corrected for lower average pion flux incident on hydrogen. 


denominator. Then it follows that R=1.88(1—0.007) 
= 1.87, with a percentage error of 


{ (1.6)?+ (5.0)?+ (1.0)?+ (0.7)?+ (1.0)?}#=5.5%, 


corresponding to R= 1.87+0.10. 

Some investigation was made into the nature of the 
radiation creating the pulses in the glass counter from 
pions scattered into and absorbed into the walls of the 
hydrogen container. To this end, a few Pb absorption 
measurements were made (see Fig. 11) for radiation 
from a CHe target, which suggest that a large part of the 
radiation consists of photons. Relative yields of radia- 
tion for various elements are given in Table III, 
normalized to approximately equal stopping power, 
and compared to the yield from carbon. According to 
these data the probability to produce this radiation, 
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Fic. 12. Pulse-height spectrum from slowed x~ capture in Al. 


upon capture of a m into nucleus, is roughly in- 
dependent of Z of the nucleus. 

Finally some scanty data of the pulse-height spec- 
trum for pions absorbed in aluminum are shown in 
Fig. 12. One sees in Figs. 8 and 12 that the pulses range 
with rapidly decreasing probability to the full energy 
of the pion mass. The solid angle of observation was 
5.2X10~ steradian, and the intensity factor between 
pion counting rate in monitor counters and pions 
stopped in the target is about 5. The observed rate of 
emission of radiation is therefore about 3% per stopped 
pion. Estimates for intensities of electromagnetic 
processes in nuclei excited by slow x~ absorption, e.g., 
nucleon-nucleon bremsstrahlung, fall short by about 
an order of magnitude. We have been able to think of 
no very good explanation, but it is perhaps not in- 
appropriate to suggest an enhancement of such processes 
by the cooperative action of adjacent nucleons, for 
example bremsstrahlung processes with virtual deu- 
terons, alpha particles, and all other nuclear aggregates 
possible in the nucleus. 
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Polarization and Angular Correlation in the Production and Decay of 
Particles of Spin } and Spin 3 
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Some relationships describing the angular correlation and polarization effects in the production and 
subsequent decay of particles of arbitrary spins are given. They are specialized to the cases of production 
and decay of particles of spin 4 and 3. Expressions for the angular distribution and polarization of the 
decay products are reduced to tractable forms involving the physical vectors of the problem and a minimal 
number of parameters describing the production and decay interactions. The information that may be 
obtained from the analysis of the angular correlations of the decay products is discussed. 





1. INTRODUCTION 


HE angular distribution of the meson produced 
in hyperon decay provides information regarding 
the hyperon spin. If this spin is one-half then there is a 
probability of one-half that the decay direction will lie 
in one of the two polar quadrants defined relative to the 
line of flight of the hyperon. The measured value of the 
fraction of decays into the two polar quadrants is 
0.550.021. The statistical probability that the meas- 
ured value would differ as much as this from a true 
value of one-half is 1.7%.! In view of this indication 
that the spin of the hyperon may not be one-half, it 
becomes of interest to determine the detailed conse- 
quences of the hyperon’s spin begin greater than one- 
half. The purpose of this paper is to examine, for the 
case of spin 3 and spin $ hyperons, the correlation 
between the direction and polarization of the decay 
nucleon and the directions defined by the production 
process. The case in which the hyperon production 
process is the capture of a K particle from orbital states 
has been treated by Treiman and Gatto.?* We consider 
here the case in which the hyperons are produced in 
high-energy x-p collisions. This is a generalization of 
the work of Adair,‘ who considered the special case of 
production at angles near zero or 180 degrees. 

It is assumed throughout our paper that the x meson 
and K meson are spin-zero particles. The strange par- 
ticles are assumed to be single particles and not parity 
doublets.® Conservation of parity is not assumed in the 
decay process. For the decay of spin-} hyperons the 
consequences of a violation of conservation of parity 
have been discussed by Lee, Steinberg, Feinberg, Kabir, 
and Yang.® The generalization of these results to the 

*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, and 
Tripp, University of California Radiation Laboratory Report 
UCRL-3775 (unpublished). These authors consider the results 
quoted to be only rather weak evidence for a hyperon spin >}. 

2S. B. Treiman, Phys. Rev. 101, 1216 (1956); R. Gatto, Nuovo 
cimento 3, 1142 (1956). 

3 R. Spitzer and H. P. Stapp, University of California Radiation 
Laboratory Report UCRL-3796 Rev (unpublished). 

‘R. K. Adair, Phys. Rev. 100, 1540 (1955). 

5T. D. Lee and C. N. Yang, Phys. Rev. 104, 822 (1956). 

6 Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 106, 
1367 (1957). 


case of spin-} particles is discussed here. Consequences 
of noninvariance with respect to time reversal in the 
decay of both spin-} and spin-} particles are also dis- 
cussed. 

In the analysis of polarization phenomena statistical 
mixtures of states must be considered, and a density 
matrix formulation is convenient.’ The spin-space 
density matrix U(6@) is defined by the relation 


{A)og=Tr AU(69), (1.1) 


where (A)og is the expectation value of the spin operator 
A if the measurement is made on particles moving in 
the direction 6@. The matrices A and U(6) are square 
matrices of dimension (2S+1), where S is the spin 
quantum number. It is convenient to introduce a 
complete orthonormal set of matrices in this space. 
We use the matrices 7,% defined as follows®: 


20+1\! 
(S'u'| T.@ | Su") ee (—) Cyr tgy 8708" 
2541 
( 20+1 
~Nas'4t 


: (1.2) 
) CsQ(S'u' u'r), 


where the six-index symbols on the right are the usual 
Clebsch-Gordan coefficients.’ The matrices 7, are real 
and their Hermitian conjugates 7',° are their respective 
transposes. By use of the completeness property of the 
T,.2 the U(6¢) may be expanded in the form 


U (Op) = Ge? (6) Tr? =a4° (69) T°. (1.3) 


The coefficients a,°(6¢) and &,°(6p) defined by the 
above equations are complex conjugates owing to the 
Hermiticity of the density matrix. They are scalars that 
determine the density matrix and give the state of 
polarization of the system. In virtue of the orthonor- 


7P. A. M. Dirac, The Principles of Quantum Mechanics (Claren- 
don Press, Oxford, 1947), third edition, p. 130; L. Wolfenstein and 
J. Ashkin, Phys. Rev. 85, 947 (1952); U. Fano, Revs. Modern 
Phys. 29, 74 (1957). 

§ Our normalization is different from that of other authors; see 
C. Eckart, Revs. Modern Phys. 2, 305 (1930). 

9J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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mality condition, 
Tr 7.27% =5gqbxs", (1.4) 
the a,2(6) and &°(6¢) may be expressed as 
a? (0h) =Tr U(6G)T.2, &°(6)=Tr U(6)T.%. (1.5) 
We shall be interested in processes in which the 
initial states are described by the spin-orbit variables 
(S’u’,0’,¢’) and the final states by the spin-orbit 





4 


I (6p)a,° (SA) =— 


4r LL'L''L’"" JJ’ 
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variables (S,u,0,¢). If the initial system is a plane wave 
moving in the direction 6’¢’ with a spin quantum 
number S’, then the parameters a,°(S,6¢), which 
describe the spin-space characteristics of the reaction 
products that emerge in the direction 6¢ and in the 
state with spin S, are given in terms of the parameters 
a,’®’ (S’,6’¢"), which describe the spin-space charac- 
teristics of the initial plane wave, by the fundamental 
equation” 


z. > Reiser Rsv, severt (2I+1) (2+ IL (2L+-1) (2L’+1) (2L" +1) (2L’" +1) }} 


X ED Vs) Va (66) Coo!” Cy!” 28 (—1)+2'+8 > ax:9' (S!,6'4!)(20'-+1)! 
Q’«’ 


AA’DDM 


XT (2Z +1) Cape? 22 Crag! 2X (L" LA, J'IZ,SSO)X (L"L'N',J'IZ,S'S'Q’). (1.6) 
zt 


The X coefficient is the one defined by Fano," the 
Y,™(6) are the usual spherical harmonics,’ the 
Rs; si? are reaction matrix elements determined by 
the specific nature of the reaction, and the coefficient 
N is a normalization factor. If the initial system is a 
plane-wave state with momentum &’, and N is taken as 
(2x/k’)?, then (6) is the differential cross section. The 
value of 1(@¢) may be determined by the condition 
[implied by Eqs. (1.1), (1.4), and (1.5), together with 
the requirement that the expectation value of a pure 
number is equal to that number ] 


ao’ (S,0b) = (2S+1)-. (1.7) 


The above formula relates directly the expectation 
values of operators in the initial and final states. It is 
sometimes convenient to consider the reaction matrix 
itself. According to our definition,” the matrix element 
(Su| R(Op; 6’¢’) | S’u’), when multiplied by (2%/k’)(v/v’)}, 
where v’ and v are the initial and final relative velocities, 
gives the reaction (or scattering) amplitude /,5(6) 
when the initial state is a plane wave of unit particle 
density in the spin state x,-5’. If the z axis is chosen to 
lie along the outgoing direction the matrix R(6¢; 6’¢’) 
may be expressed in the form, 


R(00; 66’) => a,°(S,00) 7,2, 
Q« 


10 For a detailed derivation of this equation see reference 3, 
where several special cases of interest are also given. We have 
assumed that S+.S’ is integral. A formula essentially equivalent 
to (1.6) has been derived by A. Simon, Phys. Rev. 92, 1050 
(1953). 

1U, Fano, National Bureau of Standards Report NBS-1214 
(unpublished), p. 48. Algebraic formulas and tables of the X 
coefficients.are given by H. Matsunobu and H. Takebe, Progr. 
Theoret. Phys. Japan 14, 589 (1955). The phase and normalization 
of our X coefficient are the same as those of the U coefficient of 
Matsunobu and Takebe. 

12 For a complete description of the formalism used to obtain 
the results quoted in this paper see reference 3. 


where 
—1)s’-8 


a,2(S,00) =————- © Rss: 817 V 1*(0'’) 
(4x)! LL’J 
X (2L+1)#(2I +1) (—1) "Cra 22 


XW(LIQS’; SL’), (1.8) 


where W is the Racah coefficient.” If the initial and 
final spin quantum numbers, S’ and S respectively, are 
equal then the matrices 7,@ are square matrices. 
Otherwise they are nonsquare, with (2S’+1) columns 
and (2S+1) rows. The indices S and S’ on the 
Rgz; sz’? will be suppressed in the remainder of the 
paper. 
2. REACTION FORMULAS FOR SPIN-} 
AND SPIN-} PARTICLES 

The form of the angular distribution and polarization 
of the reaction products of the decay of a spin-} hyperon 
into one spin-zero particle and one spin-} particle may 
be obtained from Eqs. (1.5) and (1.6) by dropping the 
contributions from all initial states with L’0. If the 
unit vector along the momentum of the fermion in the 
decay products is denoted by V and the polarization 
vector of the initial system is denoted by P;, the angular 
distribution of the decay products is given by 


1(V)=(N/4x)[| Ro|?+|Ri|?+2 Re(RoR:*)P;-V], (2.1) 
and the final polarization is 
P(V)=1(V)*(N/4m){2 Re(RoR,*)V 
—2 Im(RoR,*) (PX V)+ | Ro] ?P; 
+ |Ri|?[2(P;-V)V—P;]} 
=1(V)"(N/4m)[2 Re(RoRi*)V 
— 2 Im(RoR;*) (P:XV) 
+(|Ro|?+|Ri|?)(Pi-V)V 
—(|Ro|?—|Ri|?)(P:XV)XV]. (2.2) 


13G, Racah, Phys. Rev. 62, 438 (1942). The values of the W 
coefficient have been tabulated by L. C. Biedenharn, Oak Ridge 
National Laboratory Report ORNL-1098, 1952 (unpublished). 
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The R, are an abbreviation of Ryo’. They are the two 
fundamental parameters that completely describe the 
decay process. If we take V=1 and normalize the R;, 
so that | Ro|?+|Ri|?=1 then /(V)dQ is the probability 
that the final nucleon will have its velocity in the solid 
angle dQ about the direction V. 

The polarization vector of the hyperon, P;, is deter- 
mined by the production mechanism. If parity is con- 
served in the production the P; must be normal to the 
plane of production. Its magnitude may be expressed 
in terms of the fundamental parameters of the produc- 
tion process. For the case in which the intrinsic parities 
of the initial and final states of the production process 
are equal these expressions are well-known." The exten- 
sion of these results to the case in which the intrinsic 
parities of the initial and final states differ is given in 
reference 3. The contribution from D states and the 
case in which parity is not conserved in the production 
process are also examined there. 

The case in which the initial fermion of the production 
process is a spin-} particle and the final fermion is a 
spin-$ particle may be described in a form similar to 
the above. For this purpose we introduce the symbols 


T (u;) = (44/3)4V *(u1) Te, 
T (u,W2) = (40/5)! ¥ 2*(ui,u2) 7,2, 


T (wy,U2,u3) = (40/7)! 5*(u1,u2,us) 7°. 


(2.3) 


Here the u; are arbitrary vectors and the symbol 
Y y*(uy,:--,Uy) represents the function of the vectors u; 
that is linear in each argument, is symmetric in all its 
arguments, and which becomes Yy*(6@) when all its 
arguments are set equal to the unit vector in the direc- 
tion 6¢. If unit vectors along the initial and final 
momenta are denoted by K’ and K respectively and N 
is the unit vector in the direction K’XK, than the ® 
matrix describing the production may be expressed as 
the following superposition of these T matrices: 


®(K,K’) = v2 (20 /k’)[g1 (0) T(N) + 2(0)T (K,K) 
+;3(0) T(K,K’)+g4(6) T(K’,K’) 
+h,(6)T(K)+h2(6)T(K’) 


The explicit form of the g; and 4; when only S- and 
P-wave final states contribute is given in Table I. The 
normalization factors in Eq. (2.4) have been chosen so 
that the differential reaction cross section for the case 
of an unpolarized initial fermion is 


1o(0)=Doi( | gi|?+ | hi|?)4+2 Re(Ayhe*) cosé 
+ Re(hsh4*) cos8+2 Re(gogs*) cosé 
+2 Re(gsg4*) cos6+ Re (gog4*) (3 cos*8@—1) 
—4({hs|?+ | Aa|?+in°6| g5|?). 
4 See L. Wolfenstein and J. Ashkin, reference 7; H. A. Bethe 


and F. de Hoffmann, Mesons and Fields (Row, Peterson and 
Company, Evanston, 1955), p. 79. 


(2.5) 
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If parity is conserved in the reaction then the h;(6) 
will be zero for the case in which the relative intrinsic 
parity of the initial particles is the same as that of the 
final particles; the g;(@) will be zero if these relative 
intrinsic parities are opposite. 

If parity is conserved in the interaction and the initial 
fermion is unpolarized, the density matrix describing 
the spin of the final particle must be of the form 


u(K,K’) =3+6(6)T(N)+c(6)T(K,K) +c’ (0)T(K,K’) 
+c’ (6)T (K’,K’)+-d(6)7(N,K,K) 
+d’ (6)T(N,K,K’)+¢” (6) T7(N,K’,K’). 

The coefficients in this expression as functions of the 

gi(@) and h;(6) are given in reference 3. When only S 


and P final states contribute, the differential reaction 
cross section reduces to the form 


1o(K,K’) =30°[A’+B’ cos6-+C’ cos’6], 


(2.6) 


(2.7) 


where, for the case in which the relative intrinsic 
parities of the initial and final states are the same, 


A’= | Ry} |?+2| Roo! |?+ (14/5) | Rus! |2+ (9/5) | Ris?!? 

+ (%)* Re(Ri'Ri!*) +3(3)! Re(RitRis*) 
— 3 (6') Re(Ri'Ris**), 
B! = —2v2 Re(Ri!Roz!*) + (4/54) Re(Ri!Ros!*) 
+6(6/5)! Re(Roo'Ri3"*), 

C’=— (12/5) | Ris? |?+ (18/5) | Ris! |? 

—3(§)* Re(RiiRis*) —9(3)! Re(Ri'Ris™*) 
+ (9/5)6! Re(Ri) Ris"). 


(2.8) 


When the contribution of the P final state is much 
smaller than that of the S final state and the quadratic 
final P-state terms can be neglected, the parameters in 
Eq. (2.6) are given in terms of these same reaction 
matrix elements by 


To(0)b(0) = 4% sina, 
To(6)c(6) =0, 
T(0)c’ (8) =4X7{ 2a3+ a4}, 
T(8)c”’ (0) =} %*{a2—5 cosbas}, 
Io(6)d(6) =0, 
To(6)d’ (6) =0, 
Io(0)d” (0) =4%*{sindas}, 


(2.9) 


TABLE I. Coefficients of T matrices in Eq. (2.4) when only S- and 
P-wave final states contribute. 








gi(0) = (A/4r)[ —$4Rirt —7($) *Rii?)] sind, 

g2(8) =0, 

g3(0) = (X/4mr) [Rist — (§) 4 Rist +2(§)4Rig®?], 
ga(0) = (A/4r) [— V2 Roo! — 5(2)*Ri35/? cosd], 

hy (0) = (X/4r) [Rio +43 ()*Riat+- 3 (2) tRio®?], 
ho(0) = (d/4ar) [— V2 Roi} — $(2)4#Rie! cosd — (9/2) (2)4Ri25/? cos], 
h;(6) =0, 

hg (0) = (A/4r) [ — 23 ($)*Riot+i(2)4Ri25/?] sind. 
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where the a; are 


a = Im[ — (§)!Ri1!Roo!*+2Ri1!Roo!* 
+ (9/5) ($)*RotRis*], 
a2= — | Ro»! |?, 
a= Re[$(6/5)!Roo!Ris'*+ (6/5(5) 1) RistRoo!* J, 
a4= Rel V2R11!Roo!*+ (8/5(5)!)Ris!Roe!* 
— $(6/5)!RostRis'*], 
ag= Im (18/5) Roo!Ris*—3(6!) Roo!Ris!*], 


The case in which the initials and final intrinsic parities 
are different is described by the same equations modified 
by the replacement of Rz,1-7 by Rz,1417, where the 
choice of sign is fixed by the vector addition law; this 
implies | J—L’| =}. 

The foregoing expressions give the form of the 
angular distribution and spin-space characteristics of 
the hyperons produced in association with K particles 
in pion-nucleon collisions if the K particle and hyperons 
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are spin 0 and spin $, respectively. In the subsequent 
decay of this hyperon into a pion plus nucleon, each 
term in the hyperon density matrix U(K,K’) =Uyz gives 
a characteristic angular distribution and also a charac- 
teristic angular dependence for the polarization of the 
final nucleon. In order to exhibit these angular de- 
pendences in a convenient way we write Eq. (2.6) in the 
form 


Un=t+Li 1i'T (a) +005 12/T (uy ,u’) 
+d: 73°T (uy*,us*,u3*). (2.11) 


In this formula the uy” are vectors that are to be 
selected in a way that gives the desired form of Uy. 
For example we obtain the form of Uy given in Eq. 
(2.6) by the choice u'=N, u;}=K, u.'=K, u’?=K, 
u.’=K’, etc. The various r;‘ are to be identified with 
the coefficients b(@), c(6), etc., appearing in Eq. (2.6). 
The angular distribution of the decay products is given 
in terms of the 7;* by 


T(V) = (4) (| Ri]?+ | Re! *) +205 Stns ‘(ut- V4 Re(RiRe*) — D0; 72[3 (ur: V) (ue? V) — (ui? ae’) (| Ri |?+ | Re] ?) 
—>: 5 “trs*[ S(ur*- V) (uy*- V) (u3*- V) — (uy*- V) (ue*- u3*) — (us*- V) (u;*- u;)— (us*- V) (u,*- ur") |6 Re(RiR2*)}. 


(2.12) 


The polarization vector of the nucleon in the final state is given by 


I(V)P= (4x)'[2 Re(RiRs*)V +2 « S~4r1'[2(| Ri |? + | Ro|*) (u’- V)V+4(| Ri]? | Re|?)VX (aX V) 
—8 Im(RR;*) (u'XV)]->; T22 Re(RiR;*)[3 (u,’-V) (Up: V)- (u;/-ue’) JV—> 5-73*{[( | Ri . 


+ | Re|?)(V-us*)V+(| Ri|?— | Re|*)VX (ut V)— 


The symbol Sym. in the preceding line represents the 
sum of the two terms needed to symmetrize the contents 
of the braces. 


3. DISCUSSION 


The consequences of nonconservation of parity in the 
decay of a spin-} hyperon may be obtained from an 
examination of Eqs. (2.1) and (2.2) if it is noted that 
conservation of parity requires either Ro or R; to vanish. 
The measurement of the anisotropy in the decay cross 
section as a test of parity conservation has been sug- 
gested by Lee e/ al.* Another test would be the measure- 
ment of the longitudinal polarization of decay nucleons 
that move in the plane of production. This latter 
method is more difficult but has the advantage that it 
is independent of the magnitude of the hyperon 
polarization. If the hyperon polarization is large, 
however, then the measurements the nucleon angular 
distribution and of various components of the nucleon 
polarization allow Ro and R;, to be determined up to an 
over-all phase. These two parameters give a complete 
phenomenological description of the decay process. 

The measurement of the final polarization also 
permits a direct test of the invariance of the decay 
interaction with respect to time reversal. If the decay 
Hamiltonian is invariant under time reversal, the 


2 Im(RiR:*) (u:* XV) ] 


(5 (ue: V) (us: V)—3(u2-us) ]+Sym.}]. (2.13) 


quantity Im(RoR,*) must be zero in so far as the decay 
process may be considered to be first order in the decay 
Hamiltonian, provided final-state interactions may be 
neglected. The inclusion of the final-state interactions 
modifies this condition somewhat.'!® For the case 
y-—n+n- the upper limit on |Im(RoR,*)| in the 
presence of the final-state interactions becomes 


| sin(S9—41)| | Ro| | Ri| 





where 6, is the spin-} isotopic spin-3 phase shift for the 
pion-nucleon system. This piaces a corresponding limit 
on the magnitude of the decay nucleon’s component of 
polarization in the direction P;XV. 

For the case of spin-} hyperons, tests very similar to 
the above are obtained from an examination of Eqs. 
(2.12) and (2.13). For this case it is either R; or Re 
that must vanish if parity is conserved, and it is 
Im(R,R2*) that is associated with invariance under 
time reversal. 

If the hyperon is spin 3, the correlation between the 
directions defined by the production process and those 
of the decay process are given by Eqs. (2.4) through 


16 For a detailed account of the restrictions imposed upon the 
reaction matrix elements by invariance conditions and final-state 
interactions see reference 3. 
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waves of the final state contribute, the angular distribu- 
tion for the production is isotropic and the angular dis- 
tribution of the decay products in the decay center-of- 
mass frame is of the form (3 cos*@’+1), where 0’ is 
the angle, measured in the decay center-of-mass frame, 
between the direction of the incident nucleon in the 
production process and the outgoing nucleon of the 
decay process. This may be compared to the case 
discussed by Treiman? in which it was the initial state 
of the production process that was an S state. In that 
case the angular distribution of the decay products was 
of the form (3 cos?@+1), where © labels the angle 
between the hyperon velocity and the velocity of the 
final nucleon. For this limit in which only S waves are 
produced there will be no asymmetry with respect to 
the norma! to the plane of production. At somewhat 
higher energies, where the interference between the 
final S and P waves becomes important, the hyperon- 
density matrix will contain nonvanishing contributions 
proportional to ZJ(N), T7(K,K’), 7(K’,K’), and 
T(N,K’,K’). The form of the decay angular distribution 
associated with each of these terms may be obtained 
from Eq. (2.12). From the T(N) term one obtains a 
contribution proportional to cos@y, where Oy is the 
angle between the normal to the production plane and 
the direction of the nucleon from the decay. This term 
is analogous to the one that appeared when the hyperon 
was considered to be spin 3, and it must vanish if parity 
is conserved in the decay process. The contribution from 
the 7(N,K’,K’) term will also be nonzero only if parity 
is violated in the decay. The angular distribution 
associated with this term is obtained from the 7; con- 
tribution to Eq. (2.12) by setting u,’=N, u.!'=K’, and 
u;'=K’. It is of the form cosOy[5 cos?0’—1]. This 
gives an asymmetry with respect to the normal to the 
production plane that is greatest for particles that 
decay in the plane defined by the vectors N and K’ and 
which reaches a maximum when @y-~58.9°. The 
maximum asymmetry from the T7(N) term occurs, of 
course, at Ov=0. 

In addition to these terms, which reveal parity 
violations, there is another new term in the angular 
distribution. This one is a consequence of the 7(K,K’) 
contribution to the hyperon density matrix. According 
to Eq. (2.12), the angular distribution characteristic of 
this term is [3 cos® cos@’—cos#]. Each of these terms 
will also give its characteristic contribution to the 
polarization of the final nucleon. The form of these 
contributions is given by Eq. (2.13). At higher energies, 
where all the terms in the general form of the hyperon 
density matrix given in Eq. (2.6) contribute, three 
additional terms may enter in the decay angular dis- 
tribution. Two are present only if parity is violated, and 
have the forms 


cos@y[5 cos® cos’ —cosd} 
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and. 
cos@y[5 cos?@—1 }. 


The other has the form (3 cos’?@—1). 

We conclude this section with several comments. 
First, the contributions to the decay angular distribu- 
tion that are present when parity is not violated give no 
information about the decay mechanism except its total 
strength. All of them are proportional to (| Ro|*+ | Ri |?) 
for the spin-} case and to (| Ri|?+|R:2|*) for the spin-3 
case. This form does not allow the contributions from 
the two final angular-momentum states to be distin- 
guished. For the same reason, however, these terms give 
information about the production process that is 
independent of the detailed nature of the decay reaction, 
and their measurement provides information useful in 
the study of the strong reactions. Second, if, in the decay 
angular distribution there should occur a term that is 
asymmetrical with respect to any direction that lies in 
the plane of production, then parity must be violated 
both in the decay and in the production. It is assumed 
here that the strange particles are single particles—not 
parity doublets. Third, it is of interest to determine 
whether the intrinsic parity of the K-hyperon system is 
the same as the intrinsic parity of the pion-nucleon 
system. In view of the great dissimilarity in the forms 
of the ® matrices in these two cases [see Eq. (2.4) ], it 
might be thought that the correlations near threshold 
between the various angular distributions and polariza- 
tions would depend upon the relative intrinsic parities. 
However, no information about the relative intrinsic 
parities of the two systems can be obtained from the 
analysis of the angular distributions and polarizations 
of hyperons produced in pion-nucleon collisions unless 
assumptions are made regarding the relative magnitudes 
of the contributions from various initial angular- 
momentum states in the production process. This is a 
consequence of the close similarity, which is discussed 
below Eq. (2.10), of the formulas that describe the two 
alternative possibilities. 

Finally we note that if the angular distributions in 
both the production and decay reactions are known, 
then for incident energies at which only S-wave and 
S,P-interference terms contribute the parameters az, 
as, and a, may be determined from (and are in fact 
overdetermined by) Eqs. (2.7) through (2.12). The 
production angular distribution determines A’=—2a2 
and B’=6a;—2a,. This leaves a single parameter 
to be determined by the angular distribution of the 
decay products (only the part symmetric with 
respect to reflection in the plane of production is per- 
tinent here). Note that the decay angular distributions 
at all of the various production angles may be used 
simultaneously. If Ros! is taken to be real by a suitable 
choice of the arbitrary phase factor then from the 
values of these a’s the real parts of the other three 
Rix” are determined, except for sign, up to a single 
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degree of freedom. The parameters a; and as determine 
to the same extent the imaginary parts of these three 
Ri’. However, such an analysis of the angular dis- 
tributions in the production and decay reactions can 
determine a; and as only up to the over-all factor 
Re(RiR2*)/(|Ri|?+|R2|?). This factor could be deter- 
mined by, for example, a measurement ‘of the longi- 
tudinal polarization of the final nucleon. 

At higher energies, where a phase-shift analysis is 
not practical, the general parameters g;(@) [or h,(@) ] 
must be used in the analysis of the data. Due to their 
unknown dependence on the production angle 6 the 
analysis at each production angle is a separate problem 
(unless general power series forms are used). A knowl- 
edge of the production cross section and the decay 
angular distribution for a single production angle 0640 
is sufficient to determine the seven parameters appear- 
ing in Eq. (2.6) except for the unknown factor 
Re(R,R2*)/(|Ri|?+|R2|?) that occurs with b(@) and 
the various d(@). Thus the expressions for 5(6), etc., in 
terms of g,(@) [or A;(@)] together with Eq. (2.12) 
provides eight equations for eight unknowns, these 
being the real and imaginary parts of the four g,(@) Lor 
h,(6) | minus one over-all phase factor plus the unknown 
factor Re(R,R2*)/(|R,|?+|R2!*). In principle, there- 
fore, the production process at any angle is completely 
determined by the angular distribution measurements 
alone and the polarization measurements are necessary 
only to distinguish between the various solutions of the 
system of equations. In practice, however, the com- 
plexity of the equations limits their usefulness and 
polarization measurements would be quite valuable, 
particularly for the determination of Re(R,R,*). 
Furthermore the polarization must be measured if 
Im(R;R.*) is to be determined. 


4. RELATIVISTIC CORRECTIONS 


Although the expressions given above are nonrela- 
tivistic in form they may, if properly interpreted, be 
applied to relativistic problems. The fundamental idea 
is to apply the formulas to the proper polarization’® of 
the fermions. The proper polarization is the polarization 
as observed in the rest frame of the particle, and it may 
be described by the nonrelativistic operators. If the 
covariant reaction matrix is multiplied by appropriate 
Lorentz transformations it will act directly upon the 
operators describing the initial covariant proper polari- 
zation to give the final covariant proper polarization. 
Specifically, if the reaction is treated in the center-of- 
mass frame, the reaction operator ®, that directly 
relates the initial and final proper polarizations is given 
in terms of the usual covariant reaction matrix ®, by 


16 The term polarization is interpreted to include tensor-type 
polarizations, 


the equation!’ 
Rp(k,k’) = L(k)R,(k,k’) E(k’), 


where L(k) is a Lorentz transformation that transforms 
spinors from their values in a frame in which the center 
of mass of the reaction is at rest to their values in a rest 
frame of the final fermion whose four-momentum is k; 
the transformation L(k’) is defined in the same way 
but relative to the initial particle. The part of the 
matrix ®, that describes the transitions between initial 
and final states having energies of a well-defined mag- 
nitude and sign is a reduced matrix of the nonrelativistic 
form. Moreover, if the Lorentz transformations L(k) 
and L(k’) are chosen to be pure timelike'* transforma- 
tions, then the vectors and spin matrices that appear in 
the reduced ® matrix transform under spatial rotations 
in the usual nonrelativistic manner. The nonrelativistic 
reaction matrix and density matrix of the earlier sections 
may consequently be identified with the reduced part 
of ®, and the proper density matrix, respectively.’ 

If the center-of-mass frame of the reaction is not 
identical with the laboratory frame then there is an 
ambiguity in the definition of the proper polarization. 
The correspondence described above between the 
relativistic and the nonrelativistic formulations is 
valid specifically in the center-of-mass frame, and the 
components of proper polarization refer to those rest 
frames of the initial and final particles that are related 
to the center-of-mass frame by the transformations 
L(k’) or L(k). In the usual definition of proper polari- 
zation the rest frame of the particle is taken to be one 
generated by the action upon the laboratory frame of 
a pure timelike Lorentz transformation. In order to 
obtain the usual proper polarizations from those proper 
polarizations appearing in our nonrelativistic expres- 
sions, the vectors describing the proper polarizations in 
the latter formalism must be transformed by the se- 
quence of transformations that takes them first to the 
center-of-mass frame, then to the laboratory frame, and 
then to the usual rest frame. This sequence of trans- 
formations is equivalent to a pure rotation. If the center- 
of-mass frame is the one generated from the laboratory 
frame by a pure timelike Lorentz transformation, then 
the sequence of the three pure timelike transformations 
produces a rotation of the vectors describing the proper 
polarization by an amount specified in Eq. (48) of 


17 The light-face vector arguments are four-vectors. We have 
suppressed in this equation the dependence of the operators upon 
the total energy-momentum vector for the reaction. Since we are 
considering the center-of-mass frame, this vector is pure timelike. 
See reference 19 for a detailed discussion. 

18 A pure timelike Lorentz transformation will mean one that 
leaves unchanged the space components along directions per- 
pendicular to the relative velocity of the two frames. 

19 H. P. Stapp, Phys. Rev. 103, 425 (1956). This reference gives 
a detailed justification of the nonrelativistic treatment of spin-$ 
particles. The arguments may be extended to particles of higher 
spin, 
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reference 19.% A detailed treatment of the Dirac- 
particle case is given in that paper.T 


*” The velocity vectors V, and V, that occur in Eq. (48) of this 
reference are the relativistic or covariant velocities (dx/dr) 
= y(dx/dt), where ¢, 7, and y are time, proper time, and relativistic 
contraction factor, respectively. This fact is not made sufficiently 
clear in the reference. 

tNote added in proof.—If in the production of a spin-$ hyperon 
the initial nucleon is unpolarized and only S and P waves con- 
tribute in the final state then the angular distribution of the decay 
products, when averaged azimuthaliy, takes the form 


1n(6,0') =iC0 cos*@’ + $) SME cos?@’ — 4) ]. 
Here 9 is the center-of-mass production angle, (6) is the produc- 
tion cross section, x is a positive constant, and cos@’=(V-K’). 
Relativistically 0’ is the angle in the hyperon rest frame between 
the direction of the decay products and the direction lying in the 
production plane that makes an angle of (+—6) with the line of 
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flight (see from the hyperon) of the production center of mass. 
The azimuthal average is about this direction from which 0’ is 
measured. The constant x is restricted by the inequality 


x x? 
xSqtA’-C'+[(A'+CP—B "5724, 


where A’, B’, and C’ are the constants given in Eq. (2.7). The 
form of Jp(6,0’) given above is an extension to all production 
angles of a relationship given by Adair,‘ and it will be useful in 
determining whether the hyperon spin is 3. Its derivation, which 
is based upon Eqs. (2.5), (2.6), (2.11), and (2.12) and Table I 
together with the general expressions for the 7; in terms of the 
gi (or h;) obtained in reference 3, is given by the present authors 
in the University of California Radiation Laboratory Report 
UCRL-8005 (unpublished). 
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The hyperon production process in nucleon-nucleon collisions is analyzed in terms of isotopic spin, and 
angular momentum near threshold, to deduce certain tests for global symmetry, charge independence, and 


the parities of 2, A, and K mesons. 


Information about the hyperon-nucleon interaction may be obtained from the K-meson spectrum. 
However, the 2’s and A’s may interchange owing to this interaction, and Watson’s theory of final-state 
interactions is generalized to allow for this effect. The result is applied to the 2 processes and its significance 
for the recent calculations of Henley, on the A-N final-state interaction is discussed. 


1. INTRODUCTION 


WE consider the process 
N+N-N+Y+K. 

In Sec. 2 this is analyzed in terms of isotopic spin; 
certain predictions are made about production ratios, 
and a relation between cross sections of the type 
familiar in pion physics is derived. 

In Sec. 3 an angular momentum analysis is made 
near the threshold for A production, and near threshold 
for the process 


(1.1) 


pt pptzt+kK®, (1.2) 


which has the advantage that it does not interfere with 
the A production process. We assume that the final 
baryons are in s states and that the K meson is emitted 
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in an s or p state according to whether it has the same, 
or opposite, parity as the accompanying hyperon.' The 
angular distribution of the AK meson relative to the 
initial momentum is either isotropic, or of the form 
a+b cos’6, according to the two possibilities. Thus, the 
angular distributions should determine the relative 
parities of the D’s, A’s, and K mesons. 
In the corresponding pion process, 


N+N—-N+N-+r, 


the spectrum of the pion is strongly affected by the 
interaction between the final nucleons.! In that case, 
the two-nucleon potential was already phenome- 
nologically well understood. At present little is known 
of the Y-N interaction and this is a fairly direct way 
of getting information. In particular, if bound states 
of A°V or 2p exist, this should be an efficient way of 
producing them. However, in this problem the effect 
is complicated by the fact that the final state inter- 


1K. M. Watson and K. N. Brueckner, Phys. Rev. 83, 1 (1951); 
A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 


(1.3) 
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action has two channels. The hyperon emerging from 
the ‘‘primary”’ interaction may be, say, 2, which has 
the possibility of being turned into a A by the “‘final- 
state” interaction with the nucleon. Watson’s theory’ 
is generalized in 4 to allow for this possibility. We 
show that sufficiently near the threshold for A pro- 
duction (say 20 Mev in c. m. system) it is reasonable 
to neglect the coupling to the (2,.V) system. The final- 
state interaction for this process has recently been 
discussed by Henley,’ who has not considered explicitly 
the effect of the two channels. Our results show that the 
K spectrum should not be qualitatively altered, but 
that only near threshold can it be interpreted in terms 
of a scattering length corresponding to a static A- 
nucleon potential. We also show that the excitation 
function will give information on the relative parities 
of the A and K mesons. Similar information about 2 
may be obtained from the production of =*+ and K® 
near threshold since for this interaction the baryons 
are ina 7'=$ state, and there is no interference with the 
(A,V) system. The four-dimensional isotopic sym- 
metry—or “global” §symmetry—suggested by 
Schwinger and by Gell-Mann‘ has rather specific 
implications at this point, which may be tested by 
experiment. A production more than about 20 Mev 
above threshold and = production, when the baryons 
are ina 7'=} state, have a final-state interaction effect 
which depends in a rather complicated way on the 
hyperon-hyperon potential and does not appear to be 
a useful source of information. 


2. ISOTOPIC SPIN ANALYSIS 


The initial nucleons are in an isotopic spin state of 
T=0, 1. There are five possible final isotopic spin states, 
which may be classified according to total isotopic spin 
(T=0,1), the nature of the hyperons (Y=2,A) and the 
isotopic spin combination of the hyperon and nucleon 
in the final state (} or 3). The corresponding transition 
amplitudes are given in Table I. 

For >’s in the final state there are in all fourteen 
different processes, if one considers differential cross 
sections in which, as pointed out by Van Hove, 
Marshak, and Pais,® one can distinguish between pn 
and np initial states. However, under charge symmetry 
KteoK®, Ztest-, Tz". 


pon, 


There are then seven pairs of amplitudes not related 
by charge symmetry, which can be expressed in terms 
of three complex amplitudes (or five real parameters). 


2K. M. Watson, Phys. Rev. 88, 1163 (1952). 

3 E. M. Henley, Phys. Rev. 106, 1083 (1957). 

‘J. Schwinger, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Sec. IX; M. Gell-Mann, Pro- 
ceedings of the Seventh Annual Rochester Conference on High-Energy 
Nuclear Physics, 1957 (Interscience Publishers, Inc., New York, 
1957), Sec. IX. 

5 Van Hove, Marshak, and Pais, Phys. Rev. 88, 1211 (1952). 
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TABLE I. Possible transitions and corresponding amplitudes; 
e.g., (2,N), implies that in the final state the hyperon is a = and 
that the 2 and nucleon are in an isotopic spin } state, which 
combines with the K to give total isotopic spin T= 1. 





Total isotopic spin Final state 





1 
1 
1 


( 
( 


| PMEMM 


These are 
(pp| p2°K*) = —2-44;— A= (nn | n2°R®), 
(pp|n=*+K*+)= —4A;+214 = (nn| p2-K°), 
(pp| p=*+K°)=$A;=(nn|n=-K*), 
(pn| p=-~K+)= —4$A3;—2734,42'By 
= (np|n=*+K°), 
(np\ p2-~K+)= —4A;—2-1A,—2'Bz= (pn| n=+K°), 
(pn|n>°K+) = —2-4A3+3A1—}3Bz= (np) p2°R®), 
(np|n=°K+) = —2-§A3+-3A1+}Bz= (pn| p2°R”). 
From charge symmetry, it follows immediately that 
in np collisions, the production ratios are 
K+/K°=1, 


S+/2-=1, 


~ 


(2.1) 


(2.2) 
(2.3) 


and that K+ and K°® should appear in equal numbers 
associated with 2°. 

From charge independence, in pp collisions the 
production ratio 


which provides a rough check on the theory and, if one 
accepts the theory, measures the relative strength of 
the amplitude in the two 7=1 states. If either ampli- 
tude is found to dominate, the ratios of the three 
possible reactions in pp collisions should then be de- 
termined by the coefficients in Eqs. (2.1). Also the 
obvious linear relation between the amplitudes for the 
three processes gives rise to the usual triangle in- 
equalities between the square roots of the three differ- 
ential cross sections. 

The seven equations (2.1) imply two relations 
between the amplitudes. One of these involves the 
relative phases; the other is 


or(pn|n=°K*+)—or(pn| p2-K+)=}0r(pp|n=*K*) 
+(1/18)or(pp| p2*+K°)—or(pp| p2°Kt). (2.5) 
For the A particles in the final state, one has, 
similarly, 
(pp| pA°K*) =A ,= (nn|nA°R®), 
(pn|nA°K+)=44A,—By=(np| pA°R), 
(pn| pA°K®) =43A ,+Ba= (np| nA°K*) ; 


(2.6) 
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from which it follows that 


or(pn|nA°K+)=ar(pn| pA°K®), 
giving 
Kt/K°=1, 
for the pn interaction. 


3. ANGULAR MOMENTUM ANALYSIS 
AND PARITIES 


Only the relative parities of 2, A, and K are of 
physical significance. Let us adopt the convention that 
the A has the same parity as the nucleons. Then, as in 
the case for x mesons we assume that, in the A processes 
well below threshold for 2 production, the K meson 
will be emitted in an s state if it is scalar, and in a p 
state if it is a pseudoscalar. We further assume that 
near threshold the final baryons are in a relative s state. 
For pure T= 1 processes (i.e., pp processes) the angular 
distribution of the K particle is isotropic for the scalar 
case, and of the form a+6 cos’@ for the pseudoscalar 
case.* 

Exactly the same analysis may be applied to the 
states with final 2+ and p, which do not interfere with 
the A processes, and at energies near enough to threshold 
to make the assumptions reasonable. If the K appears 
to be scalar with respect to the A, but pseudoscalar with 
respect to the 2 (or vice versa) this implies that A and 
> have opposite parities. If A and 2 have the same 
parity, then the K’s should be isotropic (scalar) or 
nonisotropic (pseudoscalar) in all the pp initiated proc- 
esses near threshold. 


4. FINAL-STATE INTERACTION 


We now consider the process in somewhat more 
detail. 
The interaction Hamiltonian is 


Hin=H,+Hr, 


where H, and Hx are the interactions of the baryons 
with the pions and K meson, respectively. 


(4.1) 


H,= f Jod*x, (4.2) 


where J is the baryon current (a pseudoscalar in con- 
figuration space and vector in isotopic-spin space). 
The exact transition amplitude for V+-N-Y+N+K 
is 


Tk=,(YNK@|Hx|NN®),xi(E:—E,), (4.3) 


where | )zx denotes an eigenstate of the complete 
Hamiltonian, | ), denotes an eigenstate with H, as 
interaction and neglecting 1x ; the superscripts (+) and 
(—) denote the outgoing and incoming scattered waves, 
as defined by Lippmann and Schwinger.® Introduce a 
representation in configuration space x%p--+), where 





* B, A, Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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%q is the coordinate of the particle a, etc. Then 
T= Dora e(YNK@ |xa---) 
X ("ar ++ |Hx| NN), K5(Ei:—E/). 


The summation }>z, is over all states which are ac- 
cessible to the state ,(Y NK“ | through the interaction 
H,. Note that in the final state the K particle is not 
coupled to the baryons and travels free. The sum- 
mation }-z, will be restricted to states which involve 
> or A, a nucleon and a K meson, since the remaining 
states include pions and/or antibaryons and differ 
considerably in energy from the final state. Thus the 
states (x,---| may be replaced by (a,r,£) where a 
denotes = or A, r is the relative position vector of the 
nucleon and the hyperon, and & the vector between the 
K meson and the center of mass of the baryons. 


Te=D(NYK© |a,r,£) 
X (a,r,E|Hx|NN®)x5(Ei—Es). (4.5) 


The sum is over a, r, and &. If the calculation is made 
in the c. m. system the factor involving the K meson 
and & is just exp(ip- &) where p is the K-meson momen- 
tum. We can consider the & integration to be carried 
out and write 


Tr=>D(NY|a,r) 
x (ar,K|Hx|NN),x5(E:—-Es). (4.6) 


The final-state effect is now concentrated in the first 
term ,(VY@ |ar) on the right-hand side, which depends 
only on the relative momentum, k of the two baryons 
in the final state, and contains all the dependence of 
Tx on this variable, apart from some rather weak 
restrictions imposed by the conservation of energy. 

Consider this factor. Since it is invariant under the 
time-reversal operator 7, we have 


(NY@ \ar)=(NY©|T“T \ar)=(ar| NY). (4.7) 


The latter is the outgoing-scattered-wave eigensolution 
of 





(4.4) 


|Hot+H,—E|NY)=0. (4.8) 
If the interaction H, is replaced by an effective “po- 
tential” V which only has nonvanishing matrix elements 
between nucleon and hyperon states, this may be 
written 


Lis{[Hola,r)—Ebas+Vas(r)}(8,r|VY)=0. (4.9) 
The free energy is 
Ho(a,r)=m,+mat (1/2ua)k’, (4.10) 


where ue is the reduced mass of the nucleon and the 
a hyperon (A or 2). The total energy is 


E=my+met (1/2pa)hka’. (4.11) 
Thus (4.9) becomes 
1 1 
Eno —#-—k.') + vest) 
2ba Qua 
(8x|NY)=0. (4.12) 
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These are two coupled differential equations for the 
two components of | VY‘+)). In the asymptotic region 
the S-wave solution is 


bag exp(—ikar)—Sag exp(tkar) 
(ae|N,8)=——— = 
katkg'r 





(4.13) 


where the normalization corresponds to 
(a,r| NB) = 5a exp(ikaz)+ fag exp(ikar)/r. 
If the energy E is such that the state a= 
physically possible, 
exp(iksr)—exp(— | kz|r). (4.15) 
The A-> mass difference is about 80 Mev and we 
anticipate V-Y potentials of the same order of magni- 
tude as the N-N potential. Near threshold for A 
production one may neglect V zz compared with | ks?| 2uy 
(~~mz— my). In this approximation, and in momentum 
space, the equation for 


(A,k| VA) =y(k), 


(4.14) 


is not 


(4.16) 
is 
(R?— ky®)W(k) + 2yaV an(kyk’)y(k’) 

Vaz(k,k’) Vea (k’ Jk”) 


k?+- | ks?| om) 


(4.17) 





=4urpa 


where summation over all repeated variables is implied. 
Taking the threshold value 


| kz?| /2ux80 Mev, V~20 Mev, 


the effect of the coupling to the ZV system is to modify 
the Vaa potential by a factor which may be very 
roughly estimated as }. As a first approximation it 
seems reasonable to neglect this effect within say 20 
Mev of threshold. 

Near = threshold in (%,.V), states, (x= A), one 
has precisely the same equation with =A, and the 
denominator in the final term replaced by k?— ky”. This 
is not obviously small and the coupling to the A system 
must be included. For the (2,\V), states (Tx=4As3) 
there is no coupling to the (A,V) system. 

In the regions where the coupling between the (2) 
and (A,NV) systems may be neglected, the final-state 
theory of Watson may be applied directly and the 
distortion in the K-meson spectrum expressed in terms 
of the scattering length. This in turn gives direct 
information about the appropriate diagonal part of 
the potential, say, Vas. 

If the coupling of the two systems cannot be neg- 
lected, Watson’s theory may be generalized with the 
use of (4.6). Consider, for example, the production of 
>’s near threshold in the 7=}3 state. The summation 
in (4.6) must be taken over a=2, A. Using an argument 
very similar to that of Wigner,’ it can be shown that 


(S—1)szx~kz, Sxa~ky!. (4.18) 
7E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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Thus from (4.13), if the range of interaction is a and 
kya<<1, the wave function in the region of the primary 
interaction may be taken to be 
(1 ~~ S) zz 
omeramene 4c." 
k 


z 


(>,r| NiI)~ 
(4.19) 


Sya 
(A iT N=) ~—<s(n), 
kz} 


where f and g are functions of r (and ka). The de- 
pendence on ky thus cancels in both terms to this 
approximation, and the amplitude for say (pp|n2*+K*) 
can be written as the sum of three terms (two from A, 
and one from A;) all of which have similar kz de- 
pendence, with unknown relative phases. Thus, 
although the final-state interaction will certainly play 
a part in these processes, it does not appear possible 
to interpret it in any simple way in terms of the scat- 
tering matrix or equivalent interaction potential. 


Vv. CONCLUSIONS 
(a) A Processes 


These have recently been discussed by Henley* who 
has used Watson’s*® ‘“‘one-channel” theory. Since we 
have shown that the momentum dependence to be 
expected is not altered qualitatively by the inclusion 
of two channels, these effects should not modify the 
conclusions in any important way. However, only 
close to threshold for A production (say kinetic energy 
T <20 Mev in c. m. system) can the parameter @ which 
occurs be interpreted as the scattering length corre- 
sponding to the static V4, potential. 

If a hyperdeuteron ,H? exists, this should give rise 
to a line at the high-energy limit of the spectrum. The 
double event 


ptporsP+K+t, sBpt+pter, (5.1) 


would be very easily found in a bubble chamber since 
all the particles are charged. 

It has been remarked above® that the angular dis- 
tribution of the K meson gives an indication of the 
relative K,A parity. With the same assumptions and 
including the effect of the final-state interaction the 
cross section should behave like 


o~T, T’, (5.2) 


for scalar, or pseudoscalar mesons respectively, where 
T is the kinetic energy in the c.m. system. 


(b) p+podt+ptK° 


This is the only reaction in which the final baryons 
are in the 7=$ state and for which there is no final- 
state interaction between the (A,) and (Z,N) systems. 
The problem is thus exactly analogous to that of pion 
production by nucleons. The only possible complication 
is the Coulomb repulsion between the final baryons, 
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We estimate that this is not important since the 
Coulomb potential at a radius of 1/m, is about 1 Mev, 
whereas we anticipate a nucleon-baryon interaction of 
dimensions similar to the nucleon-nucleon potential, 
say a well depth of 25 Mev. Alternatively the parameter 
involved is 


(e?/nhv), 


where v is the relative velocity of the baryons. 2/c 
varies between 1/7 and 1/20 in the region 1-10 Mev. 
The effects are thus not likely to be more than 10% 
on the K-meson spectrum and the distortion of the K 
spectrum gives direct evidence on the scattering length 
of the =* interaction. 

Neglecting Coulomb effects, the remarks on bound 
states and parity apply also to this process near 
threshold, and it should be possible to obtain infor- 
mation on the =* interaction and the relative parity 
of K and 2. 

If four-dimensional or global symmetry in isotopic- 
spin space is assumed for the K-meson baryon inter- 
action, as proposed by Schwinger and by Gell-Mann,‘ 
the =+-proton and proton-proton interactions should 
be identical if K-meson interactions are neglected. The 
main effect of the K-meson interaction is to give the 
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baryons their observed masses. The increased reduced 
mass of the 2p system relative to the pp system has 
the effect of lowering the virtual level known to exist 
in the singlet state. Thus in this state a very pronounced 
final-state interaction is predicted by these theories. 


(c) Other 5 Processes 


The same remarks apply here as have already been 
made for A processes near the threshold for 2 pro- 
duction. There is no possibility of a bound state since 
the (2.V) system can transform to the (A,.V) system 
and the distortion of the spectrum depends in a rather 
complicated way on the interaction. 
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The spectrum, asymmetry, and helicity of the electrons from mu decay are calculated from the most 
general form of the two-component neutrino theory with lepton conservation. In addition to the non- 
local interactions considered recently by Lee and Yang, terms appearing phenomenologicaily as derivative 
couplings may occur. In particular, a spectrum that is, aside from a statistical factor, linear in momentum is 
possible with p+ }. This could be interpreted as evidence that fermions of baryonic mass are responsible for 


the nonlocality. 


I. INTRODUCTION 


HE two-component neutrino theory! with lepton 

conservation allows some rather definite predic- 

tions about processes involving neutrinos. At present, 

only the shape of the u-decay spectrum is in apparent 

disagreement with experiment. The simple, local theory 
predicts for the decay 


wae tete (1) 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

{Supported in part by both the U. S. Atomic Energy 
Commission and by the Air Force Research and Development 
Command. 

1A. Salam, Nuovo cimento 5, 299 (1957); T. D. Lee and C. N. 
Yang, Phys. Rev. 105, 1671 (1957); and L. Landau, Nuclear 
Phys. 3, 127 (1957). 


an electron spectrum described by a Michel parameter 
p=i, while the published experimental values, including 
radiative corrections, are about 0.68+0.04.? Lee and 
Yang have shown recently that the lower p value may 
be explained by a four-fermion interaction taking place 
over a small space-time region rather than at a single 
point as is assumed in the usual Fermi theory of 6 
decay.* In the present paper we will show that the 
complete analysis of « decay must include consideration 
of certain other logically distinct possibilities in addition 
to those considered by Lee and Yang. It will turn out 


2 Sargent, Rinehart, Lederman, and Rogers, Phys. Rev. 99, 
885 (1955); L. Rosenson, Phys. Rev. (to be published); and 
K. Crowe, Bull. Am. Phys. Soc. Ser. II, 2, 206 (1957). 

3 T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957). 
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that these possibilities may be distinguished experi- 
mentally. 

A p value different from } can also be interpreted as 
evidence against the two-component lepton-conserving 
theory. The approach followed in this paper as in 
reference 3 is, deferring the question of its confirmation 
or rejection to the low-energy phenomena of 8 decay, to 
assume the theory in its simple and restrictive form, 
and to look to the energetic processes like 4 decay or 
K decay for increasing information about the structure 
of the weak interactions. After all, the apparent uni- 
versality in strength of these interactions together with 
the symmetry laws they all seem to violate, suggests 
some common origin of weak interactions. Such a uni- 
versal interaction, involving bosons as well as fermions, 
must give rise to somewhat complex intermediate states, 
so that from this point of view a nonlocal interaction 
would be expected. The last section of this paper touches 
briefly on some weak decays, other than » decay, which 
could yield information about a size structure for weak 
interactions. 

The main point of this paper is that at the present 
stage these experiments must be analyzed in full 
generality, without restriction to any preconceived 
dynamical model. For that reason, without reference to 
any underlying form of the theory, we proceed to write 
down directly the most general form of matrix element 
for « decay admissible under the proper Lorentz group, 


assuming the two-component neutrino theory with 
lepton conservation. 


II. GENERAL FORMULATION 


In this theory the neutrino field operators always 
occur as the projection 3(1—~y5)y, of the four-com- 
ponent spinor y,. The vector® y,7, $(1—ys)¥, is then 
the only covariant that can be formed out of two 
neutrino field operators. The most general form of 
matrix element for the decay (1) is 


M = 1i(p)O,u(P)iu(q)y, 3(1—vs)2(q), (2) 


where P, p, g, q refer to the four-momenta of muon, 
electron, neutrino, and antineutrino, respectively, and 
u and » designate free-particle spinors of positive and 
negative four-momentum. The most general four-vector 
that can be constructed from the available four- 
momenta and Dirac matrices is 


O, “x (gv —£aV5)Yu— (i/M) (Gy —GaYs) Pu 
— (i/M) (Gy'—Ga'ys) (Q-@)¥u 
—(1/M*)(Gr—Garys)(Q-@)P,, (3) 


where M is the muon mass. Other covariants, such as 
(q+ @)v,, do not occur because they are not linearly 
independent of those recorded, in virtue of momentum 
conservation and the Dirac equation. 
4G. Bouchiat and L. Michel, Phys. Rev. 106, 170 (1957); and 
' T. Kinoshita and A. Sirlin, Phys. Rev. 108, 844 (1957). 


* Our choice of Dirac matrices is that of Lee and Yang, refer- 
ence 1. 
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The g’s and G’s in Eq. (3) may be functions of the 
invariants 
Q1= (g+9)?/M?=2(9-4)/M’, 
Onu= (p+q)?/M?=2(p-q)/M?, (4) 
Qin = (p+q)?/M?=2(p-¢)/M’, 


formed from the independent momenta in the problem. 

Only two of these invariants are independent, however, 

since from momentum conservation we have 
1+0:+Q0ut+0m=0. (5) 

The original two-component theory leading to p= 
is obtained by omitting the last three terms of Eq. (3) 
and making gy and ga constants. The effect of letting 
gv and ga vary with momentum will be considered in 
Sec. II, and the consequences of including G terms will 
be studied in Sec. ITI. The three cases in which gy, 4 are 
functions of but one of the Q’s correspond to simple non- 
local interactions between fermion pairs, each of which 
are at the same point. This kind of nonlocality, which 
was treated by Lee and Yang,’ originates where the non- 
locality is propagated by virtual bosons or fermion 
pairs emitted in local momentum-independent inter- 
actions. 

The last three terms in Eq. (3) appear phenomeno- 
logically as derivative couplings on the electron, neu- 
trino, and electron and neutrino fields respectively. 
This second kind of nonlocality can occur even where 
the fundamental point interactions are momentum- 
independent, if the virtually propagating particles in- 
clude fermions. This second kind of nonlocality must be 
considered on an equal footing with the first kind, 
treated by Lee and Yang. 

The two kinds of nonlocality are both expected to be 
small on theoretical grounds. Experimentally, the yu 
spectrum is, in fact, described in good approximation 
by the original local theory without derivative couplings. 
The effect of the terms in p,, g,, and @,, and of the 
momentum dependence in the coefficient g’s and G’s can 
for this reason be treated additively. In Sec. III the 
derivative terms will be omitted and the dependence of 
gv, a on the Q considered only in lowest order. In Sec. IV 
the momentum dependence of the g’s and G’s will be 
ignored. 

In writing the interaction in form (2), a particular 
ordering (eu) (vv) has been chosen for the four fermions. 
Results can be transcribed for a different ordering by 
using standard formulas of the Dirac algebra. 


Ill. NONLOCALITY OF FIRST KIND 


Our general formula (3) is first specialized by setting 
the G’s equal to zero and expanding 


gv, a(Q1,011,0r) = gv, aL 1 —ev, aQ1 
—fv,s0u—fv,4'Qm]. (6) 


The e«, ¢, ¢’ are small dimensionless parameters meas- 
uring the nonlocal effect. Further specialization repro- 
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duces the examples discussed by Lee and Yang.* When 
only ey and e,4 are nonvanishing, Eq. (6) coincides 
with their case I, in which (v,#) and (y,e) interact at 
different points and momentum (¢+4@) is propagated 
between the pairs chosen. If only fy and {4 are non- 
zero, then case II is obtained, in which (e,%) and (u,v) 
interact at different points and momentum (+4) is 
thus exchanged. Finally, the case in which only fy’ and 
ta’ are finite is identical with their case III in which 
(e,v) and (u,%) interact at different points and the 
relevant momentum transfer is (p+g). Because of 
relation (5), only two of these three cases are linearly 
independent in a phenomenological sense; Lee and 
Yang found indeed that the observables for case I 
were, in a certain well-defined sense, the sum of those 
for cases II and III. 

The distinctive feature of all these cases is that they 
lead to spectra and asymmetries that are, aside from 
the statistical factor, quadratic in electron momentum. 
The deviation of the p value from { then is fitted by a 
nonlocal interaction spread over a distance of the order 
0.6X10-" cm, corresponding to an intermediate boson 
of mass 600 times the electron mass. 


IV. NONLOCALITY OF SECOND KIND: 
DERIVATIVE COUPLING 
If the g’s and G’s in Eq. (3) are now treated as con- 
stants, the matrix element (2) leads to the following 
spectrum of electrons of momentum p=x(M/2) emitted 
into solid angle dQ at angle @ with respect to the polariza- 
tion axis of the parent y-: 
(2)*(M/2)°(3)x*dxdQ(4r)"(Pi+02), (7) 
where 
P2= | go|*(3—2x) —cosd(1—2x)'] 
+Re(gG2*)[1—cosé ]x+ |G2|*[1+-cos# }ix? 
+Re(g2G./*)[3—cos@]2(1—x)+ |G," |? 
X((3—2x) —cosé(1+-) ](1—x)+Re(g.G,’’*) 
X[—1+cos6]x(1—x)+|G.’"|? 

X([(5—4x) —cosé(3—4x) ](x?/20) (8) 
is proportional to the square of the matrix element for 
emitting electrons polarized along their direction of 
propagation. The corresponding quantity for electrons 
polarized antiparallel to their direction of propagation 
is given by @, which is obtained from @: by the 
substitutions 


g2, Gr g1, G; and G2’, G2’, cosd—>—G,', —G,’’, —cosé. 
In these formulas, we have 
gi=gatgv, Gi=GatGy, Gi =Ga4'+Gy’, 
Gi’=Grt+Gar; g2=ga—gyv, etc. 


Cross terms between derivative couplings and also 
terms proportional to the electron mass have been 
omitted. 
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The total transition rate for 4 decay is 


r= (24)-*(M/2)5(1/6){ (| gi|?+ | g2|*) 
+4 Re(giGi*+-g:G2*) + (1/10) (|Gi|*+|G2|?) 
+Re(g:Gy'* — geGo'*) + (2/5) (| Gr’ |?+ | Go’ |?) 
+ (1/10) Re(g:Gi"* — g2G2'"*) 

+ (1/30) (|G1’"|*+|G2’"|*)}. (9) 


The helicity (or spirality) of electrons depends on direc- 
tion and momentum as follows: 


S= (P2—P1)/(P24+)). (10) 


After the numerator and denominator are integrated 
over electron angle 6, the resulting expression can be 
momentum-dependent only if there is some structure of 
either the first or second kind. However, even if there 
is structure to the w decay, the helicity is still mo- 
mentum-independent if either ®, or ®: vanishes, i.e., if 
the interactions always produce electrons of only one 
polarization. 

The formulas for u*+ decay are obtained from those 
above by interchanging subscripts 1 and 2 on the g’s 
and G’s. This only changes the sign of the asymmetry 
and of the angle-integrated helicity. 
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A. Discussion of Spectrum Evidence 


In @,+@s2, the various terms of Eq. (3) contribute 
as follows: (a) The terms in g;,2 alone or crossed with 
Gi,2 or Gi,’ contribute linearly in x. (b) The terms in 
£1,2 crossed with G;,2’’ and in G;,2 or G;,2’ by themselves 
contribute quadratically in x. (c) The terms in G;,2’’ by 
themselves contribute cubically in x. 

The first question to be answered by the experiments 
is whether, aside from the statistical factor x*dxdQ, the 
electron spectrum is linear in x or contains higher 
momentum dependence. None of the present experi- 
ments answer this question to anything like the same 
accuracy with which the p value is determined. Never- 
theless, it seems likely® that the spectrum is over-all 
linear to within about 15%. This indicates that in the 
phenomenological description the amount of electron or 
neutrino derivative coupling must be small compared 
to the amount of local nonderivative coupling, and that 
the amount of electron-neutrino tensor coupling present 
is smaller still : 


gv, a>>Gy, a, Gv, a'>Gr, ar. (11) 


This is what one would expect if the apparent derivative 
coupling was in fact due to heavy fermions in inter- 
mediate states. This also justifies our omitting from 
Eq. (6) any cross terms between derivative couplings, 
or any momentum dependence in the g’s and G’s where 
they appear multiplied into derivative couplings. 

The momentum dependence of the third and fifth 
terms of Eq. (8) is quadratic, like that in the nonlocal 
interaction due to virtual bosons. If the u-meson spec- 


6 We are grateful to K. Crowe for discussion on the experimental 
situation. 














trum, aside from statistical factors, does turn out to be 
quadratic, it will be difficult to decide between ascribing 
this to virtual bosons or to virtual fermions producing 
a moderate amount of effective electron or neutrino 
derivative coupling. 

If the spectrum turns out to be linear, then the inter- 
pretation is simplified. In this case the nonlocality 
cannot be of the type considered by Lee and Yang but 
must be ascribed to a small amount of electron or neu- 
trino derivative coupling. Under these circumstances, 
the spectrum is strictly of the Michel form (linear in x) : 


7 'x2dndQ(4er){[12(1 — x) +8p($x—1) ] 


—£cos6[4(1—x)+86($x—1) ]}, (12) 
where the total transition rate is 
71 = (2r)-*(M/2)5(1/6)D, (13) 
and we have 
D= (| gi|?+| g2|?)+4 Re(g:Gi*+g2G2*) 
+ Re(giGi'*—gG.'*), 
p=iD“"((| g1|?+ | g2|*) + Re(giGi*¥+g:G2*) J, (14) 


£=D~"[ (| g:|*— | ge|*) —$ Re(giGi*—goG2*) 
—Re(giGi'*+gG.'*), 
£=4D""[(|gi|?—|g2|?) —Re(giG.*—gxG2*) J. 
The electron helicity is 
‘ 3A (1—x)+2p($x—1) —E cos@[ (1—x)+25($x—1)] 
[3(1—x)+2p($x—1)]—£ cosd[(1—x)+26(4a—1)] 





(15) 
where 
A=D-"[(|go|*—|g:|2)-+4 Re(gsG2*—g:G,*) 
—Re(g:G1'*+g.G,’*) ], 
p=%D-" (| go|?—| g1|*) + Re(geG2*—g:G,*) |, (16) 


E=D-[—(| g1|2+| go|2)+3(giGi*¥+goGo*) 
+ Re(g:Gi'*—g.G.'*) ], 
§={D~'[—(|g:]*+| g2|*)+Re(giGi*+g.G2*) ]. 


B. Asymmetry Evidence 


The preliminary evidence gives’ &—1, which sug- 
gests |gi|*<|ge|*. If we adopt this as an assumption 
and write 


n=Re(G2/g2), 9'= Re(G2'/g2), (17) 
the above formulas simplify to 
p= (1+4n+7’), 
= — (1+2n+2n’), 
E= — (1-+-29+2n’) (18) 


d= (1+3n-1’), 
S=1. 
7D. H. Wilkinson, Nuovo cimento 6, 516 (1957). 
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The present experimental values p=0.68+0.04,? 
= —0.87+0.12,’ lead to a fit 


n=0.040.2, 1’=—0.08+0.06, (19) 


and the prediction 


§=0.81+0.07. (20) 


The entirely tentative value of 7’, for example, corre- 
sponds to a range of nonlocality ~0.1 #/Mc=0.2X10-* 
cm, or an intermediate fermion mass of about 2000 
electron masses. This is to be contrasted with the 
corresponding fit to the Yang-Lee kind of nonlocality® 
which gave a range about 0.6 10~" cm corresponding 
to an intermediate boson mass of about 600 electron 
masses. 


V. CONCLUSIONS AND DISCUSSION 


The principal conclusion of this paper is that the 
detailed shape of the electron spectrum, asymmetry, 
and helicity may distinguish a different kind of structure 
in the u decay than that suggested in reference 3. In 
particular, a p value different from $ can be obtained in 
the two-component lepton-conserving theory with a 
spectrum that remains in the linear Michel form. 
Assuming the basic interactions to be local nonderiva- 
tive couplings, such a result suggests the presence in 
intermediate states of fermions of baryonic mass. 

Additional evidence on the interaction between pairs 
of leptons will be obtained from the corresponding 
analysis of the processes® 


e 


K— tet. (21) 





m 


These decays involve even greater momentum transfer 
than does the u decay. Since Pais and Treiman, and 
Werle assumed that the leptons are produced at the 
same point, the failure of experiment to corroborate 
their simple predictions would be unambiguous evidence 
for a nonlocal interaction between the two leptons 
involved. 

Finally the very presence or absence of certain 
decays in nature gives information on the fermion 
pairings actually occurring. For example, one might 
ask whether there is any evidence for a (v#) coupling, 
corresponding to case I of reference 3. Such an inter- 
action would allow the decay 


K+—nr++ v+ i, (22) 


whose pion spectrum is peaked at the maximum kinetic 
energy, 127 Mev, about midway between the maximum 
energies of mesons from Kyo and Kyo. 


8A. Pais and S. B. Treiman, Phys. Rev. 105, 1616 (1957); 
J. Werle, Nuclear Phys. 4, 171 (1957); and Furuichi, Kodama, 
mo and Yonezawa, Progr. Theoret. Phys. (Japan) 16, 64 

1956). 
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Selection Rules for Pion Production in Nucleon-Antinucleon Scattering* 


Sau BarsHayt 
Radiation Laboratory, University of California, Berkeley, California 
(Received September 23, 1957) 


Selection rules governing the production of one and two pions in nucleon-antinucleon scattering are 
derived by utilizing conservation of the quantum numbers associated with the total angular momentum, 
the total isotopic spin, parity, the charge-conjugation operation, and the combined charge-conjugation, 


charge-symmetry operation. 


INTRODUCTION 


HE extensive series of experiments that have been 
performed recently on the nucleon-antinucleon 
interaction indicates that by far the most probable 
occurrence in such a collision is the annihilation of the 
pair.! The annihilation cross section for 450-Mev anti- 
protons incident on protons is of the order of 80% of 
the total cross section of about 105 mb.! The balance of 
the cross section at this energy is due to the elastic 
scattering of the antinucleon and nucleon and possibly 
also to the production of a pion in an inelastic collision. 
In this note we direct our attention to the derivation of 
selection rules governing the latter processes and also 
the processes involving production of two pions. We 
do not know yet how often the single production occurs 
at about 500 Mev. In proton-proton collisions at this 
energy, pion production accounts for about 10 mb out 
of a total cross section of approximately 25 mb.’ It may 
be reasonable to say that pion production should com- 
pete with elastic scattering in nucleon-antinucleon 
collisions at these energies. Relatively large quantities 
of very energetic antiprotons are produced at present 
in the forward direction at the Bevatron.? However, 
there are serious experimental difficulties in removing 
these particles from the machine and in separating 
them from the negative pions. When the pion-pro- 
duction experiments become possible with the anti- 
proton beam, useful information, which may be 
relatable to the pionic structure of the nucleon-anti- 
nucleon system can be obtained. It would be of interest 
to observe whether the p-wave pion production is as 
dominant relative to the s-wave as in nucleon-nucleon 
collisions, and also whether the rapid increase in two 
meson processes above 1 Bev holds in the nucleon- 
antinucleon collisions as well. The pion-production 
process may prov ide a means of obtaining certain 





* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

7 Present address: Brookhaven National Laboratory, 
New York. 

1 Donald V. Keller, thesis, University of California Radiation 
Laboratory Report UCRL-3855, July, 1957 (unpublished). (A 
rather complete list of references appears in this work.) 

2 Mescheryakov, Zrelov, Neganov, Vzorov, and Shabudin, in 
Proceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of Nuclear 
Research, Geneva, 1956). 

* Chamberlain, Chupp, Goldhaber, Segré, Wiegand, Amaldi, 
Baroni, Castagnoli, Franzinetti, and Manfredini, Nuovo cimento 


3, 447 (1956). 


Upton, 


final-state configurations of the nucleon-antinucleon 
system at low relative energy. For example, it has been 


TaBLE I. Allowed transitions for single pion production 











in NN scattering. 
Initiai One . 
NN» pion Final NN» Angular function® 
51 5 rP, #P,* 1 
f hp ape 
D > 
a ne 
p 51 1 
dP, 1 
So s YPo 1 
p #51" 1 
d BPs 1 
So s *Po 1 
p — 
d PP 1 
#*Po,1,2 s So; 2S"; 1; vA 1 
YDs, 3*D2* 
p CPs, 2 Pi"; a 
°Po,1,2, 3 Pi “i 
BP, 2, 3 P:* ' 
d Ds, 7D"; ; 1; 5/3—2°; 4+2 
#51"; So, 5 ° 
18Po,1,2 s 3'So; —; 3'D2 1;1;1 
p #P1; 3*Po,1,23 1;—; 
PP 1,2 
d 3'Deo; 34Da; 3'So 1; 1+27; $+22 
3P s BS; 1 
p UP, ?P ’ 1—27 
d 3$ +x 
PP; 5 aS, 
p Pi 1-—x 
d #51 4+22 
#D,, 2,3 Ss YP, 3P.*; 1; 1: 1 
#P2*; UF; 
p YSi, 3'So*; 5/3—27; 1+2?; —- 
851; 3'D2*, YD» 3 ‘ 
d UP, 8P1,2*; —{x*+4; 
UP, 3°Po, 1, 3 a4 eae & 
MP1, #P1,2* —(10/21)4+5/21 
YDi, 2,3 5 Pi; acd iF; 34 
p 3913 #513 Do 3 s/s 1+2°; 
Pi; Pi; Pi ms aL 
—}e+ 
— (10/21) +5/21 
3' De s BPs 
p 3°51" 4422 
bs d pan 1,2, 3 P1 pe 
ie > “Ds 1-2 
d Po, 1,2 see 








® The eae on the right is the total angular momentum, that on the 
left indicates triplet or singlet isotopic spin; the superscript indicates triplet 
or singlet spin. 

> An asterisk indicates that the state is forbidden for a neutral pion 
system. When there are several initial states, a semicolon stands between 
the allowed final configurations for each. 

¢ The number 1 means isotropic distribution; x =cos@. 

4A dash in this column indicates that the transition is forbidden. 
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TaBLe IT. Allowed transitions for double pion production in NN scattering. 











Initial Two pe Initial Two m 
NN* pions> Final NNe NN* pions> Final NNe 
51 (2s)° 91 Po, 1,2 (2p)! Pi; s'Pi; a Pi 

(2s)! #51" (2p)? B a son 
(2s)? 8S 1p (2s)® F 
ne SP, xs (2s)1 Pi, SPs 
(sp)! 13Po, 1,2, 31P1* (2s)? Pi 
eye a Ae a - 
p 291 sp 190, 991 
(2p) So, 351" (sp)? St 
(2p)? Si (2p)° Pi " 
PS) (2s)° YS; (2p)! oe 1,2, 3 P1 
(2s)! d (2p)? Pi 
(2s)? — PP (2s) UP 
(sp)° PP; (2s)! PP 
(sp)! #°Po,1,2 (2s)? ; 
(sp)? : (sp)? 3S; 
(2p)° 3S, (sp)! So 
(2h): My (op oP 
p) - (2p oP, 
So (2s)° 3 So (2p) #Po,1,2 
(2s)! So* (2p)? — 
(2s)? 3 So D123 (2s)® Si; D2; 3°D3 
(sp)® Pi (2s)! 3°51"; YDe, 3°D2*; 
(sp)! UP, Pi* °D;* 
(sp)? Pi (2s)? 51 ; 3°De; 3D; 
(2p)° 3'So (sp)® 3'P1; 3!Pi; 3 F's 
(2p)! 3S, 3'So* (sp)! YP o 1, 25 3P;*; 
(2p)? 3'So BP 1,2, #P:*; PP 
YS» (2s)° AS (sp 2 oes eet Hh 
(2s)! (2p)° 32.913 9°91; 9°91 
(2s)? — (2p) YSo, 51"; 
(sp)® Pi Py yi Gr 
(sp)! Pi (2p)? 3°913 99913 9°91 
(sp)? +> PDi, 23 (2s)° '51; 2De; 2Ds 
(2p)? 1S (2s) mae 3'D2; —_— 
(2p)! Si (2s)? = | ios i 
(2p)? — (sp)® 'Pi; 7Pi; Fs; 
*Po1,2 (2s)® PPo; #Pi; s*P2 (sp) #°Po,1,23 #8 P12; *P2 
(2s)! Po*; 1 Pi, Pi; (sp)? a 
Po* (2p)° 39913 32913 3°51 
(2s)? Po; Pi; 3°P2 (2p)! 350; 38S; 3'De 
(sp)? —;3'So; 3!D2 (2p)? ae ge eon 
(sp) 8,5 9S, B90"; Ds ts a 
3S; : (2s) De, 3° D2 
(sp)? H 3De; 3'De (2s)? 3De 
(2p)0 YP - Po1,25 (sp)? Pi: 
“ vai (sp)! Ps, aP 2" 
(2p)! UP1; 3°Po,1,2*; (sp)? #P 1,2 
UP, 3°Po,1,2*; (2p)' 2So 
UPs, Po, 1,2* (2p)! 13.51, 31So* 
(2p)? #*Po,1,23 #*Po, 1,23 ( 2p)? So 
#Po1,2 'De (2s)® 'De 
PP 12 (2s) BP o; YP; PP» (2s)! De 
(2s)! 33 Pi;- (2s)? - 
(2s)? -—s — (sp)® BP 2 
(sp)° > 199; YDe (sp)? 3P1 
(sp)! 51 > 51 ; 251 (sp)? —— 
(sp)? -_—3;— (2p)? JS» 
(2p)? Po 1,23 Po, 1,23 (2p)! #51 
BP o, 1,2 } 


(2p)? a 








* The subscript on the right is the total angular momentum, that on the left indicates triplet or singlet isotopic spin; the superscript indicates triplet 
or singlet spin. 


> The (2s) means two s-wave pions with isotopic spin zero. : 
¢ An asterisk indicates that the state is forbidden for a neutral pion system. When there are several initial states, a semicolon stands between 


the allowed final configurations for each. 
4A dash indicates that the transition is forbidden. 


suggested that a strong attraction may exist in the antinucleon energies, may be useful in a discussion of 
1S9 state of this system, and that such a state may _ the nucleon-antinucleon force. 


resemble the x meson.‘ Information on the competition 
between pion production and annihilation, at the higher 


4E. Fermi and C. N. Yang, Phys. Rev. 76, 1739 (1949). 


SELECTION RULES 
We consider transitions from initial states of the 


’ Hans-Peter Duerr, Phys. Rev. 103, 469 (1956). nucleon-antinucleon system with orbital angular mo- 
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mentum zero, one, and two. In single production we 
consider pions produced in s, p, and d states relative 
to the final nucleon-antinucleon system. The latter 
system we consider to be in the lowest orbital state 
consistent with the conservation laws. In double 
production we consider all combinations of s- and 
p-wave pions. 

To obtain the selection rules we utilize the con- 
servation of the quantum numbers associated with the 
total angular momentum; the total isotopic spin; the 
parity operation, ®; the charge conjugation operation, 
C; and the combined charge-conjugation, charge- 
symmetry operation, CT. (We use a notation similar to 
that of Goebel. The reader is referred to that paper 
for an account of the selection rules governing the 
annihilation process.) We recall the following rules. 
For the nucleon-antinucleon system @= — (— 1)! where 
lis the orbital state, CT= (—1)'**** where s is the spin 
and 7 is the isotopic spin. For the neutral system (i,=0), 
T=(—1)', whence C=(—1)**. A single pion has 
CT=—1 and C=1 if it is neutral. A two-pion system 
has CT=1. If it is neutral with total isotopic spin i, 
then T=C=(—1)*. For a neutral initial nucleon- 
antinucleon system going to a neutral final nucleon- 
antinucleon system, we may use C as well as CT to 
derive selection rules. In the case of a pp collision going 
to a charged pion, we may have final states of apx- 
and jnxt. From the symmetric and antisymmetric 
combination of these, we form states with C=1 and 
—1, respectively. Hence, whichever the C of the initial 
state, we may obtain it in the final state, and selection 
rules are obtained from CT. In Tables I and II we list 
the allowed transitions of the nucleon-antinucleon 
system for single and double pion production. In the 
cases where the initial and final states of the system 
are perfectly definite, we give the angular distribution 
in the center-of-mass system for single pion production. 
In the event that there are two or more allowable final 
states but only one is allowed for a neutral pion, the 
angular function refers to this mode. 


® Charles Goebel, Phys. Rev. 103, 258 (1956). 
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CONCLUDING REMARKS 





In the production of a -wave pion in nucleon- 
nucleon collisions, all transitions to an S state of the 
final nucleons involve a triplet-to-singlet or singlet-to- 
triplet spin transition.’ It is of interest to note that in 
the nucleon-antinucleon case there is a triplet-to-triplet 
transition for both neutral- and charged-pion produc- 
tion. In the case of the production of a p-wave 7° there 
is no transition which alters the spin state. On the other 
hand, there is no transition producing an s-wave 7° 
which does not involve either a triplet-to-singlet or a 
singlet-to-triplet transition. The relative production 
of s- and p-wave rs might be useful in discussing the 
spin-dependent and spin-independent parts of the 
interaction resulting in pion production. It is interesting 
that there is no p-wave pion resulting from transitions 
from an initial )S9 state. Let us remark that near 
threshold the following approximate statements hold: 
the cross sections for transitions to final states Ss, Sp, 
Sd, Ps, Pp, and Pd will go as 7’, n‘, n°, 7°, n§, and 7", 
respectively, where 7 is the maximum meson mo- 
mentum in the center-of-mass system. If a bound S 
state were present the first three cross sections would 
go approximately as 7, n°, and n°, respectively. 

In conclusion, we remark that it may be useful to 
analyze the pion production processes in nucleon- 
antinucleon collisions with a view toward learning 
something about the nucleon-antinucleon force at 
relatively low energies. Indeed, the elastic scattering 
may be difficult to analyze from this point of view 
because of large diffraction effects that may be asso- 
ciated with the large annihilation cross section. 
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The usual approach to field theory, in which state vectors are expanded in terms of eigenvectors of Ho, 
is known to be inconsistent for point particles. An alternative method, in which only quantities bilinear in 
physical state vectors are considered, avoids this inconsistency. For the simplest case, the fixed point 
nucleon interacting with scalar charge-symmetric mesons, meaningful equations without infinite renor- 
malization constants are obtained, and expansion in terms of the renormalized coupling constant f gives 
finite observables of one type. Observables “‘of the second kind,” such as the interaction energy with an 
external field, cannot be defined as power series in f, but as limits of the quotients of two power series in f. 
The method is applied to the calculation of the magnetic nucleon moment in the static cutoff model with 
pseudovector coupling. Third and fifth approximations are calculated, and satisfactory convergence seems 
to prevail. The results are in agreement with experiments for the vector part of the moment, but the scalar 


part cannot be calculated on this model. 


I. INTRODUCTION 


NE major cause of the difficulties encountered in 
the quantum theory of fields has been recognized 
in recent years to be the particular formalism which 
uses the eigenvectors of an unperturbed Hamiltonian as 
basis vectors. In the case of fixed point sources, Van 
Hove! has shown that all eigenvectors of the unper- 
turbed Hamiltonian are orthogonal to those of the total 
Hamiltonian. An alternative form of the statement is 
that for such fields no Fock-representation (number 
representation) exists.2 The mathematical reason for 
this situation is the existence of nonequivalent repre- 
sentations of an infinite set of operators, discovered by 
Von Neumann.’ 

The physical reason is the copious production and 
absorption of mesons by very strong sources; in the 
limit of a point source, this production is so copious 
that there is a vanishingly small probability of finding 
at any time only a finite number of mesons in the field, 
so that the projection of any state vector representing 
a physical situation on a vector which represents a 
finite number of mesons, is zero. 

The traditional method of quantum mechanics con- 
sists in choosing arbitrarily simple representations for a 
complete set of operators, restricted only in that they 
must satisfy the given commutation relations, and in 
determining unitary transformations (wave functions) 
which diagonalize other operators. Since it has become 
clear that the physically significant representations are 
not, in general, accessible by unitary transformations, 
this method can be used only after finding one of the 
representations equivalent to the desired one, and no 
methods for this purpose are known, short of the actual 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

ft Now at International Business Machines Corporation, 
Poughkeepsie, New York. 

1L. Van Hove, Physica 18, 145 (1952). 

2K. O. Friedrichs, Mathematical Aspects of the Quantum Theory 
of Fields (Interscience Publishers, Inc., New York, 1953), p. 141. 

3 J. Von Neumann, Compositio Math. 6, 1 (1938). 


solution of the problem. We seem to move in a vicious 
circle. 

As it often happens in such situations, the elimination 
of some unobservable quantities from the formalism 
lifts the dilemma. Observables are always bilinear in 
the state vectors, and the determination of the latter is 
only an auxiliary operation. A formalism in which the 
matrix elements themselves are the primary entities, is 
closer to physical reality and one does not need to choose 
a basis representation. 

Such formulations of field theory are not new. In 
general field theory, a number of papers have used only 
Feynman amplitudes or equivalent quantities.’ In the 
field theory of static nucleons, only Riddell and Fried® 
seem to have taken advantage of this formulation. 
More recently, one of the authors’ has given a general 
formulation of the scattering problem in field theory 
without the use of the bare vacuum or of the usual basic 
representation of field operators. 

In view of these developments, it seemed worthwhile 
to review the simplest type of field problems (the static 
source problems) from the new viewpoint, as a guide 
to the more general problems of moving particles. In 
the following, we study the fixed point nucleon inter- 
acting with a scalar charge-symmetric meson field and 
the fixed nucleon (with cutoff) interacting by pseudo- 
vector coupling with symmetric pseudoscalar mesons. 
As Chew" and Chew and Low" have shown recently, 
the latter model has a fair contact with experimental 
facts. While in this latter problem the traditional 
methods are not inconsistent, there seem to be good 
reasons for treating the finite-source problem by analogy 
with the point-source problem. 

As in any local theory, we have to deal with the re- 


‘E. Freese, Z. Naturforsch. 8a, 776 (1953). 

5 F. Coester, Phys. Rev. 95, 1318 (1954). 

°F. J. Dyson, Phys. Rev. 91, 1543 (1953). 

7K. Nishijima, Progr. Theoret. Physics (Japan) 10, 549 (1953). 
§R. J. Riddell and B. D. Fried, Phys. Rev. 94, 1736 (1954). 
°H. Ekstein, Nuovo cimento 4, 1017 (1956). 

1 G. F. Chew, Phys. Rev. 95, 1669 (1954). 

"1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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normalization problem. In the present case, only two 
quantities, the nucleon self-energy and the coupling 
constant, require renormalization. The first problem 
does not arise in our formulation, since the nucleon self- 
energy simply cancels out of the equations. This ad- 
vantage of the representationless formalism was pointed 
out by Riddell and Fried.® 

As in other investigations of this type!** the unre- 
normalized coupling constant turns out to be infinite, 
if the observable interaction is to be finite. In Sec. II, 
we attempt to show from a physical point of view why 
this must be so. 

The renormalization procedure is, formally, straight- 
forward : an observable, which by definition is called the 
renormalized coupling constant /, is calculated in terms 
of the unrenormalized coupling constant fo without the 
use of a power series. This equation is solved for fo, and 
the function of f so obtained is reinserted into the origi- 
nal equation, which is now entirely expressed in terms 
of observables. This calculation is made rigorously and 
explicitly, not as a “renormalization program”’ to be 
accomplished step by step, so that the new equation is 
explicit and not symbolic. 

The new equation is considered to be the truly 
meaningful equation of the theory. The manipulations 
by means of which it was derived were purely formal. 
No further thought is given to the original “unrenor- 
malized” equation which is patently meaningless be- 
cause of the infinite quantity /o. 


II. SCALAR MESONS: GENERAL EQUATIONS 


The Hamiltonian for a single nucleon at x=0 is" 


H=Ho+H1, 


=> crt(k)w(k)cy(k)d®k, (2.1) 
= fol2my td [2w(k) Lex(k)+e.t(—k) Jradh, 


where d is the isotopic spin index and the other symbols 
have the usual meaning. Let the two degenerate eigen- 
states of the nucleon be ¥.(a=0, 1) corresponding to 
charges 0, e. They satisfy 


(H—Ev)Pa=0, (2.2) 


and 


(Was) = bas. (2.3) 


We consider the matrix elements between nucleon states 


N N’ 
(Wa; II ct(Rp) II (Rn) Kwa), 





2 T. D. Lee, Phys. Rev. 95, 1329 (1954). 

3G. Kallén and W. Pauli, Kgl. Danske Videnskab. Selskab, 
Mat-fys. Medd. 30, No. 7 (1955). 

4G. Wentzel, Quantum Theory of Fields (Interscience Pub- 
lishers, Inc., New York, 1949), pp. 64, 52, and 12. 
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where K is either one of the operators 7, or unity. We 
want to derive equations for these matrix elements. Let 


N 
C(N)=]I ct(k,), 


(2.4) 
N’ 
D(N’)=[] c(kn). 
From the Heisenberg equation 
dA 
i( ve — va) sd (Wa,LA /H Ws), 
we have 
(Wa,(H,C(N)D(N’)K Ws)=0. (2.5) 


By carrying out the commutation with H indicated 
in Eq. (2.5), one has 


Enn:(Wa,C(N)D(N') Ky) 


+a H1,C(N)D(N)K Ws)=0, (2.6) 
where 
N N’ 
Enn' => w(kn)—>d wlkn’). (2.7) 
The commutator of H; with the product C(N)D(N’)K 


is a linear combination of products of creation, destruc- 
tion and isotopic spin operators. These can always be 
reordered into Wick products, so that the creation 
operators stand to the left of the destruction operators. 
The form of the equations is then 


Enngq(NN’) 


+fo © d(NN'q,MM'p)g9(MM’)=0, (2.8) 
MM’p 
where 
&0( NN’) = (Wa,C(N)D(N’)K Wa). (2.9) 


The normalization condition which must be added to 
this system of homogeneous equations may be obtained, 
for instance, from the matrix element of the charge 


operator Q: 
(W1,QV1) =¢. 


The charge operator can be exproneed i in terms of the 
operators cy." 


(2.10) 


Q=ie f Coat (b)cx() cx" (&)ca(&) ae 


+$e(rs+1). (2.11) 


For matrix elements between different states, we could 
use the operators of the total isotopic spin, but this 
will not be necessary. 

We wish to express the parameter fo by a matrix 
element between nucleon states which is closely related 
to observables. It is convenient to choose the matrix 
element of the operator 73. It may be shown, in the 
manner of Chew and Low" that the product of this 
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quantity and fo could be determined experimentally 
from scattering data (if scalar mesons existed). We 
define the renormalized coupling constant by 


f=folti,r). (2.12) 
Substitution of Eq. (2.12) into (2.10) and (2.11) gives 


fo=ft+folti,Rvr), (2.13) 
with 


R=2if Lea! Bea(#)— cr Reo) (2.14) 


We discuss now the nature (boundedness) of the 
various quantities introduced. Consider first the matrix 
element (¥1,73/1). It is known from the strong-coupling 
theory'® that this quantity tends to zero as the cutoff 
goes to infinity, regardless of the magnitude of the un- 
renormalized coupling constant. Physically, one can 
understand this by considering that the bare nucleon 
changes its isotopic state each time it absorbs or emits 
a meson; and when the source-density increases, the 
bare nucleon tends to be exactly one-half neutron, one- 
half proton, so that the expectation value of the 
operator 73; tends toward the mean of its eigenvalues, 
3(1—1)=0. One can infer that in the case of a point 
source, matrix elements of the type (Wa,C(N)D(N’) rs) 
will vanish. Consider now a physical nucleon in one of 
its two eigenstates. If it is struck by an external meson, 
the interaction can come only from absorption or emis- 
sion by the bare nucleon. Since this latter oscillates in- 
finitely fast between its two isotopic spin states, all 
interaction is averaged out to zero, if the coupling con- 
stant is finite. Hence, in order to obtain a nonzero scat- 
tering cross section, one has to make the unrenormalized 
coupling constant infinite. One is led to conjecture then 
that the quantity 


{73} as= fo(Wa,7pp) 


is finite and nonzero, while /» is infinite. This conjecture 
is confirmed by the following more detailed considera- 
tion of the scattering amplitude. 

The integral equation for the scattering amplitude 
Rt is? 16 


R(mn) = ((H—En)Pmn, Px + X 


y=0,1 


x ((H— En)Pm; vy) ((A- En)bn; v,)* 
E,— Eo 





—dl, 
E(l)—E,—te 


R(mi)R* (ni) 
ms f seoreotoee (2.15) 


For one-meson scattering between nucleon states a 


15H. A. Bethe and F. DeHoffmann, Mesons and Fields (Row 
Peterson and Company, Evanston, 1955), Vol. 2, p. 291. 
16H. Ekstein, Phys. Rev. 101, 880 (1956). 


and £, 
n= cn'(h’ We, 
?,= Cul (kPa; 
((H— Em)®m; Pn) = foP (k’) Wa,rreu' (ka), 


as one can easily verify by commuting the creation 
operator with H in Eq. (2.1) and by using the definition 


(2r)-§[2w(k’) P4= PR’). (2.18) 


In the same manner, one obtains for the quantities 
in the second term of Eq. (2.15) 


((H—Em)®m, V7) = foP (k’) (Ws,7rWy). 


Since these quantities constitute the inhomogeneous 
part of the scattering equation, they must be finite and 
nonzero. More generally, we conclude that all matrix 
elements of the form 


SoQhaC(N)D(N')rs)={C(N)D(N') 73} ap 


must be finite. 
The same argument cannot be made for the corre- 
sponding quantities without isotopic spin operators, i.e., 


foa,C(N)D(N’)Ws)={C(N)D(N’)} as, (2.21) 


(2.16) 


(2.17) 


(2.19) 


(2.20) 


but we shall have no physical observables directly 
represented by these quantities. We return to these 
“matrix elements of the second kind” later. 

Naturally, we wish to rewrite Eq. (2.8) in terms of 
the curly-bracket expressions. With Eqs. (2.20), (2.21), 
(2.13), and (2.14), Eq. (2.6) or (2.8) can be written 


Enn {C(N)D(N’)K} 


H 
+Lf+{R} ol ls cwnDwwyx | =0. (2.22) 


In this equation, fo is completely eliminated. The sub- 
scripts of the curly brackets have been omitted where it 
was possible. Since the theory is invariant under rota- 
tions in isotopic spin space, we obtain as a generaliza- 
tion of Eq. (2.12) 


So(Wa,tr»Wp) = f7r, ab, 


where 7), a8 is the (a,8) matrix element of the isotopic 
spin operator 7) in the usual 2 2 matrix representation. 


We have then 
{m}=fn, (2.24) 


where the curly bracket is considered as a 2X2 matrix, 
the indices being given by the two nucleon states a 
and 8. In some of the equations (2.22), the quantity 
{7,} appears, and it will then be replaced by its value 
from Eq. (2.24). Another type of matrix element which 
appears in some of the Eqs. (2.22) is {1}. This is then 
replaced, according to Eqs. (2.21) and (2.13) by 


(1}=f/+ (Rhu, 


(2.23) 


(2.25) 
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the 2X2 matrix being implied on the right-hand side. 
For instance, for the matrix element {7)c,(k)}, Eq. 
(2.22) reads explicitly 


co(B){raca()} = (f+ ERI) 
x[z [P@Kalo+or-oFre4 
— P(R){ta7 4} | (2.26) 


with 
K»n=[r7,»,71]. (2.27) 
For \*u, the last term in the bracket is a matrix 
element of the type (2.24) while for A\=u, it is to be 
replaced by the use of Eq. (2.25). Both cases can be 


described by 
w(k){ rr¢u(k)} = (f+{R}a1) 


x|z [Patkalo@+en-dl@ner 
— PUR) Fraret one R}x) | (2.28) 


If all matrix elements which contain no creation or 
destruction operators are replaced in this manner, one 
obtains a system of equations which are formally linear 
and inhomogeneous. Actually, they are nonlinear since 
the constant {R}1: is a (linear) functional of the matrix 
elements {c,'c,}. Equation (2.28) is still, strictly speak- 
ing, meaningless since the constant {R},) is infinite by 
the previous argument. For the same reason, the quan- 
tity in square brackets must be zero, if {7,c,(k)} 
is te be finite, as we have postulated. In order to make 
the equation meaningful, we must prescribe a limiting 
process. 

If the limit of integration in all Eqs. (2.22) is made a 
finite quantity M, we can define curly brackets which 
are solutions of equations of the type (2.22) with a 
finite cutoff and denote them by { }. Equation (2.28) 
is then reformulated as 


w(k){ TrCy(k)} = jim (f+ {R} M11) 


M 
x[z f P(g)tK aleo(q)-+eo'(—4) Ten}ag 


— P(k) (Fret in Ra) | (2.29) 


and all other equations for the matrix elements are to 
be reinterpreted so that the limit is taken only after all 
multiplications have been performed. It does not seem 
that any ambiguity is introduced by the sequence in 
which the various quantities are taken to the limit. 

If we disregard the antecedents, the equations of the 
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type (2.29) are now considered as the correct and mean- 
ingful expression of the theory. It is clear from the form 
of Eq. (2.28) that the matrix elements depend only on 
the absolute values of the arguments k. This, of course, 
is a consequence of the form of the interaction 
Hamiltonian. 

We return now to the observables of the second kind. 
As an example, consider the nucleon interacting with a 
hypothetical external scalar field &. As an analog of the 
electromagnetic coupling, the interaction Hamiltonian 
will be assumed as 


H'=¢ f ot(x)®(x) o(x)d?x, (2.30) 


where the fields gy and ¢t describe only charged mesons": 


g=2-4(g,+1¢2), 


: (2.31) 
gi= 2-4(g1—i¢). 


In terms of creation and destruction operators, H’ will 
be a linear combination of products ct(k)c(k’) etc. 
The expectation value of this operator with respect to 
a nucleon state ¥. is the first approximation to the 
interaction energy with the scalar field, and must there- 
fore be considered as an observable. Since /) is infinite, 
at least some of the matrix elements 


{C(N)D(N’)} «p= fo(¥a,C(N)D(N’)Ws) (2.21) 


must be infinite; we shall find indeed in the perturba- 
tion calculus an infinite value for them. The observables 
of the second kind must therefore be defined in some 
manner as the quotients of two nonexistent quantities 


{C(N)D(N)} a8/fo, 


that is, more precisely 


C(N D(N’) af, 
We,C(N)D(N"WWs)= lim DN 08. 


0M 


(2.32) 





and we may hope that this limit exists. If both nu- 
merator and denominator are calculated as power 
series in f, as it will be done presently, the above defini- 
tion is not unambiguous. Evidently, the power series is 
useful only if a sequence of successive approximations, 
each with M — , is considered. One might be tempted 
to define 


(Wa,C(N)D(N’\Ws) 
¥ JACWW)DN')} af, M 


=lim lim ‘ 


N-2 M0 N 
> f"fon, 
0 


(2.33) 





where the subscript » labels the mth coefficient of the 
formal power series. However, it will be seen that the 
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limits M — « of the separate terms of this sequence 
do not exist. In order to guarantee the existence of 
_ these limits, it will be necessary to take, in both nu- 
merator and denominator, the same number of terms 
from the first nonvanishing term on, i.e., 


(WasC(N)D(N’ Ws) 


14+N 
~ S*{C(N)D(N’)} 2, a, M 


=lim lim { —— 


N-«© M-+0 


3 Tlex M 
1 


Here, / is the lowest order with nonvanishing coefficient. 
In the denominator this order is obviously 1, by Eq. 
(2.13). 

Finally we discuss a third kind of observables which 
consist of integrals of matrix elements (Wa,CDys) which 
would be divergent if the matrix element were calcu- 
lated according to Eq. (2.34). The meson charge opera- 
tor R in Eq. (2.14) is an operator of the third kind. In 
this case, the more obvious definition of the limiting 
process according to Eq. (2.33) will be adopted. In 
the case of the operator R, this definition leads to the 
expected result (Wa,RW.)=1 in the two lowest order 
approximations. 


III. SCALAR MESONS: WEAK COUPLING 


The obvious approximation method is the expansion 
in powers of f. This method should not, of course, be 
confused with the traditional weak-coupling expansion 
in terms of fo. Contrary to the usual weak-coupling 
calculations with renormalization, we assume nowhere 
that fo is small; it is, in fact, infinitely large. Neither 
do we make the absurd assumption which is necessary 
for the usual formal renormalization theory, that a 
power series in fo converges. This is not merely a formal 
distinction in the present scheme; the expectation value 
of 73, for example, between two physical nucleon states, 
vanishes as in the limit fo— © of the old strong- 
coupling theory. 

We assume that each matrix element can be ex- 
panded as 


(C(N) DK) =r IMC(N)D(N)K}a, (3.1) 


and substitute this into the equations of the type (2.28) 
and equate the coefficients of /" to zero, as usual. 

We consider first the scattering problem. For the 
first of the Eqs. (2.15) we need the expansion of the 
matrix elements 


{rrcu'(k)} ap={TrCu(k)} pa, 


or, if the subscripts are suppressed and the curly 


brackets treated as 2X2 matrices, 
{rrcu'(h)} = (rreu(h)} 


The integral equation for this quantity is Eq. (2.28). 
The other equations needed for the calculation to the 
sixth order can be written down by Eq. (2.22). For 
instance, 


[w(k)—w(g) {Kacot(g)eu(&)} =L/+{R} 11] 


| Pad Karis))- PO) Kares() 


M 
+r f d*pP(p)E{K yorcy(p)co'(q)cu(&)} 


+{Kyacst(p)e"(@es(®)1} (3.2) 
with 
Ky = [7,7]; Kyy= [r+[7»,7r] ]. 


By Wick-ordering the operators and collecting terms, 
one finds 


[w(k)—w(q) {Key t(g)eu(k)} =Of+ {R} 11] 


| PadtroKnes®)— PW) Karta) 


M 
+z f dpP(p)E{K yarco"(g)ey(P)cy(k)} 


+1Kyaer"(p)e'(064(0)3] (3.3) 


The series expansion according to Eq. (3.1) leads to 
equations such as 


w(k){r.c,(k) }6 
={R}u,s 0 @gP(9){ Knle(g)+c,'(9g) Jeu(k)}s 


— {R}11,5P (2) (7.74) (14+26),) 


+r f @qP(q){Ksalco(q)+¢s"(g)Ten(A)}s 


—byP(R){R}i,3%. (3.4) 
In these equations, the integration limit is a finite 
number M, which is ultimately taken to infinity. The 
calculation is straightforward. The result can be sum- 
matized as follows: for obvious reasons of invariance 
in isotopic spin space, the matrix element in question 
can be written under the form 


{7r¢u(k)} =U (hk) rat w+ V (hor, (3.5) 
where U and V are independent of \ and y. One finds, 
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to the sixth order (with x=w/y): 
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U:=—P(k)/w(k), V2=0, 
4P(k rT w?(k)— 2 1 ~ we _ 2 

Uy=Vi= (20) oe, in( (k)—[w?(k) | 
w(k) 20k) w(k) A 





Us= 





= a as ear Gur 


(2n)4 


(A 1)1(2y-+2) 





4a (x?— 1)! Infa— (2? pif yey) 


+4e af — Infy— (y?—1)*] 


) InCw— (22—1)4] 


~inf (45 ar =+-) Infy— (9-1) 2 (2 =" +)( -) Infe— (1) fay 


1 4, LO~ NG 








—t f (= att = ) tofy—o*—1)ay 





M+z ons — ; 
~4eim| f C(y?—1){ (x—y)?—1}] 


ay 


All but the last two expressions are manifestly con- 
vergent. In the integral from (1+) to ~, the coeffi- 
cient of the logarithm can be seen to decrease asymp- 
totically like y~*, if the square roots are expanded in 
powers of 1=y~", so that the convergence of this term 
is also assured. 

In the last expression (limM— ~), the second in- 
tegral in the curly bracket can be evaluated. For large 


M, it is 
T (x*—1)! 
In2M— (=) . 
2x x 
The first integral in the curly bracket can be trans- 
formed, by the substitution y'=« and M~'=«, into 


€ —se ad 3... of } 1— 1— 2\4 
f {(1—)[(au—1)?—w* }} n( (1—w?) Jn 
(1+ez)™ 


wx u 


Inf a— (a?—1)*]. 








and the logarithm is of the form In[(u/2)f(u)], where 
f(0)=1. The coefficient of the logarithm may be ex- 
panded in a Taylor series, and integrated term by term. 
The only term which does not vanish with e, is In(€/2) 
= —1In(2M), so that the total limit has the value 


™ _1}} 
-(=)+= PF infet (a1)! 
2x x 


We have shown that all expressions in Eq. (3.6) exist. 
In the usual language, one would say that they have 
been obtained by the subtraction of two logarith- 
mically divergent integrals. 





InLy— oD art f al} (3.6) 
1 y(y+z) 

In connection with Eq. (3.3), one might raise the 
question of the “spurious poles.”’ If the equation is 
divided by the energy difference w(k)—w(g), the matrix 
element appears to have a singularity. This would, of 
course, be absurd. In fact, the right-hand side of Eq. 
(3.3) has a zero of the type [w(k)—w(q) ] to all orders 
of the expansion, so that there is no difficulty. 

We turn now to observables of the second kind. As 
in Sec. II, we consider the interaction with an external 
scalar field (x), independent of time. We may assume, 
as a crude analog to the electromagnetic interaction, 
that @ is coupled only to the charged meson field ¢ as 
given by Eq. (2.31). We assume the interaction Hamil- 
tonian to be 





H'=g f ot(x)6(x) o(x)dx 


. (2) f gn? (x)®(x)dx 


(k) 
= g4-1(2r)-3 
tue ZS [o(&’)o(k—k’) 
XLeat(k—k’)oyt(k’) +e, t(k— key (—k’) ded’ 
+c.c. 





(3.7) 


#(k) is the Fourier transform of (x). A term propor- 
tional to (0), which has nothing to do with the nucleon 
and merely contains the interaction with the free meson 
field, has been omitted. 








By the perturbation calculus described previously, 
one finds 


P(k)P(R’) 
{cx t(k)cyt(k’)} s= {eat(R)ca(k’)} = —_a 


w(k’)o(k) 





while the first two approximations vanish. 

According to Sec. II, Eq. (2.34) the first approxima- 
tion to the interaction energy is obtained by substitut- 
ing these values into the integral (3.7) and multiplying 
by f?, since fo =1. 

For the next approximation, we need the fifth-order 
terms. They are found to be 


4P(k)P(k’) 
{cxt(R)cxt(k’)}5, w= 
w(k)+w(k’) 
2B(k) 2B(k’) 1 1 
|- am coe eemmntin if u(— —)| (3.9) 
w(k) w(k’) w(k) w(k’) 
where 
(2r)?B(k) 
Pa L(t) — ott (aa) 
= | —-——— — ——————_ Inj ——_---_____ ]}, 
2w(k) w(k) m 
and i 1 
i 2] 
(2m)?A y= f am ody. (3.10) 
1 y 
Similarly, 
ied 4P(k)P(k’) 
{cr t(k)cn(k’)}5, aaa anne 
2B(k) 2B(k’ 1 1 
ae ee 
w(k) w(k’) w(k)  w(k)’ 


The fourth approximation to the interaction energy U 
is obtained from 


PAS aut fH}: 
im ( wth aac hi “). (3.12) 
cata SHH UR} 1, 3 
By perturbation calculus, one finds 
{Ru 3. m=4A yy. (3.13) 


In the limit, A » is logarithmically divergent. Hence, 
it dominates the terms which contain only finite quan- 
tities, and we can set 

4P(k)P(R’) 


{crt(R)ca(R’) Jam = {ort (k)ct(k’)}sa owl) -Ay 


Therefore, the fourth approximation to U is obtained 
by substituting P(k)P(k’)/w(k)w(k’) for cyt(k)cyt(k’) 
and c,'(k)c,'(k’) in Eq. (3.7). However, this is exactly 
the same expression as that used to obtain the second 
approximation. We conclude that in this simple case 
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the convergence of the sequence is exceptionally good; 
the first two terms are equal. 

It can be seen from this example that observables of 
the second kind contain only one single term in the 
power series in f. The effect of higher approximations 
consists not in adding other terms of the power series 
but in improving the lowest nonvanishing coefficient in 
the series. 


IV. MAGNETIC MOMENT OF THE NUCLEON 


We shall apply the method which led to convergent 
results in the case of scalar mesons without cutoff, 
to the static model of the nucleon interacting with 
pseudoscalar mesons with the usual pseudovector coup- 
ling.?-17 Because of the derivative nature of the 
coupling, a cutoff must be used. Since the exact rela- 
tionship between the static model and the relativistic 
meson theory is not known, this calculation can serve 
only to test the model and not the theory itself. 

Miyazawa!® has recently calculated the magnetic 
moment of the nucleon on the static model by using 
the equation of Chew and Low" to express the moment 
in terms of observed scattering cross sections. Since the 
accuracy with which the Chew-Low equation agrees 
with experimental cross sections is not known, Miya- 
zawa’s calculation cannot be considered as a direct 
test of the static model. 

In the present calculation, we use no experimental 
evidence except a cutoff and the value of the renor- 
malized coupling constant which is known quite accur- 
ately. While our method is essentially a weak-coupling 
approximation, the result does not appear as a power 
series expansion in /, but as the quotient of two poorly 
convergent power series. The sequence of quotients 
seems to converge rapidly, so that the numerical results 
may be considered as a fairly reliable direct consequence 
of the basic assumptions for the model, without ex- 
traneous additions. Fortunately, our results agree essen- 
tially with Miyazawa’s. They substantiate the conclu- 
sion that prediction of the static model is about correct 
for the meson contribution, but very poor for the 
nucleon contribution to the magnetic moment. 

We use the expansion of field operators in terms of 
creation and destruction operators given (somewhat 


allusively) by Wick." 


e(s)=E f [wo(B)e [crim '(&) + r1m()] 


Xyim(O¢)jilkr)Rdk, (4.1) 
m(x)=i D0 J w(h)te yim (&)— Carm(h) J 
lm #5 
Xyim(Oe)jilkr)kdk. (4.2) 





17W. Pauli, Meson Theory of Nuclear Forces (Interscience Pub- 
lishers, Inc., New York, 1946), p. 12. 

18H. Miyazawa, Phys. Rev. fou, 1564 (1956). 

19 G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
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The functions of 7; are the usual spherical Bessel func- 
tions, but the functions yj, are not the usual spherical 
harmonics. They are orthonormal linear combinations 
of the usual functions Y;,, such that only functions of 
equal / are mixed. 

In particular, for /=1, 


2 (2/3) *¥im=x/1, y/1, 2/7. (4.3) 


We maintain, of course, the orthonormality and com- 
pleteness relations for the yim. 

The operators Cim(k), Cimt(k) have the commutation 
relations 


[Cn1m()Currm’t (R’) J= 85,5115 mm’ (R em k’), 


and the kinetic energy has the form 


(4.4) 


oe 


w@(R)Cy1m'(R) Crm (Rk) Rd. (4.5) 


HAo= »* 


Alm 0 


The interaction Hamiltonian is 


Hr= (ae (S/E nr J p(r)e-Verdiz, (4.6) 
where 


p(r)=(2x)-? | exp(—ik-r)o(k)d*k (4.7) 


is the source function. It is then easy to see that only 
operators with /=1 contribute. By substituting Eqs. 
(4.1), (4.3), and (4.7) and making use of the ortho- 
normality, one obtains H; under the somewhat simpler 
form of a double sum and a one-dimensional integral. 


r= (3n)-(=)x f k® (w)~t0(k)os7, 
MS the’9 
X [ea(k) +c t(k) Jk. 


(4.8) 


The index / has been suppressed, and 7 has been sub- 
stituted for m, in agreement with Wick.” 

The magnetic moment for this model has been given 
by Sachs.”° With our expansion, it has the form 


M= (e/4m) (1+73)o3+Mo, 


where Mo, the contribution of the meson orbital 
momentum, is 


(4.9) 


eé @ 
Mo=-f dkR [621 "C12 +12 "C21 — Ca2'e11 
Tr 0 


— C11 tC29+CorC12— C2211 +621 'C12'—Co2teut], (4.10) 


and where the argument & common to all destruction 
and creation operators has been omitted. The first 
subscript of these operators refers to orbital polariza- 


* R. G. Sachs, Phys. Rev. 87, 1100 (1952). 
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tion, the second to isotopic spin, while the index /=1 
has been omitted, as previously. 

We discuss first the meson contribution. The matrix 
elements between the four degenerate nucleon states, 
of the form 
etc. 


(WasCritCuWs), 


are what we called observables of the second kind in 
Sec. II. In the theory without cutoff, they were defined 
by Eq. (2.34). In the present case, the individual terms 
exist because of the cutoff, so that we may omit the 
limiting process with respect to M. As in Sec. II, we 
use curly-bracket matrix elements 


{C(N)D(N')} as= foWa,C (N)D(N’)We), 


and we shall use the curly brackets as 4X4 matrices 
when the subscripts are omitted. The normalization 
condition, analogous to Eq. (2.10), expresses the fact 
that the product of the two operators S; (total angular 
momentum) and 7) (total isotopic spin) has matrix 
elements between the four physical nucleon states 
which are equal to the matrix elements of the direct 
product of the two Pauli 2X2 matrices $0; and 37 in 
the usual representation: 


4 (WaySiT Wp) = (0:7) af. (4.11) 
In terms of the operators c¢, ct, o;, 7,, the operators 
S; and 7) can be expressed in the form”: 


4 x 
WS s=or+— Do J ahh cjyt(h) te ciy(k), 
W ilu’ o 


(4.12) 
4 x 
27, =7+- 2 ARR C541 (R)ty"?C;,(R). 


TT ined yo 


The numerical coefficients ¢ are tabulated by Wick.” 
We shall use for brevity the notation 


4S;T,=0;74+ Ri. (4.13) 


The definition of the renormalized coupling constant 
f is” 


F(0i7r) ap= fo(WaytiTrWp). (4.14) 


For convenience, we use the case \=i=3, anda=8=1, 
ie., the proton state with spin in the z-direction. We 
obtain, from Eqs. (4.11), (4.13), and (4.14) 

fo= f+ {Rss} ur, (4.15) 
where the last term is a product of fo and the (1,1) 
matrix element of the operator R33, in accordance with 
Eq. (2.20). Equation (4.15) is the analog of Eq. (2.13) 
for the pseudoscalar case. The integral equation for the 
curly brackets is now exactly identical to Eq. (2.22), 
with H; given by Eq. (4.8). In order to transform these 
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homogeneous equations into the inhomogeneous sys- 
tem, we use again Eq. (4.14) in the manner of Sec. IT. 
Specifically, 


w(b) orsenB))=L+(R} | EO/) [70 
x [{ Kou, rsCpt(9)Cuj(R)} + {Kyi nsCpt' (9) nj (k)} lk’dk 


— PUioaresra f+ bub RD) (4.16) 


where 


P(q)=[6uw(q) }*qr(q), (4.17) 


and 
Ki, un 


The other equations of this type can be written down 
without difficulty. The only equations which merit a 
comment are those for matrix elements {¢);'(R)cy;(R)}. 
Clearly, the coefficient Eww vanishes, so that an argu- 
ment of continuity is needed. One writes down the 
equations for {c);t(k)cy;(k’)}, with Eww =w(k)—w(k’). 
As mentioned in Sec. III, the right-hand side of the 
equation has a zero at k=k’ so that division of the 
equation by Eyvy: leads to an expression which is finite 
at Evy =0, and this is the quantity required. 

The perturbation calculus, as outlined in Sec. III, is 
straightforward, but lengthy. Only the results will be 
given. The expectation value of the operator Mo with 
respect to the proton state with spin up, which we will 
denote simply by Mo, is given by 


Mo={Mo}/fo=X f'{Mo}n/X f*fon, 


where the denominator is the series expansion for the 
quantity on the right-hand side of Eq. (4.15). The 
correct sequence of approximations Mo‘) is suggested 
by the scalar case. Since the first nonvanishing coeffi- 
cient {Mo}, is the third approximation, and foi=1, 
we have 


[7,01,7r0% |. (4.18) 


(4.19) 


Mo = f?{Mo}s, 


(4.20) 
M,™ = (f?{Mo}st+f*{M o}s)/(1 +f? fos), 


and we may hope that this sequence converges. 

If we had considered only the cutoff case, this choice 
would be arbitrary. We might as well have chosen for 
the first approximation 


{Mo}1/fou=0. 


It is remembered, however, that in the case without 
cut-off the first choice was the only possible one. 
The results of the perturbation calculus, to fifth and 
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TABLE I. Anomalous magnetic moment of the nucleon in 
units of nuclear magnetons. 





Cutoff 























K in Mo®+Mi® My 
f? unitsu Mo) Mo® Mi M1® =M,®) (observed) 
0.1 S 1.74 208 0232 -O317 1.76 1.85 
6227 233 . ~O28%. . —0381.: 2.39 
0.08 5 141 «164 -0.205 -0.277 1.36 
6 183 218 02595 -0347 1.83 
third order respectively, are: 
1 * gv @) | 
—{Mo}3= (3p?) f 
4e 0 ® Mo 
* g'?°(q) 
—( M>}s= (3arp?)- “fF 
w*(q) 
(4.21) 
[164 (0) —44 (q)—4B(q) dg, 
for = 1, 
fo= 8A (0), 
where 
vg kv? (k) 
A(q)= muty f dk, 
0 w(k)[w(k)+w(q) ] ” 





” ky? (k)[w(k)+2w(q) |] 
B(q) = (3p?) d 
(a) ” f w*(k)[w(k)+w(q) P 


The numerical results, with cutoff at 5 and 6 uy, are 
given in Table I. The fractional difference between the 
first and third approximation is about 20%; this is 
what one would expect for the coupling constant 
f’~0.1. If this order of magnitude estimate holds, the 
next correction should be only a few percent, but we 
have not verified this conjecture. 

We consider next the contribution of the nucleon 
core to the magnetic moment. With the usual notation, 


M,= (e/4m)[(v1,7305f1) — 1). 


The scalar analog to the first term, (¥1,73¥1) is zero 
according to Sec. II. In presence of a cutoff, it should 
be small but finite. Evidently, 


(vi, rs08V1) = {7303} 11/fo= f/fo, 


by Eq. (4.14). To evaluate it, we need the series ex- 
pansion for fo which is given to the third order in Eq. 
(4.21). The fifth order is found to be 


fos= 48[A?(0)+2L], 
where A is given by Eq. (4.22), and 
= 7° — dgdkg'v*(q)v*(k) 
L=(3mu2) (4.25 
Ha J J w?(g)w(k)[w(q)-+w(k) P 


These integrals have been numerically evaluated for 
the cutoffs 5 and 6u. The numerical results for the first 


(4.23) 


(4.24) 
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and third approximations to the quantity M, are found 
in Table I. Again, the fractional change from the first 
to the third approximations is of the order 30% so that 
one may expect the third approximation to be fairly 
reliable. It is also seen from Table I that the experi- 
mental value of M, can be obtained by a cutoff between 
5 and 6 yu, in agreement with Miyazawa. 
We discuss finally the contribution 

M,= (e/4m)[ (¥1,03¥1) — 1] (4.26) 
to the magnetic moment. There is no analog to this 
quantity in the theory of the point nucleus, so that we 
are left without systematic guidance. Formally, the 
calculation is easy; one can use the analog of the nor- 
malization equation (4.13) for the total angular mo- 
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mentum S; alone. After taking expectation values with 
respect to the state (1,1) and multiplying by fo, one 
obtains {3} as a function of curly brackets {ctc} etc., 
which are calculated by perturbation calculus. The 
expectation value itself appears then as a quotient of 
two power series like Mo. However, it was not possible 
to find a reasonable sequence of approximations. In 
view of Miyazawa’s unsatisfactory results for this (the 
“scalar’’) contribution to the magnetic moment, our 
result is not surprising. The model is evidently too 
crude to give even correct order-of-magnitude values 
for this contribution. 
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Dispersion Relations for Scattering in the Presence of a Coulomb Field* 


Grorrrey F. CuEew, Radiation Laboratory and Department of Physics, University of California, Berkeley, California 


AND 


H. PIERRE Noyes, Radiation Laboratory, University of California, Livermore, California 
(Received September 16, 1957) 


A dispersion relation is derived for short-range potential scattering in the presence of a Coulomb field, 
and on the basis of this result a conjecture is made as to the Coulomb modifications of the Goldberger 
relations for pion-nucleon scattering. The new relations contain in addition to Coulomb phase shifts only 
amplitudes that are directly measurable experimentally, the assumption of charge independence not being 
required. Estimates are made to show that the Coulomb phases that appear explicitly are of no practical 


importance. 


I. INTRODUCTION 


1 


T has been pointed out by Puppi and Stanghellini’ 

that the experimentally determined meson-nucleon 
forward-scattering amplitudes do not quantitatively 
satisfy the Goldberger dispersion relations.’ Since if 
this discrepancy is real it constitutes the first concrete 
evidence against the validity of local field theory, the 
most careful scrutiny of both theory and experiment 
here is required. 

The Goldberger relations are incomplete in that they 
take account only of strong interactions that satisfy 
charge independence. The very weak Fermi interactions 
may be safely ignored, but the electromagnetic inter- 
action, which is only moderately weak, requires a 
closer study. Agodi, Cini, and Vitale* have estimated 
the corrections due to the production of photons both 
in the physical and nonphysical region. They find 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1G. Puppi and A. Stanghellini, Nuovo cimento 5, 1257 (1957). 

2 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

3 Agodi, Cini, and Vitale, Phys. Rev. 107, 630 (1957). 


nothing large enough to account for the Bologna 
discrepancy. In this paper we address ourselves to 
another possible source of trouble: the Coulomb field. 


2 


The conventional approach to the Coulomb problem 
is to analyze the experimental angular distributions so 
as to extract the so-called “nuclear scattering ampli- 
tude,” which is defined as the difference between the 
complete amplitude and the pure Coulomb amplitude. 
Except for some fairly trivial phases this amplitude is 
then assumed to be identical with the amplitude one 
would obtain in the absence of the Coulomb field. 
Actually it is not identical, and at very low kinetic 
energies the deviation is large. 

Experience with the Coulomb effect in nucleon- 
nucleon scattering suggests that the energy at which 
important Coulomb corrections to the meson-nucleon 
interaction appear is sufficiently small that Puppi and 
Stanghellini were justified in ignoring them. The im- 
portance of the Bologna discrepancy is so great, 
however, that this possibility of trouble, even if small, 
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should be pursued. One way to study the effect we are 
interested in is to calculate the phase shifts with and 
without the Coulomb field on the basis of some model 
for the pion-nucleon interaction. This was the approach 
used by Noyes.‘ The difficulty here is that no good 
model exists for the S-wave part of the interaction, 
which is dominant at low energies, so that the results 
of such calculations can never be completely con- 
vincing. 

In this paper a different approach is adopted. We 
make no attempt to find a “pure” meson-nucleon 
amplitude to insert into the Goldberger relation, but 
instead seek a dispersion relation involving quantities 
that are more or less directly measurable. That such a 
relation should exist seems a@ priori likely, since the 
electromagnetic interaction as well as the strong inter- 
action is microscopically causal. However, we do not 
pretend to derive the relation we shall write down. To 
do so would require at least the complex procedures of 
Bogoliubov® and no doubt in addition theorems not yet 
discovered. We shall instead arrive at our relation on 
the basis of plausibility arguments, starting with the 
nonrelativistic potential scattering problem, in which 
fairly rigorous statements can be made. 


3 


The form for our conjectured dispersion relations 
turns out to be identical with that of Goldberger,? so 
long as the latter is expressed in terms of real and 
imaginary parts of a “forward’’ scattering amplitude. 
What we propose to change is the definition of the 
appropriate amplitude. In particular, if the complete 
forward amplitude in the presence of the (screened) 
Coulomb field is decomposed according to angular 
momentum, ® 


© 
irs > ie sind, + (1+ 1)e% snd (3.1) 
q l 

where & is the laboratory wave number of the pion 
and g the wave number in the barycentric system, and 
the subscripts (J+) and (/—) refer to states of total 
angular momentum /+} and /—}, respectively, then 
the partial nuclear phase shifts 6.,% may be defined as 
the difference between the full phase shifts 6), and the 
corresponding Coulomb phase shifts 64° We con- 
jecture that the correct “forward” amplitude to use in 
the Goldberger relation is then 


k 
f'=—L e*[l exp(ib*) sind® 
l=0 


vi et + (141) exp(idx4%) sind,”J, 


4H. P. Noyes, Phys. Rev. 101, 320 (1956). 

5 Bogoliubov, Medvedev, and Polivanov, Institute for Ad- 
vanced Study Notes, Princeton, 1956 (unpublished). 

®6We do not assume charge independence. The dispersion 
relations for negative and positive meson scattering depend on 
crossing symmetry but not on charge independence, as pointed 
out by Agodi, Cini, and Vitale in reference 3. 


(3.2) 
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where the Coulomb phase shifts ¢; are sufficiently well 
given by 


o,=argl'(l+1+%n), (3.3) 


for n=e*/v, with v the laboratory velocity of the pion. 


4 


The presence of the Coulomb phase shifts in Eq. 
(3.2) produces more complicated expressions for the 
real and the imaginary parts of f’ than are normally 
used, the difference being important whenever 2c; is 
comparable in size to the corresponding nuclear phase 
shifts. From zero up to 5- or 10-Mev pion energy, 20; 
is of the same order of magnitude or larger than the 
S-wave nuclear phase shifts, so that this energy region 
should be studied with care. In particular the zero- 
kinetic-energy scattering lengths, introduced by Gold- 
berger when he makes subtractions in his equations, 
must be re-examined. 

We shall find it desirable not to use the scattering- 
length concept at all but to make the necessary sub- 
traction at zero total energy rather than zero kinetic 
energy, thus avoiding emphasis of a point which from 
the Coulomb point of view is singular. That is, we 
propose to use dispersion relations for the positive- and 
negative-pion forward amplitudes in the form 


2f? y? © dy’ 
Ref’ (v)= +—_+-P [ 
vF1/2M 9 vy vy”? 
Im f(y’) Imf’*(r’) 
de 


y’—y v’+y 





| +e vC2, (4.1) 


where y is the laboratory pion energy in units of the 
pion rest mass and C; and C; are two constants. The 
symbol “P” means principal value. This is essentially 
the form used by Haber-Schaim’ to determine /?, the 
Yukawa coupling constant; it has the advantage of 
treating the experimental information on low-energy 
S-wave scattering on the same basis as the rest of the 
data. The original Goldberger form can be reached 
from Eq. (4.1) by straightforward manipulation. 

In Part II of this paper the expression (3.2) is derived 
for potential scattering in the presence of a screened 
Coulomb field. In Part III plausibility arguments are 
given for the extension to relativistic field theory, while 
numerical estimates of Coulomb effects in the dispersion 
relation (4.1) will occupy Part IV. 


II. POTENTIAL SCATTERING 


5 


It has been shown by Khuri that the scattering 
amplitude for all potentials that fall off sufficiently 
rapidly at large distances and are not too singular at 
the origin satisfy a simple dispersion relation.’ Con- 


7U. Haber-Schaim, Phys. Rev. 104, 1113 (1956). 
8 N.N. Khuri, Phys. Rev. 107, 1148 (1957). 
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sequently, if we assume that the Coulomb potential 
vanishes beyond some screening radius 7,, we can 
immediately say that the forward Coulomb scattering 
amplitude /*(£) for like charges satisfies the dispersion 
relation 


M_ Pf Imf*(F) 
Re f*(E)= -——V.4— f dE’————,_ (5.1) 
2r To P E 


where V, is the volume integral of the potential, E is 
the relative kinetic energy, and M is the reduced mass. 
Similarly, if there is a short-range nuclear interaction 
present in addition, which gives rise to no bound states, 
the scattering amplitude for this case obeys 


ea ) 


Re f(E)= ~~ V.4-0n)4+-— -f an——-, (5.2) 


where Vy is the volume integral of the added nuclear 
potential. Therefore we can define a “nuclear” scattering 
amplitude f/”=/—/*, which [subtracting Eq. (5.1) 
and (5.2) ] obeys 

si (E’) 


Re f*(E)= —_ Ort+-— =f" ri ay 


If the charges are of opposite sign, there will be a 
sum of terms R;*/(E;*—£), where E;* are the bound- 
state energies of the (screened) Coulomb field, ap- 
pearing in both Eqs. (5.1) and (5.2), but if the macienr 
potential introduces no appreciable level shifts in these 
states, the poles do not appear in Eq. (5.3). One may 
perhaps worry that the coefficients R;* may be changed 
by the presence of a short-range interaction even 
though the energy levels are not. It can be shown, 
however, that these coefficients are even less sensitive 
to modifications of the potential at short distances 
than are the binding energies. 

We can also define “nuclear’’ 
=6,—6,°, and hence 


phase shifts by 6,% 


{[exp(2i5;) — 1]—[exp(2%5,°)—1}} 


+1 
me-r 
l 1 


(2/+1) htc lie 
=) - exp(2i5;°) exp(i5r") sindy’, (5.4) 


where & is the wave number. Note that instead of the 
usual identification 


=F reai(E), (5.5) 


T 
we have 


Imf*(E)=2 (2/+1) 


rr Ee es 


sin (6,%+ 26;°) sind,” 





(5.6) 
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At first sight the last line, which tells us to remove the 
Coulomb scattering from the total cross section (but 
to leave the Coulomb-nuclear interference), looks like 
a simple prescription to apply. It can be used, however, 
only if the difference (do/dQ)— (do,/d@) can be extra- 
polated to the forward direction without ambiguity; 
in practice this means that except at high energy the 
alternate expression in terms of phase shifts must be 
used. Thus we need to know the Coulomb phase shifts 
5,° explicitly to correct both the real part of the forward 
scattering amplitude and the imaginary part. 

Provided that we are at a high enough energy to have 
kr,>1, and do not have to analyze for partial waves 
such that />kr,, the Coulomb phase shifts are 


5;°=01—7 In(2kr,), (5.7) 


where 


n=+eM/k and o,=argl'(1+/+in). (5.8) 


Were we interested in energies or angles such that these 
conditions would be violated, we would have to ex- 
plicitly evaluate 6,° for the charge distribution under 
consideration and use the dispersion relation (5.3) 
together with (5.4). However, such is not the case in 
the present application to pion-nucleon scattering, and 
all explicit reference to the screening may be removed, 
as we now show. 


6 


Note that at the energies and for the partial waves 
of interest the effect of the screening is simply to 
multiply the scattering amplitude /* by an energy- 
dependent phase factor, and that this factor—although 
it has an essential singularity at the origin—is analytic 
in the upper half of the complex & plane and approaches 
unity for large k. The behavior at the origin is physically 
incorrect, since for low enough energy the S phase must 
go as a(r,)k, where a(r,) is the scattering length for our 
screened Coulomb field. Consequently, it can do no 
harm to displace the essential singularity below the 
origin by an amount ky~1/r,. Then the function 
exp(2iS)(f"— Vw), with 

Inl2(k+iko)r, 
aay tet itor] 6.1) 
k+iko 
is analytic in the upper half-plane and goes to zero as 
k becomes large. Hence we have 


Ree8WOL f¥(E)— Vy] 


P te) 
-—f dE 
T“0 


But e**S—1 satisfies the same conditions, so that one 
obtains 


a cae 
Re(e8(®) —1) Py=— f dE’ 
Tv 


Ames fr (E’)— Vw] 


(6.2) 
E'-E 





Im(e8(2) — 1) Vy 





(6.3) 





DISPERSION RELATIONS FOR SCATTERING 


and by subtracting Eq. (6.3) from (6.2) we see that the 
dispersion relation (5.3) is also satisfied by the quantity 


a-ade, (2l+1 
f <puree 


) 
eia exp(15,") sind,’, (6.4) 


where o; is the usual Coulomb phase for kK<kr, and 
otherwise is 6;°+-S. 

Since the Klein-Gordon equation leads to the same 
radial equation as the Schrédinger equation, if we 
interpret » as e?/v and / in the centrifugal term as 
[(/+-4)?—e*]}'—4% (and the nuclear interaction is a 
world scalar), we can immediately extend our results 
to this case, if these modifications cause no difficulty. 
The modification of o; is clearly trivial, but the phase 
factor no longer goes to zero for large k. However if S 
is multiplied by iK/(k+iK), where K is much larger 
than any wave number of interest, we have restored 
this property without destroying the analyticity in the 
upper half-plane, and the proof still stands. 


III. EXTENSION TO RELATIVISTIC 
FIELD THEORY 


7 


The general procedure by which one might hope to 
approach the Coulomb problem in local field theory is 
quite analogous to the foregoing. First one would 
consider a hypothetical scattering problem, for particles 
of pionic and nucleonic mass but having only an electro- 
magnetic interaction, and attempt to derive a forward 
dispersion relation. Probably one would want to give a 
small but nonzero mass to the photon in order to avoid 
the necessity of screening and to facilitate the extension 
of the scattering amplitude into the complex plane. The 
line of approach initiated by Bogoliubov® and de- 
veloped further by Bremermann, Oehme, and Taylor® 
would presumably be appropriate here, although 
further development of the theory of many complex 
variables may be required. 

If this first hurdle is overcome, the problem of 
deriving a forward dispersion relation in the combined 
presence of strong and electromagnetic interactions 
will present no additional difficulty, and if one takes a 
difference, the desired type of relation should follow. 
Of course, as pointed out by Agodi, Cini, and Vitale,’ 
the nonphysical region, —1<»<-+1, is now filled with 
contributions from intermediate states containing 
photons, but such effects are to be classified as radiative 
rather than Coulomb in nature and require a separate 
discussion, in practice if not in principle. The position 
and nature of the single-nucleon poles in the nonphysical 
region are determined by kinematical considerations, 
the only electromagnetic effect here being a unob- 
servable renormalization of the Yukawa constant. 
Finally, there are Coulomb bound-state poles in the 


®Bremermann, Oehme, and Taylor, Phys. Rev. (to be pub- 
lished). 
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case of m~, p scattering, but just as for potential 
scattering, these will be removed to a very good 
approximation when the difference is taken between 
the full amplitude and the electromagnetic amplitude. 

In the physical region for y>1, it is hard to think of 
any possible modifications of the Goldberger relation 
which could occur, and the crossing relation tells us 
what to do for y<—1. We are therefore led to the 
conjectured relation (4.1) to be obeyed by the ampli- 
tude (3.2). Of course the Coulomb phase shifts are 
accurately given by Eq. (3.3) only for low pion ve- 
locities but at high velocities they are negligible in any 
case. If it is necessary to introduce a screening radius, 
we expect that it will be possible to remove the screening 
phase just as was done for potential scattering. 


IV. NUMERICAL ESTIMATE OF COULOMB 
PHASE-SHIFT CORRECTIONS 


8 


If the argument in Sec. III is accepted, the only 
change introduced into the pion-nucleon dispersion 
relations by the presence of the Coulomb field, outside 
of tiny corrections associated with the mesonic- 
hydrogen-atom level shifts, is to replace the forward 
scattering amplitude by 


5 
f'Y=—¥ exp(2ie,) [1 exp(i5,"™) sind 4 
t 


+ (+1) exp(ii.%™) sind, *], (8.1) 


where the phase shifts for positive pions are real at low 
energies, but those for negative pions must be taken to be 
complex in order to account for charge-exchange scatter- 
ing and radiative capture. (The superscripts (+) distin- 
guish between positive and negative pions.) Here in order 
to estimate the order of magnitude of the correction we 
may use the usual charge-independent real phase shifts 
514%, where J=1 or 3,! so that we have 


5 = ae 

exp (i644) sind4 = § exp (16...) sind? 
+3 exp(i5.4™) sind". 

We see that for each term of the form exp(75,) sind; in 


the uncorrected scattering amplitude, the (additive) 
correction to the real part is 


(8.2) 


—2 sino; sin (6,+01) sind; (8.3) 
and the correction to the imaginary part is 
(8.4) 


Evidently these corrections, being proportional to 
sing;, are important only when the Coulomb phase 


2 sing; cos(6,+,) sind:. 


10 Tt should be said that we are not at all convinced that it is 
safe to assume charge independence in testing the dispersion 
relations, However, all we are doing in this section is estimating 
the order of magnitude of explicit Coulomb phase-shift effects. 
Any assumption about the nuclear phase shifts that gives them a 
reasonable size should suffice for this purpose. 
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becomes substantial in absolute value, that is, at very 
low energies where the nuclear phases may be approxi- 
mated by 

Nix gy lgtt), 


am (8.5) 


9 


Considering first the correction to the real part of the 
forward scattering amplitude, we find that so long as 
o, itself is also small, the fractional correction is 





2 sing; sin (:+01) 
= 2oi(ai4'¢"*'+01), (9.1) 
cosé; 
with 
t1\é 
eine (I-74 -)— (0.2) 
p=1 p k 


(using the pion rest mass as our energy unit). Since 
e’/k is only 0.05 at 1.5 Mev, not rising to 0.5 until the 
energy is less than 15 kev, and the scattering amplitude 
is never measured directly at such a low energy, this 
approximation in effect can always be used. Further, 
since the S-wave scattering lengths are ~—0.1, ~0.17 
and the largest P-wave scattering length is 0.235, we 
see that the Coulomb correction to the real part of the 
amplitude can be safely ignored. 

Turning to the imaginary part of the forward 
scattering amplitude, and using the dispersion relations 
in the form (4.1), we can again show the correction to 
be small. From Eq. (8.4), the fractional correction at 
low energies is 


20; (a,3/q""**), (9.3) 


which becomes comparable to unity for S waves at 
about 5 Mev and for P waves at about 20 Mev. How- 
ever, the contribution to the dispersion integral in Eq. 
(4.1) from the region below 50 Mev is generally less 
than 1%. Consequently, except for fine details such as 
finding the precise energy at which the real part of the 
forward scattering amplitude vanishes, the Coulomb 
phase-shift effects must be negligible. We have verified 
this fact by direct calculation. 


10 


If instead of using Eq. (4.1) we had made our sub- 
traction at zero kinetic energy, that is, had used the 
dispersion relations in the Goldberger form 


2k f? —f dy’ 
vF1/2M1—(1/4M2) J, k? 
| 4Cyl, ( (10.1) 
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this circumstance would not have been quite so obvious. 
In fact, because of the k” in the denominator of the 
dispersion integral of Eq. (10.1), the Coulomb cor- 
rection appears to be enormous. However, the region of 
v’ affected is so close to the lower limit that we can 
clearly take the denominators v’+ » outside the integrals 
as 1l+yv, and since the integrals are multiplied by 
k?=y’—1, we see that this Coulomb contribution 
effectively changes the constants C;’ and C,’ to C,"’ 
and C,”’. Of course, since the Bologna analysis identified 
these constants with “scattering lengths,” one must 
check to see if the use of the data was correct. To make 
this check, note that at 2 Mev, for example, the 
Coulomb correction, Eq. (9.1), to the real part of the 
forward scattering amplitude is still negligible, while 
the integral and the /* term of Eq. (10.1), being 
multiplied by &’, contribute less than 1% to the right- 
hand side; thus the identification of C;"’ and C,’’ with 
scattering lengths can indeed be made to the required 
accuracy. Except for this redefinition of the constants, 
then, the Coulomb corrections to Eq. (10.1) are no 
greater than to the form (4.1). 


Vv. CONCLUSION 
11 


In a sense the conclusions of this paper are negative. 
We have been unable to find any Coulomb corrections 
to the pion-nucleon dispersion relations larger than 1% 
or 2%. However, there is also a positive aspect. If our 
conjectured modification of the Goldberger relations is 
correct (as we hope can ultimately be proved), one can 
stop worrying about the difference between a “pure” 
scattering amplitude, generated only by charge- 
independent strong interactions, and the actual ampli- 
tude that is measured. It is possible to use the measured 
amplitude directly as a test of microscopic causality. 

It must be emphasized again that we have not shown 
(nor do we believe) that the failure of charge inde- 
pendence leads to negligible effects. The amplitudes 
used in the dispersion relations in a convincing test of 
microscopic causality must be obtained from experiment 
without the assumption of isotopic spin conservation. 
Puppi and Stanghellini' avoided the use of charge 
independence to a considerable extent but not com- 
pletely." It remains to be seen whether the Bologna 
discrepancy will persist when an analysis entirely free 
from the charge-independence assumption is carried 
out. 


For example, they used the Orear scattering lengths [J. 
Orear, Nuovo cimento 4, 856 (1956) ], which depend on charge 
exchange as well as elastic scattering measurements. 
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Quantum Limitations of the Measurement of Space-Time Distances 
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This article deals with the limitations which the quantized nature of microscopic systems imposes on the 
possibility of measuring distances between space-time events. It is proposed to use only clocks for measuring 
space-time distances and to avoid the use of measuring rods which are essentially macrophysical objects. 
The accuracy of reading a clock with a given mass is considered and examples for microphysical clocks are 
given. It is shown that the mass of the clock, and the uncertainty (spread) of this quantity, exceed certain 
values which depend on the accuracy with which the time interval is to be measured, the magnitude of this 
time interval (the running time of the clock) and the size of the clock. The minimum mass uncertainty of 
the clock is given by Heisenberg’s relation; the minimum mass itself is higher by the ratio of the running 


time and the accuracy. 


If the possibility of constructing states whose wave functions are Gaussian wave packets is admitted, 
the mass and the mass uncertainty of the clock differs only by logarithmic factors from the uncertainties 
which follow from general principles of quantum mechanics. The masses are much higher if the possibility 
of constructing arbitrary wave packets is not admitted. 


1. INTRODUCTION 


N ordinary quantum mechanics the space-time point 
is specified by its four coordinates but no prescrip- 
tion is given how these coordinates are to be measured. 
This in turn is in conflict with the principles of the 
general theory of relativity according to which co- 
ordinates have no meaning independent of observation.’ 
The basic measurement of general relativity is the 
measurement of distances between events in space-time. 
Such measurements make the definition of a coordinate 
system possible if they can be carried out without 
restrictions. We shall therefore examine the limitations 
which quantum mechanics imposes on the possibility 
of measuring distances between events in space-time. 
Only when this question is answered will it be possible 
to treat the problem whether the gravitational field of 
atomic systems and of elementary particles is observable 
in principle. 

Before proceeding with the proposition of a clock, 
the possibility of the measurement of space-like 
distances with clocks should be pointed out. This is, 
in principle, quite simple in classical theory and is 
illustrated in Fig. 1. It applies if the distance involved 
is small as compared with the curvature of space. 
Denoting the components of the unit vector tangent 
to the world line by e', the components of the vector 
leading from point I to Event 1 become /e', those of the 
vector from Event 1 to II are ¢’e‘. The components of 
the vector leading from Event 1 to Event 2 shall be 
denoted by x‘. Since I and Event 2 are on a null line, 
we have 

giz(te'+x°) (te*+2*) =0, (1a) 
and similarly 
giz (t'e'—x') ('e*§—a*) =0. (1b) 


* Now at the Institut fiir theoretische Physik der Universitit 
Freiburg, Freiburg i. Br., Germany. 

1See, e.g., E. P. Wigner, in Jubilee of Relativity Theory, edited 
by A. Mercier and M. Kervaire (Birkhiuser Verlag, Basel, 
1956), p. 210. 


Multiplication of these equations by ¢’ and ¢ and addi- 
tion eliminates the terms linear in ¢ or ¢’ and gives 


gin (lt +t”) e'et+- gi (t+l')xixt=0, 


Division by ¢+?’, together with the condition that ¢ is a 
unit vector, i.e., that g;.e'e*=1, gives 


giex'x'=—tt'; (1) 


that is, the absolute value of the distance of the two 
events is the geometric average of the time intervals / 
and ¢’. If a clock of arbitrary accuracy existed and if the 
recoil of the light signals could be disregarded, it would 
be possible to measure space-like distances with 
arbitrary accuracy. 

The function of the clock to be considered is to 
measure the distance between two events, which shall 
consist of collisions between material objects and light 
quanta. As is well known, and as was pointed out most 
clearly by von Neumann, the measurement is not 
completed until its result is recorded by some macro- 
scopic object.” If the macroscopic object were part of the 
clock, no microscopic clock could exist. The way out of 
this difficulty is to transmit the signal of the clock to a 
macroscopic recorder (which can be the “final observer’) 
which is far away from the clock, considered from the 
point of view of the average motion of the latter. The 
transmitting signal will be considered to be part of the 
clock, not, however, the recording apparatus. This 
concept forces upon us the most important and possibly 
decisive limitation: if the transmitting signal is to be 
microscopic, that is, if it is to consist of only a few 
quanta (actually, our signals will be light quanta), it 
will reach the recording equipment with certainty only 
if it does not spread out in every direction. In order to 
guarantee this, we confine ourselves to a world which 
has, in addition to the time-like dimension, only one 


2J. von Neumann, Mathematische Grundlagen der Quanten- 
mechanik (Springer Verlag, Berlin, 1932; also Princeton University 
Press, Princeton, 1955), Chap. 6. 
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SPACE LIKE DIRECTION 


Fic. 1. Reduction of the measurement of space-like distances 
to the measurement of time-like distances. The absolute value of 
the distance between events 1 and 2 is the geometric mean of the 
time intervals ¢ and ?’. 


space-like dimension. The principal weakness of this 
assumption is that it may be questionable whether it is 
possible to separate clock and recorder in a world with 
only one space-like dimension. The action of a body in 
such a world does not necessarily decrease with in- 
creasing distance and the macroscopic recorder may 
have a substantial influence in the region where the 
clock is situated. This region, however, was to be 
freed from the effect of macroscopic bodies and it is for 
this purpose that we wish to construct a microscopic 
clock. This difficulty, serious as it may be, will be 
disregarded in what follows. Its significance is weakened 
by the circumstance that the clocks which we can 
construct are not wholly microscopic and the need of 
focusing their signals may not increase their mass too 
much. 


2. CRITERIA WHICH FOLLOW FROM GENERAL 
PRINCIPLES OF QUANTUM MECHANICS 


The present section will deal with properties of the 
clock which follow from general principles of quantum 
mechanics. They will be valid even if one adopts the 
most liberal attitude towards the realizability of 
physical instruments. Such an attitude underlies also 
the investigations of Bohr and Rosenfeld on the 
measurability of the electromagnetic field.* Another 
case in which the same general principles impose 
limitations on the measuring apparatus is the measure- 
ment whether the spin of a particle is parallel or 
antiparallel to a given direction. The condition in this 
case is‘ that the angular momentum of the measuring 
equipment show a spread of the order h/6! if the 
measurement is to give the correct result with a proba- 
bility 1—6. The limitations to be found in the present 
section are of a similar nature and of a similar origin. 

The clock to be considered shall have an accuracy 7 
and be able to measure time intervals up to a maximum 
T=nr. Its linear dimension shall be not larger than /. 
The questions which we wish to answer are (a) what 





3. Bohr and L. Rosenfeld, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 12, No. 8 (1933). 
4E. Wigner, Z. Physik 133, 101 (1952). 
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is the minimum mass of the clock; (b) what is the 
minimum mass (or energy) uncertainty of the clock 
which satisfies the foregoing specifications. The “events” 
are arrivals of light quanta; the clock is expected to 
measure the distance between such events. It is this 
kind of measurement which is necessary to determine 
the curvature of space. 

Let us consider first the first two conditions. It 
follows from these that, in the course of the time 7, 
the quantum mechanical state of the clock must go 
through m orthogonal vectors or, equivalently, that 
the wave function ¢ of the clock shall be the super- 
position of at least m stationary states ~u, Yo, «++, Wa: 


o(l) =r awpueiett, (2) 


The energy values of the stationary states were denoted 
by %m,. The wave function ¢ will indeed go through n 
orthogonal states at times 7, 27, ---, mr if a,=n7! 
and wy=wot2rk/nr=wot+2rk/T. This means an un- 
certainty in the energy of the order 


€=h(wa—wo) = 2rh/7, (2a) 


and corresponds to Heisenberg’s uncertainty principle. 
Conversely, it can be shown that ¢ cannot go through n 
orthogonal states during a time interval 7 unless its 
energy uncertainty is of the order nh/T=h/r. 

A further condition for the clock can be derived from 
the postulate that it shall show the proper time even after 
having been read once. This condition is necessary if the 
clock is to be used in the way outlined elsewhere for the 
measurement of the curvature but is, also apart from this 
use, a natural postulate. It follows from it that the clock 
must not be deflected too much from its original world 
line by being read. This requirement is also the basis of 
Schrédinger’s observation®; it implies that the mass of 
the clock must exceed a certain amount. 

The reading of the clock is connected with the emis- 
sion of a light signal of duration 7 and this imparts to 
the clock an indeterminate momentum #/cr. This 
momentum® would be even greater if a particle of 
nonzero rest mass were used as a signal. As a result of 
the emission of the light signal the velocity of the clock 
acquires a spread of the amount #/Mcr, where M is the 
mass of the clock. After a further time interval 7», it 
may be at a distance hT;/Mczr from the point where it 
would have been without having been read. Hence the 
actual distance between the two points in space time, 
at the first of which the clock read 7; less than at the | 
time of the emission of the signal, at the second of 


5E. Schrédinger, Preuss. Akad. Wiss. Berlin Ber. 12, 238 
(1931). 

6 If this momentum uncertainty is compensated by the emission 
of another quantum of equal momentum uncertainty into the 
opposite direction, the position of the clock will be displaced by an 
indeterminate amount, due to the uncertainty of the center-of-mass 
of the two iight quanta. For a discussion of this point, see for 
instance, D. Bohm, Quantum Theory (Prentice-Hall, Inc., Engle- 
wood Cliffs, New Jersey, 1951), Chaps. 6, 7, and 22. 
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which it reads 7; more than at the time of the emission 
of the light signal, is (see Fig. 2) 


[(7,:+-T2')?— (hT2/Mer)*}} 


(AT 2/Mc*r)? 
=T\+ T,/ -——_—_—_—__, (3a) 
2(T,+T?’) 
where 


To =[T2+ (hT2/Mc?r)? }}= T2447 2(h/Me*r)*. (3b) 


Hence the actual distance (3a). differs from the time 
difference T;+ 72 shown by,the clock,’ in the approxi- 
mation considered, by 


TT? a. 
2 ( Ti oa T2) Mer 


The inaccuracy of the clock will be within the limit +r 
if (3) is less than 7. If one considers the first factor to be 
of the order of magnitude 7, this gives 


M> (h/c?r)(T/7)!. (4) 


An even higher limit is obtained if one stipulates that 
the position of the clock shows so little spread that the 
time at which a light quantum strikes it shall be 
predetermined within a period 7. This condition can 
also be stated as the requirement that the position of 
the clock shall not introduce a statistical element into 
the measurement of time. It requires that the spread \ 
in the position of the clock shall be, throughout the 
time interval 7, 





(Sa) 


Again, the use of a signal with nonzero rest mass would 
give a more rigorous limit. The spread in the velocity 


fT, 
Mct 


\<cer. 


Fic. 2. The emission of a light 
signal confined to a time interval 7 
produces a recoil in the motion of 
the clock. As a result, the clock 
will proceed along the arrow 
marked 7:2. The true distance 
between the tip of this arrow and 
the original position of the clock, 
at the bottom of the figure, differs 
from the indication 7;+T7+? of the 
clock. 
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Equation (4) 
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Equetion (& 

Fic. 3. The left side of the figure illustrates the condition that 

the clock shall remain, in spite of the recoil illustrated in Fig. 2, 

within the distance cr from the point where it would have arrived 

had it not emitted a light signal. The right side of the figure cor- 

responds to the requirement that its reading shall differ by less 

than 7 from the correct distance of two points through which it 

passes. The corresponding minimum masses are given by (6) and 
(4). 


of the clock is of the order#/M), so that the uncertainty 
in position, after a time interval 7, becomes 


A+hT/M), (Sb) 


and this should still be smaller than cr. For given M, 
(5b) assumes its minimum for 


A= (hT/M)}, (5) 


and this is also the order of magnitude of the expression 
(5b) itself. This will be smaller than cr if 


M> (h/c?r)(T/r). (6) 


Note that the uncertainty in the momentum of the 
light signal, #/cr, is well below Mc, no matter whether 
(4) or (6) is adopted. Hence the use of the approximate 
expressions in (3a) and (3b) was justified. 

The difference between the expressions (4) and (6) 
can be formulated also in the following way. The more 
stringent requirement (6) demands that the wave 
packet of the center-of-mass of the clock be confined, 
throughout the time interval 7, to a region of the size 
cr. The less stringent requirement (4) guarantees only 
that the wave packet is sufficiently confined for the 
space-time distance, between any points of the wave 
packets an interval T removed from each other in 
space time, to be equal T within an accuracy r. This 
allows a spatial spread of the wave packets of the order 
cr(T/r)}, that is, a much larger spread than cr (see 
Fig. 3). 

Neither of the two conditions, (2a) or (6), makes use 
of the requirement that the physical dimensions of the 
clock shall be limited. Nevertheless, the energy levels, 
of the quantum mechanical system which we are 
considering to be the clock, are extremely closely 
spaced : if the uncertainty in the energy is to be of the 
order (2a), the spacing of the energy levels is #/T. One 
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Fic. 4. Schematic pic- 
ture of a potential which 
confines a particle to a 
region of space of very 
small extension / and 
has a great number of 
very closely spaced en- 
ergy levels. A particle 
in such a_ potential 
might consitute a clock 
of very small size, great 
accuracy, and Jong run- 
ning time. Its realiz 
ability is open to ques 
tion. 









































usually associates a small spacing of the energy levels 
with a loosely bound system, such as a very soft 
oscillator. This, however, need not be the case if an 
arbitrary form of the potential energy is considered 
admissible; a potential of the form shown in Fig. 4 
will have » closely spaced levels. One can adjust the 
constants of the system in such a way that the spacing 
becomes #/T and a wave function of the form (2), 
again with a,=n~?, will have the property that the 
distance of the particles changes, in the time element 
7, from one trough to the other. In this way, the distance 
of the particles can be considered as the pointer of the 
clock. Furthermore, one can adjust the constants of the 
system in such a way that a collision with a light 
quantum have hardly any probability of changing the 
state of the clock. However, in order to read such a 
clock in any simple way, one would have to use a light 
quantum of length //n and hence energy uncertainty 
e=nhc/l, i.e., for /=cr an n times higher uncertainty 
than Heisenberg’s principle demands. This, and similar 
other attempts to construct a clock of small extension, 
indicate that the requirement of a small size does 
impose further conditions on the properties, in particular 
the energy spread, of the clock-and-signal system, even 
though we were unable to derive these solely from the 
general principles of quantum theory. We shall now 
proceed to the description of a clock which consists only 
of noninteracting particles and the realizability of 
which is, in principle, hardly open to question. 


3. EXAMPLE OF A SIMPLE MICROSCOPIC CLOCK 


We have considered several types of clocks with a 
running time T and accuracy +. These include: 


(a) An ensemble of atoms in an excited state. The 
time elapsed is obtained from the fraction of the atoms 
which have decayed. 

(b) An ensemble of oscillators of frequency 1/27, 
originally all in the state 2-4(Wot+y1) where yo and y; 
are, respectively, norma! and first excited states. The 
time elapsed is obtained as the transition probability 
into the state 2-4(Yo+y1). In order to determine this 
transition probability with a high accuracy, the number 
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of oscillators must be very large. Since the transition 
probability varies with time as cos*(mt/2T), the 
measurement of the transition probability gives a 
measure of /. 

(c) An ensemble of oscillators with frequencies 1/27, 
1/T, 2/T, 4/T, ---, 1/7 in similar states as the oscil- 
lators in example (b). The time elapsed is again obtained 
by measuring the transition probabilities into the 
original state. 

(d) A single oscillator of frequency 1/2T in the 
state given by (2) with a,=n~!. The time is obtained 
by measuring the position of the oscillating particle. 

The discussion of all these examples gave conditions 
equivalent with (2a) and (6) if the necessity of reading 
the clock® is taken into account. However, the realiza- 
bility and the possibility of “reading” of all these 
devices is open to some doubt and their physical 
dimensions cannot be easily obtained from general 
principles. The last example, a single oscillator, is 
most nearly free from these objections but its analysis 
showed that the potential between the oscillating 
particles played only a subordinate role. We prefer, 
therefore, to analyze the motion of two (or, as we shall 
see, actually three) particles with respect to each other 
and to measure the time elapsed by measuring ratios 
of their distances. In this way we free ourselves from 
the question of realizability. The discussion of (d) leads 
to the same conclusions as the following discussion. 
While the requirements (2a) and (6), since they follow 
from accepted principles, are certainly valid but may 
have to be supplemented, the requirements to be 
obtained below are certainly sufficient but may have 
to be relaxed if a more clever device for the measure- 
ment of time intervals is found. 

It was noted before that, in example (d), the time is 
obtained as the distance of the oscillating particles from 
each other. A distance, however, is not a relativistically 
invariant concept and can, therefore, not be transmitted 
by a signal. For this reason, the clock must show the 
time by means of a quantity which is, at least in the 
approximation which is to be used, relativistically 
invariant. Such a quantity is the ratio of two distances 
and Fig. 5 shows the principle of the measurement 
proposed under the neglect of quantum effects. There 
are three material bodies, two of which are at rest with 
respect to each other, while the middle one moves 
toward the body at left. The time is indicated as the 
ratio of the distances between i and 2 and between 
1 and 3. It is transmitted by three light quanta which 
travel together toward the clock but each of which is 
reflected by another one of the particles. No matter 
where the final observer is situated, and in what state 
of motion he is, he will obtain the same ratio between 
the time intervals of the passages of the three light 
quanta as long as these time intervals are short as 
compared with the radius of curvature of space-time. 
The same condition is necessary throughout the travel 
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of the light quanta from clock to final observer if the 
intervening space is not to ‘‘warp”’ the signal. 

Let us consider the time to be the proper time along 
the line midway between particles 1 and 3. If all the 
light signals were infinitely short, the equation of the 
incoming quanta which would strike the clock at to 
would be 

(7) 


if we assume the world to be flat and use a coordinate 
system at rest with respect to particles 1 and 3, its 
origin where the world line of particle 2 intersects the 
line midway between particles 1 and 3. The world lines 
of the three reflected light quanta then become 


x=c(t—to), 


x=—c(t—to)—2l, (7a) 


cto 
s-—e('-—n), 
c—9 


“a —c(t—to)+2l. 


(7b) 


(7c) 


The distance of particles 1 and 3 is 2/ in the coordinate 
system in which both are at rest, the velocity of particle 
2 in this coordinate system is v (negative in the figure). 
If the final observer measures the time intervals between 
the passages of the first and second, and between the 
passages of the first and third light quanta, he finds for 
the ratio of these time intervals 


eS 


\ 
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Clock 


Fic. 5. Example of a realizable clock. The lines 1, 2, and 3 are 
world lines of material particles; the ratio of the distances 1-2 
and 1-3 is the pointer of the clock. The position of the pointer 
is read by three light quanta, traveling together toward the clock, 
but each of which is reflected by a different one of the material 
particles. The ratio» f the distances between the light quanta can 
be ascertained far from the clock. 
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Hence he can express the time ¢o indicated by the clock 
in terms of the ratio he found as 


c—v\ l 
to= (—)-cr- 1). 
vo Jc 


As was mentioned before, the ratio r is independent of 
the relative motion of final observer and clock and will 
be preserved in a curved space also if the radius of 
curvature is large as compared with the size of the 
clock. If the physical dimension of the clock is to 
remain 2/, its running time will have to be restricted to 


T=2I/». (9) 


(8a) 


It remains now to obtain the minimum mass M, and 
the uncertainty in this quantity ¢/c?, which will permit 
the measurement to be carried out with an accuracy r. 
The ratio r between the time intervals of the light 
signals varies from 0 to 1 during the period T. It must, 
therefore, be measurable with an accuracy 1/n=7/T. 
This shows that the length of the light trains represent- 
ing the quanta must not exceed about 1/m of their 
distance. In the coordinate system in which the clock is, 
on the average, at rest, and in which ¢ is measured, this 
amounts to a length of the order 2//m and hence an 
energy uncertainty of the signal 

€,= nch/2l. (10) 
Allour estimates give only orders of magnitude. Similarly, 
the spread of the wave packets of the three particles 
must remain, throughout the running time of the clock, 
of the order //n. This gives a momentum uncertainty 
of the order #in// which is of the same order of magnitude 
as the additional momentum uncertainty caused by the 
recoil of the light quanta. The latter can be disregarded, 
therefore, as long as we are not interested in numerical 
factors. The velocity uncertainty of the particles 
therefore becomes #in/MI1, where M is the mass of the 
particles and the order of magnitude of the mass of the 
clock. In order to assure that the velocity uncertainty 
does not cause, within the time interval 7, a spread of 
the wave packet which is in excess of //n, we must have 


M>tnT /P=hT?/Pr?. (11) 


The corresponding Mc? is larger than the energy of the 
light quanta as long as /<cT, which is a necessary 
condition. Hence, the mass of the signaling device, 
given by (10), can be neglected as compared with the 
mass of the clock proper and the latter is given by (11). 
It differs from the estimate (6) by the factor c?7?//?. 
Since (6) corresponds to /~cT/n, the ratio between 
the two quantities is n’. 

The momentum uncertainty fin/] of the particles 
corresponds to a velocity spread 


(1/M) (hn/l) <1/nT, 


which is smaller than the average velocity of particle 2, 
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given by (9). Hence the energy spread of the clock 


proper is 
€-= vhn/l= 2hn/T=2h/r. (11a) 


This is the same value (2a) which was obtained in the 
preceding section and corresponds to Heisenberg’s 
relation. It is smaller than the energy uncertainty (10) 
of the signal by the factor //cT. It may be of interest 
to note that the signal is within the area of the clock 
only for the period //c so that it contributes, on the 
average, within the period T and while it is in the area 
of the clock, only the amount e, to the energy un- 
certainty. Nevertheless, the total energy uncertainty 
of clock plus signals is larger than is demanded by 
Heisenberg’s principle (2a) and is given by (10). 

The fact that a realizable clock is subject to more 
severe limitations than could be obtained on the basis 
of general principles was foreshadowed already in the 
discussion of the arrangement of Fig. 4. The idealization 
of this arrangement related only to the clock proper 
and made it possible to reduce only the mass of the 
clock proper. Since it did not relate to the signaling 
system, the total energy uncertainty already corre- 
sponded to (10). 


4. COMPOSITE MICROSCOPIC CLOCK 


The large discrepancy between (11) and (6), and 
between (10) and (2a), suggests the construction of a 
more complicated clock which, with the same mass and 
with the same mass uncertainty as the clock of the 
preceding example, can measure time more accurately 
or is able to run for a longer period. The principle of the 
clock to be described next is similar to that of example 
(c)— and of actual clocks. It will have, instead of the 
single pointer, several pointers: one of these dis- 
tinguishes time elements of the order 7 but has a period 
mr, where m,<m, so that it cannot distinguish the 
times ¢ and ¢+-7, !+2n7, etc. In order to distinguish 
between these times, one has a second pointer with an 
accuracy of the order m7. Even this may be periodic, 
with a period m2r> m7 so that the two devices together 
may not be able to distinguish between ¢ and ¢+-m2r. 
However, together, they can measure the time with an 
accuracy 7, over any time interval of length mr. There 
may be, then, a third pointer with an even longer period 
but with an accuracy of the order of only 27, and so on. 
The last pointer must have a period T or 2T and an 
accuracy of the period of the preceding pointer. The 
total number of pointers will be denoted by &; they play 
the roles of the pointers of ordinary watches. Naturally, 
the reading of a clock of this construction is more 
complicated than the reading of the clock of the 
preceding section because each pointer has to be read 
separately. It is clear, nevertheless, that the use of 
several pointers may result in a substantial saving in 
mass and mass uncertainty. 

It would be natural to “lock” the different pointers 
to each other, that is, to govern the motion of the 
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second pointer by the first pointer, and so on. For this, 
we found no simple device. It should be noted, further- 
more, that while ‘accuracy 7” allows the possibility 
of an error of the order of magnitude r in the reading 
of the first pointer, with a probability of about 3, it 
does not allow a similar error in the second pointer. 
Such an error would lead to an error of the order mr 
in the time and is, therefore, not permissible. Hence 
the probability of a false reading of the second pointer 
must be 1/m or less. Similarly, the probability of an 
error in the indication of the third pointer must be 
1/nz or less. The total mass, and the mass uncertainty, 
will be the sums of the corresponding quantities for all 
pointers and all signals. 

Every pointer will be a particle moving back and 
forth between the particles 1 and 3 of Fig. 5. When a 
particle reaches one of these particles, it will suffer 
an elastic collision and to be returned. Particles 1 and 3 
will attract each other sufficiently to compensate for the 
average momentum transferred to them; their mass 
can be the sum of the masses of all the pointers without 
changing the order of magnitude of the mass of the 
clock. A new element will enter the calculation, how- 
ever, by the need for constructing wave packets which 
will remain, for a period 7, with a high probability 
1—6, within a region of length \. The characteristics 
of such a wave packet cannot be obtained from the 
uncertainty principles any more. However, a well known 
solution of the Schrédinger equation for a free particle, 


(a/m)* 2( —§ ) 
, atin/M)’ 


o= e 
(a+iht/M)! 
shows that the particle will remain with a proba- 
bility 1—6 in the interval of width d if 


(12) 





iNa 
deateentitte ott, (13) 
of +-#?T?/M? 


The maximum of the expression on the left is assumed 
for a=hT/M which is then the best choice for the 
wave packet in question. It gives for M the condition 


M>8hT (—Iné)/d?. (13a) 


Except for the factor (—Iné), this is equivalent to (5). 
However, the logarithmic dependence of M on 4 is just 
the essential feature. It means that confining the wave 
packet in such a way that its average spread is 


Ax=)(—1né)-! 


(13b) 


can insure that the particle is within an interval \ with 
a probability 1—6. The momentum spread of the wave 
packet (12) is 


Ap=h/a= (hM/T)4= (2h/d) (—2 Ind)}, 


if the mass is chosen close to its lower limit (13a). 
This is not the minimum of the momentum uncertainty ; 


(13c) 
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it would be possible to reduce it by choosing a higher 
mass. However, Ap will be used only for calculating 
the energy uncertainty and the resulting expression 
will already be at least of the same order of magnitude 
as the uncertainty in the energy of the light quanta 
which transmit the signal. 

The preceding expressions apply for each of the 
particles which act as pointers. In order to obtain their 
wave functions, the packet (12) has to be given a 
suitable velocity v. This can be done by substituting 
ax—vt for x in (12) and multiplying this with 


exp[1Mox/h—}iMv*t/h]. (14) 


This has no effect on either Ax or Ap. The reflection 
on the particles 1 and 3 which constitute the frame 
of the clock can be taken into account by the method 
of images, that is, by adding to the wave packet 
obtained by the multiplication of (12) by (14) similar 
wave packets, but with opposite sign, obtained by 
reflection on the x=-+/ lines, and the images of these 
images, and so on. These operations will also leave 
the preceding equations essentially unchanged. If 
pointer j has a period of njr (hence n,=2n), its average 
velocity will be 


(15) 


vj= 21/nyjr, 
and the accuracy of its reading must be 


(15a) 


es - ite 
TH=9Nj-1T, T1=T. 


In order to assure this accuracy with a probability of 
the order 4, it would suffice to confine the wave packet 
of its pointer to 


A= 21/n. (15b) 


Aj= 057 ;=ln3_1/n;; 


However, the reading of pointer j must be correct with a 
probability 1—4;, where 
§;=1/2nj1; 


§,=1/2. (16) 


It follows that the mass of pointer j is at least 


aT n? 
M;=— In(2n;_1). 


N;~1 


(16a) 
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Similarly, 
Ax;= (Inj_1/n;) (In2n;-1)-4 (16b) 
and 


Apj= (2hn;/In;_1) (2 In2n;_1)?. (16c) 


The last expression gives for the energy uncertainty 
of the pointer j 


€cj= vjAp,= (4h/7m;_1) (2 In2nj;_1)}, 
€:1=4h/r, 


(17a) 
(17b) 


while the energy uncertainty of the light signal which 
transmits the reading of this pointer is 


€,j=hc/Ax;= (henj/In;-,) (In2n;_)!. (17) 
For /=cr, this is about m; times greater than e,; but not 
too different from ¢€,:. This shows that if the clock is 
confined to a region in space which corresponds to its 
accuracy, the reading requirement does not increase 
its energy uncertainty substantially. The mass (16a) of 
the pointers is, at any rate, greater than the mass of the 
quanta needed to read them. 

The choice of the 1, m2, ---, m_ remains to be made. 
The simplest choice is to set #;=2, m2=4, +> -, mj=27*', 
and k=logen. With this, 


ShaT 
M=OMj=——4(In2-+Ind+- - --+1n2#) 


324T 


hT 
= 7 cm te ee er (18) 


The last expression is correct only apart from numerical 
factors which appear to be considerably in excess of 1. 
The uncertainty of energy, for the same clock, becomes 


€c= ci tecot +--+ een 4h/7, (18a) 
while 
€e= Est est ++ tse (hc/l) (Inn)!. (18b) 


These expressions are already reasonably close to the 
lower limits (6) and (2a) so that a further substantial 
reduction seems impossible. At the same time, the 
idealizations used in the construction of the clock are 
not such as to raise too serious doubts concerning its 
realizability. 
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The main part of the neutron-electron interaction is accounted for by the Foldy term (4.08 kev). The 
most recent experimental value is 4.165 kev. The static charge-cloud term obtained in Chew’s no-recoil 
theory which does not include the Foldy term, therefore, should contribute an interaction of a few hundred 
ev, whereas Salzman’s calculation corresponding to f?=0.08 would give ~10 kev, which is in serious dis- 
agreement with experiment. Treiman and Sachs found that the higher order corrections in the static model 
reduce the discrepancy by about 20%. We carry out a covariant calculation of the meson current part of the 
neutron-electron interaction, using dispersion relations derived by Chew ef al. under the assumption that 
the (3,3) resonance dominates the dispersion integral. It is found that the recoil effects of the perturbation 
part reduce Salzman’s perturbation result by 30%, and the higher order corrections including recoil reduce 
the perturbation result further by about 20%. The final result is 5.7 kev for f?=0.08. The contribution of 
the meson current to the anomalous magnetic moment of the nucleon is found to be 2.9 nuclear magnetons 


for f2=0.08. 


I. INTRODUCTION 


HE neutron-electron interaction for a slow neu- 

tron involves two effects. They are the interaction 

of the electrostatic field of the electron with the meson 

cloud of a physical neutron and the Foldy term due to 

the spin-orbit interaction between the magnetic mo- 
ment of the neutron and the electron current. 

In Chew’s no-recoil theory! for neutron-electron in- 
teraction, the perturbation result given by Salzman,? 
adjusted by using f?=0.08, is of the order of 10 kev. 
This result, as shown by Salzman, does not include the 
Foldy term* which accounts for the main part (4.08 
kev) of the most recent experimental value of 4.165 
kev.‘ Therefore, the perturbation result is in serious 
disagreement with experiment. 

In order to account for this discrepancy, Treiman 
and Sachs* examined the higher order mesonic correc- 
tions in the framework of the Chew theory and found 
that they reduce the discrepancy by about 20%. The 
higher order mesonic corrections are expressed in terms 
of weighted integrals over the phase shifts for meson- 
nucleon scattering, a method developed by Miyazawa‘® 
in a calculation of the anomalous magnetic moment of 
the nucleon. 

The aforementioned calculations are noncovariant 
and depend on a cutoff function »(). For the perturba- 
tion part of the neutron-electron interaction one en- 
counters derivatives v’’(k) of the cutoff function. There 
is a certain amount of ambiguity as to how to handle 
such terms. Another difficulty arises because the in- 
tegrals of the correction terms of the neutron-electron 
interaction depend on a factor v(&) in the denominator. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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A further examination of the discrepancy mentioned 
above is of great interest because it offers a serious test 
of meson theory. The part which nucleon recoil plays 
in this discrepancy may be examined by performing a 
covariant calculation of both the perturbation part and 
the correction part of the neutron-electron interaction. 
The difficulties with the cutoff function do not appear 
in such a covariant calculation. 

The first attempt toward such a covariant calcula- 
tion is that of Okubo,’ who gave a covariant extension 
of Chew’s static theory, and in particular of Miyazawa’s 
method for the current part of the anomalous magnetic 
moment. 

We adopt a similar procedure in which the second 
moment €¢; of the charge distribution of the meson cloud 
is expressed in terms of relativistic dispersion relations 
given by Chew ef al.§ There are recoil effects on the 
Foldy term and also on the second moment ¢€; or the 
non-Foldy term. A covariant perturbation calculation 
by Fried® offers guidance as to the identification of the 
non-Foldy part of the recoil effects. The perturbation 
part is computed exactly in terms of the P-wave 
renormalized pseudovector coupling constant f?. The 
correction part is expressed in terms of weighted inte- 
grals over the phase shifts for P-wave scattering. We 
calculate only to a finite power of v/c as an expansion 
in terms of 1/m (m is the neutron mass) is carried out. 
Then we retain only the P-wave phase shift 43; 
(I= 3, J=%) under the assumption that the (3,3) state 
dominates the dispersion integrals. The procedure above 
has been shown to yield reasonable results for the energy 
dependence of the phase shifts for S-wave meson- 
nucleon scattering and of P-wave scattering lengths.’° 


7S. Okubo (to be published). The author is indebted to Dr. 
Okubo for a preprint and some subsequent communications. 

® Chew, Goldberger, Low, and Nambu (to be published). I am 
grateful to the authors for a preprint. G. F. Chew, Encyclopedia of 
Physics (Lange and Springer, Berlin, 1956), second edition, Vol. 


°B. D. Fried, Phys. Rev. 88, 1142 (1952). 
10K. Tanaka (unpublished). 
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Only a reasonable approximation can be expected from 
such a procedure. 

In Sec. II we briefly outline the formalism and obtain 
the expression for ¢,; and the anomalous magnetic 
moment F of the neutron. In Sec. III, the numerical 
results are given. In Sec. IV, the accuracy of the method 
is estimated and in Sec. V we discuss our results and 
compare them with other calculations. 


II. MESON CURRENT PART OF THE NEUTRON- 
ELECTRON INTERACTION 

To consider the neutron-electron interaction and 
anomalous magnetic moment of the neutron that come 
from the meson current, we draw a Feynman diagram 
as in Fig. 1. Here pi, \ and ps, X’ are the initial and 
final four-momenta and spin indices of the nucleon; 
k, and ke are the four-momenta of the virtual mesons 
interacting directly with an external electromagnetic 
field A (q). 

The S-matrix element corresponding to Fig. 1 is 
given by 

1€ 


S=4/( 91528 — 6: bus) 


dr 


mye PrP) 


1 1 
x fare far, - —_———(k:,+he,) 
ke+pe—te ko? +p?— ite 


xi fate f atye hey(.—w’)(O,— 2 


K [n* (pe) P(balx)ba(y)r(pr) J, (1) 


where we have taken A=c=1. V)/(p2) and W,(p:) are 
physical nucleon states and ¢a(x) and @s(y) are the 
Heisenberg operators of the symmetrical meson field 
characterized by the isotopic spin indices @ and 8, 
respectively. 

In contrast to the ordinary lowest order S-matrix 
element for the contribution of the meson current part, 
the nucleon part of expression (1) is treated rigorously, 
i.e., virtual emission and absorption of mesons by the 
nucleon, pion-pion scattering, and the creation of 
nucleon pairs by mesons in the nucleon cloud are taken 
into account. However, those effects which involve 
mesons interacting directly with the external electro- 
magnetic field are neglected.’ 

It is more convenient to consider the following com- 
binations as the three independent four-vectors®: 


Q= 3 (kitk:), 
=}(pit po), (2) 
=} (ki— ke) =} (po— pi) = 39. 


Since the second part of Eq. (1) is essentially a scatter- 


INTERACTION 


Fic. 1. Feynman 
graph for the neutron- 
electron interaction and 
anomalous magnetic mo- 
ment of the neutron. 


PA 


ing part, we can write it as’ 


fae [arene ‘key (1 .— yw’) (Oy—p’*) 


X [Wa* (pe) P(ba(x)bs(y) Vr (pr) ] 
= (2x) ib (p: +h: — po— ke) (m?/E, E>)? 
X [iy (p2)U ga(P,O,K)urx(pr)], (3) 


where 
Uspa=—{5aA+3[ 18,72 ]A™} 
+iy-Q{6saB% +3[ 78,72 ]BO}, (4) 
P pz 
A ‘*) (y,K*) = -f dx ImA ‘*) (x,K?) 


TH (m+u)* 


-} (5) 


x + 
x+(P+0)? x+(P—Q)* 


B‘*) (vy ,K*) = “| 


1 i 
m+ (P+O! m+ (P—OF | 


+. -f dx ImB+(x,K?) 


(m+n)? 


1 


+(P+O)! 24 (P— “sh 
v=—P-QO/m. (7) 


(6) 


and 


In Eqs. (5) and (6), the “P” before the integral sign 
means principal value. 

It should be emphasized here that although the dis- 
persion integral representations, Eqs. (5) and (6), were 
derived with the restriction k;’= k2’= —y’, we use these 
representations in a Feynman integral where all values 
of k; and ke are required." It is expected, however, 
that the representations, as far as the v independence is 
concerned, are valid off the meson mass shell." In 

“1 The author is grateful to Professor Chew for calling his 
attention to this pertinent point and to Professor Nambu for a 
helpful comment on this matter. 


Note added in proof.—The author is also grateful to Professor 
Goldberger on this point. 
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other words, an integration over all values of Q and 
the substitution of » for x [Eq. (24) ] is considered 
valid. The Born term of Eq. (6) will be shown to give 
identical results with the meson-current part of Fried’s 
ener for the maces moment and neutron- 
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electron interaction, except that the unrenormalized 
coupling constant is replaced by the renormalized 
coupling constant. Substituting Eqs. (2)-(7) into (1), 
and noting that A,(q)g,=0, one obtains (for the meson 
mass p= 1) 





He tadliA so fe af; 


” Qe ) 


(Q+39)'+1—te (Q—3¢)?*+1—ie 


1. 0.(— 


4 
=r) (ty (p2) U pal P,O,q)Ur(P1)) 


' 
) (DILDO r.+iG(@) PH (P0). (8) 


~A,(0)( a 


A more appropriate form for further discussion, obtained by rewriting Eq. (8) in terms of the amplitudes 


A‘+), B® and using Feynman techniques, is 


eae 44(0)( 3 
s q 
(2m) " \E,E, 
where 


(1-)?* 


) (e(09| town —merh.+ Cre v-ai6(¢) |n(¢) ), (9) 





D a re d d : 
(?) inf if of yf a ‘Cot mt +1—1+ (1—)y(1—y)q"P 


« 


* de ImB (x9) f -@of df a (O+-me+ (x— mn — 


(m+1)? 
and 


mit? (1—?) 





(1-e 
1-414 (1—A*y(1—y)g@ PP 





G =4ir;| —¢, d d dt 
(=a | . J of ae ere 


bod dxf “eof ¢ yf 


In order to obtain Eq. (9), the Dirac equation 


tly: (p2)iP yt (pr) = ty (po) (—my.t+hilry, ¥-g) Jur pr) 


was used. Okubo’s expressions for D(0) and G(0) fol- 
low when the momentum transfer g=0. 

We assume that the external fields are slowly varying 
so that only small value of g? are important. Then it 
will be proper to make an expansion in powers of gq. 
To the lowest order in q’, 


D(q’)=D(0)+¢°D' (0), 


G(q?)=G(0)+¢°G' (0), ve 


and S becomes to order q’, 
2e m 4 
~ aol p,) Or ONL) —mG OMA 
+¢°[D’(0)—mG' (0) JA -y 
+3iG(0)[A +7, g-y]}}ua(pi)). (13) 


At this point we must identify the neutron-electron 
interaction term and the anomalous magnetic moment 


t(1—2){ImA © (x,q*) — mt ImB™ (x,q")} 





[+ m??+- (x—m?—1)t+1+ (1—Ay(1 an = 





of the neutron. The S-matrix element of Fried, de- 
scribing the interaction of a slow neutron with a weak 
external field, may be written as 


S= —i(m?/E\E2)*(iy: (p2) (EA -y—4F[A -, 9-7] 


—Hq?A-y)uy(pr)). (14) 


Then, as shown by Fried, the magnetic moment of the 
neutron is given by F and the neutron-electron inter- 
action potential V is given by 


V=49r(iH—F/2m)p.= —4r(e:+F/2m)p., (15) 


where p, is the source of the electric field. It is a static 
distribution of electron charge with 


fester —e. 


It is remarked that the contribution to the coefficient 
E in Eq. (14) from the meson current is divergent. 
Fried has shown that E=0 in weak-coupling perturba- 
tion theory carried to second order in the meson- 
nucleon coupling constant, provided also that the 


(16) 
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nucleon current part is included. The second term on 
the right-hand side of Eq. (15) is the Foldy term. We 
are interested in the non-Foldy contribution from «. 
Comparison of Eqs. (13)-(15) yields 


e 
F=——G(0), 
(2m)4 


(17) 


2 
= i= ——{D'(0)—mo'(0)} (18) 


The magnetic moment F of the neutron has been 
evaluated by Okubo.’ In order to indicate the relation 
between our covariant calculation and that of Fried,* 
F is recalculated in a different way. Putting 73=—1 
and integrating G(0) over Q, one obtains from Eqs. 
(11) and (17) 

F=F?+F*, 


e 471 (n—2) 
~ Pr pe] 


2m xl2n 


acon Sek ware Inn— (2—4n—n?) (4n—n?)-4 cos(n4/2) |, 


INTERACTION 


with 


e 1 di? (1—2) 
—Fr=—g f reine: ah Aiba 
2am 0 P—ni+n 


en «2 1 
— Fe=— az f dt 
8x (m+1)? 0 


t(1—2){—ImA@'(x)+mt ImB™ (x)} 
P+ (an—1—n)t+n 


where n=1/m?, g?=g,?/4r. The F? given by Eq. (20) 
is the renormalized Born approximation. It is identical 
with the meson current part of Fried’s expression for | 
the magnetic moment F, except that the unrenormalized 
coupling constant is replaced by the renormalized 
coupling constant, a feature that has been pointed out 
previously.!* Equation (21) gives the corrections to the 
renormalized Born approximation. The integrations of 
Eqs. (20) and (21) with respect to ¢ yield: 


» (21) 





(22) 


e 1 
—Fe=—— fan(ti-4 In(m?+ 2mv+ 1)+v(v?—1)-4 Infv+(y?—1)*]} ImA @ (r) 
2m 2° 


+ {4m-+2v—v In (m+ 2my+1)+ (2v—1)(r®—1)-4 In[v+ (v?—1)"]} ImBO (v)), 


where the integration variable was changed from x to 
v by substituting 
x=2mv+m?+1 (24) 
and noting that 
fP=g"/4m’. 


We next proceed to the calculation of the second 
moment ¢, of the charge distribution of the meson 
cloud. When derivatives of Eqs. (10) and (11) with 
respect to g’ are taken as indicated in Eq. (18), the 


e=e?+e° 


gn 1 
— €;? =—— ar 
1271/9 





(i—2)* 2f(1—2)* ) 
f—nt+n (f—nt+n)* 
(1-4)? 


2f(1—2)° 


(23) 
terms again may be separated into two parts, the re- 
normalized Born approximation which is a function 
of g,’, and the remaining correction terms that are 
expressible in terms of weighted integrals over the 
P-wave phase shifts. The former will be denoted as €,? 
and the latter as €,°. The integrals D’(0) and G’(0) are 
convergent with respect to the integrations of the four- 
momentum Q. After integration, the expressions for 
€,? and €;° are 


(25) 


(26) 





n J] 
—€°= J dx 
48° (m+1)? 


dt - 
Lf & (an—1—n)i+n [f+ (xan—1—n)i+n 
2n*(1—2)*t ImA — (x) 


) ImB (x) 


12¢(1--t) ImA ©" (x) 








dt — t 
f [P+ (xn—1—n)t+n f nilP+ (xn—1—n)i+n] 


| (27) 


The expression €,? is again precisely identical with the meson current part of Fried’s corresponding expression,° 
and ¢,° will give the higher order corrections to €,” including the recoil terms. The recoil terms of the non-Foldy 
term have thus been separated from those of the Foldy term. In Eq. (27) two terms with ImB™” (x) have been 
dropped as these make no contribution when calculating only to order 1/m. 


12S. Fubini, Nuovo cimento 3, 1425 (1956); G. Salzman, Phys. Rev. 105, 1076 (1957). 
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The integrations of Eqs. (26) and (27) similarly yield 


In 
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ef? 9 2 n 2 n} 
—E?= -|(- —+5n— — ) + (—3412n— 502) nl (17-2204 + —)i4=ny cos(~)], (28) 


3 2 4-—n 2 


and 


en’ r® 13 y 
—¢ec=—-— — ir||— 


f+ — —-- 
24nd, 2 #e—-1) v1 





1 1+3vn! 1 
ni(y— = (y-—1)! 
2» (v-+-3nt) 


+]—-— — ‘nme 
n(2—1) 2-1 ni(v?—1) (1)! 





12 v 
~ | —1+4 In(m?+2mv+1)— — 
; (ry? 


n 


en - v 
_ —| in| 10v+ —— —9p In(n-+2mr+1) + (18-9 —— 
247° J; 2— 4 


yp 


1 3y 
+|4+ —— -—3 in(n-+-2me+1)+ ( 6»— —) 
v— yv—1 


. 


ni 


The results given by Eqs. (22) and (28) are exact. 
We have neglected higher order terms of m in Eqs. 
(23) and (29). 

Usually the neutron-electron interaction potential as 
given by Eq. (15) is expressed in terms of an equivalent 
square-well potential —V» of radius ro=e?/m. Thus, 
one obtains from Eqs. (15) and (16) 


Vom f rv /terd'—deex+F/2m) f pa(a)a/tar 30 


= — (3e/r¢°)(e:+F/2m). 


We compute in the next section the quantities V1” 
and V,° corresponding to — «€:? and —«,°. 


III. NUMERICAL RESULTS 


The relations for —F? and V,?, the perturbation 
parts of the magnetic moment of the neutron and the 
neutron-electron interaction, are expressed in terms of 
the renormalized pseudovector coupling constant /’. 
Their numerical results for the value of f?=0.1, and 
for 0.08 which correlate the experimental data on 
meson-nucleon interaction, are immediately found to 
be —F?=1.57 nuclear magnetons and V;?=7.05 kev 
for f?=0.08, and —F?=1.96 nuclear magnetons and 
V,?=8.8 kev for f?=0.1. 

In order to evaluate F* and V;‘, first Eqs. (23) and 
(24) are expressed in terms of the total center-of-mass 


12 1 
+, wi ieee deh Bills - 


n 


2 
+ —— —$ In(m?+2myr+1) 
Infv+ (r— »4] ImB@ (vy) 
Infv+(r— py] ImA “(r) 


yi In[y+ (v— »*)| ImA ’(y) 


3 \In[v+(*?—1)!] 
| ImB (v) 
(v1)! 


y—1 


1 
— In[v+(v?— 5] ImA “~ (y) 
1)! 


(2 


9 


y— 


pi Infy+ #14] ImA @’(v) ; (29) 


energy w via 


v= 1+ (w?—1)/2mw |, (31) 


where 
w™ (1+ k?)!+-k?/2m. (32) 
It follows from Eqs. (24) and (31) that 


x= (m+w)’. (33) 


Then, we expand the equations in powers of 1/m and 
assume that the (3,3) resonance dominates the dis- 
persion integral. Under this assumption,® 


1 2mw ; 
—ImA OY —— Im(frx = fry) $3 If ry 
4a k? 


2m 3k? 
oy —(-+—) sin’633, 
3k? 2m 


(34) 
2m 2m 
— ImBO~— Im( fp; — fry )— sin%b3s, 
4a ke? 3k? 


1 2m s 3 
—ImA@&'~ (—) sin’633. 
dr 3k? \ 4m 


The procedure of the calculation has been applied 
previously in references 8 and 10. Hence, merely the 
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final result is noted: 
e 2m fr” 


2m 3x? 1 


é © dw sin’633 8 Rk? 
rf a 
1 





~ Qwtn? i Ae ag 
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The numerical integration is done as in reference 10 
except that the upper limit of the integration is ex- 
tended from 1 Bev to 2 Bev. This increases the previous 
values of the integrals, i.e., ) and K, by 4% and 15%, 
respectively. The numerical results are —F*=1.37 
nuclear magnetons, V;°=—1.31 kev, which give the 
final values as listed in Table I. 


Iv. ACCURACY OF THE METHOD 


It is important to estimate the accuracy of the 
method, since we intend to compare the present results 
with experiments. The perturbation parts F? and V;” 
have been evaluated exactly. Thus our estimation will 
be confined to the correction parts F* and V;°. 

The main sources of error are the assumption of the 
dominance of the (3,3) state and the approximation of 
keeping only the first-order terms of the expansion in 
powers of 1/m. 

The dominance of the (3,3) state is valid only to at 
most 400 Mev in the laboratory system. Fortunately 
the high-energy part where the dominance of the (3,3) 
state fails is not important because of the factor * in 
the denominator of the integrals. In order to obtain a 
reliable estimate of the errors in the integrals there is 
no doubt that the S and D waves should be taken into 
account. Since we do not know the partial-wave de- 
composition of cross sections in the high-energy regions, 
only P-waves will be taken into account. 

The leading term in F* and JV,’ is the integral 


f dw sin’633/k*. 
1 


A rough estimate,” putting 53:%~61s;-~6n, indicates that 
this integral is about five times as large as any of the 
corresponding integrals over any one of the remaining 
P-wave phase shifts 631, 513, or 611. As can be seen from 
Eq. (34), this means that the dominance of the_ (3,3) 
state causes an error of about 20% in the leading term 
of F* and V,°. The error in F and V, is immediately 
found to be about 10% and 15%, respectively. 


13 Sec. VI of first article of reference 6; Sec. III of reference 10. 
Since the integrals over 533 are about 5 times as large as the corre- 
sponding integrals over the other P-wave phase shifts, it turns 
out the results of integrations keeping all the P-wave shifts with 
f?=0.08 are approximately identical with the results of only 
keeping the 533 phase shift but using f?=0.1. 


13 
—4 In(m-ta)+( 
3 (w—1)3 
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1 
z sin + —{3w— 2w In(m+w) +2 (w*—1)# Infw+ (w*— vy} 
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Inlw+ (w*—1)*] 


1 1 26 3 
_ -| - carte In(m+w) — (<w- 1)§+ —— ) Infor (1) ; (36) 


(w*—1)! 





The error due to keeping only the first-order term in 
1/m is much smaller. For F it is a few percent and for 
V; not more than 8%. 

Combining both sources of error, it appears that F 
and V, are subject to an error of about 20%, unless the 
S and D waves alter the estimation drastically. 


V. DISCUSSION 


The calculation of the meson current’s contribution 
to the anomalous magnetic moment of the neutron and 
the neutron-electron interaction involved two basic 
assumptions: first, that the integrals in the dispersion 
relations Eqs. (5) and (6) converge so that they are 
meaningful and that they are valid off the meson mass 
shell; and second, that the (3,3) state is dominant. An 
additional loss of precision arises from keeping only the 
first term in the expansion of the resulting equations in 
powers of 1/m. The calculation also neglects the meson- 
meson scattering and real nucleon pair creation for 
those mesons which interact directly with the external 
electromagnetic field. 

We emphasize that out calculations are covariant 
and as such do not depend on a cutoff factor. The 
integrals here have the advantage of being less sensitive 
toward the high-energy contributions because their 
denominators contain higher powers of the momentum 
than do those in the noncovariant case. 

The value of the perturbation part F? is comparable 
to that of Miyazawa’s value 1.8 for K=6u. Miyazawa 
found that including the contribution of the nucleon 
current reduced his result by about 10%. To secure 
agreement with the experimental value of —1.85, the 
nucleon current part must reduce the value found here 
by about 35%. In this sense our value is not 
unreasonable. 

Let us next examine the neutron-electron interaction. 
The recoil effect of the perturbation part reduces the 


TABLE I. Contribution of the meson cloud to the anomalous 
magnetic moment of the neutron and to the neutron-electron 
interactions. 








Coupling constant 
& Vi (kev) 


0.08 ‘ 5.7 
0.1 ‘ 7.5 
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perturbation result of Salzman by about 30%. The 
correction part with recoil further reduces the per- 
turbation part by about 20%, so the final value of the 
non-Foldy term is 5.7 kev for {?=0.08. This amounts 
to a total reduction of 45%. Treiman and Sachs found 
that the correction part without recoil reduces the 
perturbation part by 20%. When the nucleon current 
is included, Fried’s result is reduced by a factor of 2.75. 
If this can be taken as an indication of the effects of the 
nucleon current, it is likely that our value of 5.7 kev 
will be reduced further. 

The error of our result, as estimated in Sec. III, was 
20%. Thus the final value of the interaction is not as 
important as the general feature that the contribution 
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of the non-Foldy term to the neutron-electron inter- 
action is considerably reduced by recoil effects, provided 
that the dispersion relations are meaningful. This 
result is somewhat encouraging because some doubts 
might be cast on the validity of the concept of local 
fields at short distances if a large (positive) contribution 
of the nucleon current had been needed to cancel nearly 
all of a large (negative) contribution of the meson cur- 
rent in the non-Foldy part of the electron-neutron 
interaction. 
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Complete Set of Dispersion Relations for a Class of Fixed-Source Meson Theories 


RicHarp E. Norton* AND ABRAHAM KLEINT 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received May 6, 1957) 


The structure of the transition matrices for all processes that can occur for a class of fixed-source meson 
theories is studied. The model consists of a scalar meson field coupled to an extended source in such a way 
that any finite number of quanta can be emitted or absorbed at a given time (multiple vertices), but that 
all interactions are restricted to be S wave in nature. The general reaction matrix element for m incident 
and m emergent particles contains many terms describing sequences of independent processes, which must 
be removed before one obtains a proper object for studies of a dispersion-theoretic nature. It is shown that 
the ratio of the residual matrix element to a suitable product of source functions possesses those analytic 
properties, as a function of the total energy of the system, which permit dispersion relations to be stated. 
Other than for the elastic scattering amplitude the latter make reference to values of the amplitude in a 
nonphysical energy region. In conjunction with a suitably generalized unitarity condition, however, the 
scheme, when viewed as a set of coupled integral equations, can be solved by successive approximations in 
terms of a number of arbitrary constants, essentially equal to the number of coupling constants in the 
original Hamiltonian (actually one fewer). Nevertheless, it is pointed out that the scheme does not admit 
a unique solution, and this is illustrated physically by exhibiting an extended class of Hamiltonians which 
yield the same dispersion relations, but which, as a class, contain more coupling constants than make their 
appearance in the dispersion relations. Physically, these are connected with the occurrence of resonance 
scattering. 


I. INTRODUCTION 


T has been conjectured recently! that the set of all 
dispersion relations may be complete in the sense 
that they can be considered in place of the Lagrangian 
as the starting point to compute all the observables of 
a theory. However, until now, very little has been done 
toward exhibiting such a complete set of relations for 


used to calculate quantities other than the amplitudes 
for the simplest reactions.’ In view of the complexity 
of the relativistic. problem, we have attempted to con- 
struct such a complete set of dispersion relations for a 
comparatively simple fixed-source model, but one which 
nevertheless contains nonvanishing amplitudes for 
multiple meson production. In particular the model 


any nontrivial theory* or indicating how they can be 


* Based on part of a thesis submitted in partial fulfillment of 
the requirements for the Ph.D. at the University of Pennsylvania. 
rat at the California Institute of Technology, Pasadena, Cali- 
ornia. 

t Supported in part by the Air Force Research and Develop- 
ment Command. 

‘For example, by J. S. Toll (private communication) and by 
M. Gell-Mann in Proceedings of the Sixth Annual Rochester Con- 
ference on High- ey Physics (Interscience Publishers, Inc., 
New York, 1956), p. III-30. 

2 See, however, Toll, Wong, and Knight (to be published). For 
a general approach to the relativistic problem, see J. C. Polking- 
horne, Nuovo cimento 4, 216 (1956). 


chosen has a Hamiltonian 
H= Ho+A1, 
Ho= di xa*(k)a(k)w(k), 


m-¥ a4 f p(ado(a)ax| - E,, 


The rapidly accumulating literature on en relations 
may be traced from the following recent pai Senet 
Phys. Rev. 105, 743 (1957); J. S. Toll, Phys. ons 1760 
(1956) ; R. H. Capps and G. Takeda, Phys. Rev. 103, ‘877 { (1956) ; 

R. Oehme, Nuovo cimento 4, 1316 (1956). 


(1) 
(2) 


where 


(3) 
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which describes the interaction of a fixed, spherically 
symmetric source p(x) with a neutral, scalar meson field 
¢(x). The quantities a*(k) and a(k) are, respectively, 
the creation and annihilation operations for single 
mesons of momentum k, and w(k)=(y?+&’)! is the 
meson energy. E, is a c number introduced to fix the 
lowest eigenvalue of H at zero. This theory contains 
only S waves and for N>2 has matrix elements for 
multiple meson production. 

Our treatment can be considered as an extension of 
the original Chew-Low program of applying fixed- 
source theory to meson-nucleon scattering.‘ It is inter- 
esting to contrast the assumptions of this theory with 
those made in the relativistic case. They parallel each 
other except that the statement of microscopic causality 
in the relativistic theory is replaced here by an explicit 
statement of the manner in which the meson field is 
coupled to its source. We are led to construct relations 
for the ratio of the transition amplitudes to a suitable 
product of the source functions, motivated to this pro- 
cedure by the fact that this ratio manifests an explicit 
dependence upon the total energy of the system. Its 
behavior in all energy domains, including the high- 
energy limit, can be inferred immediately and need not 
be assumed as an additional postulate. This advantage 
is gained at the expense of actually stating the Hamil- 
tonian. We should remark also that despite the great 
simplicity of our model the transition amplitudes for 
multiple boson processes involve, nevertheless, integrals 
over nonphysical energies, which restrict their direct 
application to experiment. 

In Sec. II we describe the general structure of the 
S matrix and define an appropriate transition ampli- 
tude. This requires, in general, that we separate off 
from a given S matrix element all terms describing a 
sequence of independent processes. We then demon- 
strate an equation satisfied by this transition amplitude 
which is equivalent to the requirement of unitarity on 
the S matrix. In Sec. III a complete set of dispersion 
relations for this transition amplitude is derived and the 
number of arbitrary constants is shown to be one less 
than the number of coupling constants A; in the 
Hamiltonian. In Sec. IV we demonstrate an iterative 
procedure which, if it converges, will yield a solution to 
the set of coupled integral equations consisting of the 
dispersion relations and the unitarity expressions. 
Nevertheless it is made manifest that without further 
definition, the scheme cannot possess a unique solution, 
since we are able to exhibit an extended class of Hamil- 
tonians which all satisfy the same dispersion relations. 
These may be characterized as containing more pa- 
rameters than are in evidence in the dispersion relations 
and indeed as many more as one desires. They are 
obviously connected physically with the occurrence of 
resonance scattering. 


4F. E. Low, Phys. Rev. 97, 1392 (1955); G. F. Chew and F. E. 
Low, Phys. Rev. 101, 1570, 1579 (1956). 


II. STRUCTURE OF THE S MATRIX 


The matrix element of S between an initial state of 
m mesons with momenta ky, ko, ---, k, and a final 
state of m mesons with momenta ph, po, -::, Pn is 
defined to be 


(Pipe: * P| S| Kika: - - Km) 

(YO (pipe: + pa), ¥ (Kika Km)), (4) 
where ¥~ and VW? are, respectively, the usual® in- 
coming and outgoing wave eigenstates of the complete 
Hamiltonian H. 

Denoting the ground state of H by Yo, we can employ 
the methods and notation of Wick® to write’ 


WY‘ (qiqe- - - qr) = N(q)La*(qu)a*(qe)- - -a* (qr) Vo 
+x‘ (qiqe---qr)], (5) 


where N(q) is the constant of normalization. In order 
to solve for x‘+), we use (5) and the fact that H¥,»>=0 
to write the left side of the Schrédinger equation, 


HV (qiqo- be q,) => w(qiy¥ (quigqe- ec dr), (6) 
oral 


in the form 


AW (qiqe- ‘ - dr) 
=(H, a*(q:)---a* (qr) Wot Ax (quae: -- 


=> w(qi)a* (qu) a“ -a*(q,)Vo 
=1 


+[H1, a*(qi)---a*(q-) Wot+Ax' (qigqe- - -q,), 


so that by comparing (5), (6), and (7) we immediately 
obtain the relation 


(X w(qi)— A) (quqe- - -q,) 
i=1 
=(H71, a*(q:)---a*(q,) Wo 


= o*(a): : -a* (qu—1)j*(qe)a* (Quy) --a*(qr)Wo, (8) 


where j*(q.)=[H71,a*(qx) ], which is equivalent to 


x (qige:- d+) =(L w(qi)tin— A) 
1 


xz a*(q:)---a*(qu-s)j*(qn)a*(qess)---a*(G%o. (9) 


5B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

6G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 

7 Extensions of this work to multiple processes have also been 
considered recently by S. Barshay, Phys. Rev. 103, 1102 (1956), 
and by N. Fukuda and J. S. Kovacs, Phys. Rev. 104, 1784 (1956). 
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Fic. 1. Diagram corresponding to the matrix element of Eq. (17). 


Substitution of (9) into (5) then"yields 
WV} (q:- e° q,) 


= N(q)[a*(q:)- ° -a*(q,)Wot(L w(q;)+in—H) 
XE a*(q:)---j*(qs)---a*(q,)¥o]. (10) 
k=l 


It is shown in Appendix A that the ¥@ satisfy the 
orthogonality relation 


(Vo (qiq2° . ‘dy; WV) (qi’qe’- ° -qr’)) 


=N(q)N(q’) X 8(r,7')6(qi— an’) 
P(q’) 


X6(q2—qe’)---8(q-—Gr’), (11) 


where the symbol >) p,q’) indicates a sum over all 

permutations of the q’’s. From (11) it is clear that the 

normalization constant NV (q) in (10) should be (r!)~3. 
From (10) and (11), we can rewrite (4) in the form 


(Pipe - -pn| S| Rike- + Rm) 
= (VO (pipe: - - pa), VO (Kike- - - Km)) 
+(¥@ (pipe- ns Pn), vVo—-—WO (kik: — k,,.)) 


(12) 
= (n!m!)— > 6(m,n)6(pi— ki)6(po— ke) - - - 
P(x) 


X8(Pa— lq) — 2mi6(S- «(pi)—¥ w(k;)) 


X (pipe--* Pn| QO! kiko: --k,,) J, 


ki, ka-km 








Fic. 2. Diagram corresponding to the matrix element in Eq. 
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where 


(Pipe: - -pn|Q| kik: - ‘kn) 
= (Wo, a(p:)---0(p.)X 0*(hi)+-a¥ kes) 
X7*(k,)a*(Ke41)- ’ -a* (Km) Vo) 


+M%o, 3 a(pi):- -a(pis)j(pia(pi41)° ie 


l=1 


Xa(pa)LZ 0(0,)+in— HI sy a*(k,) ++ - 


X a* (Ky_1)7* (k)a* (Ke41) vee -a* (Kn) Vo). (13) 


In order to eliminate the explicit appearance of the 
elementary creation and annihilation operators by 
means of such relations as® 


a(q)¥o= —[w(q) +H }"j(q)Vo, 


we must manipulate the right side of (13) so that the 
a’s rather than the a*’s act on the Wo’s. This task is 
readily accomplished by employing repeatedly the 


(14) 











Fic. 3. Diagram corresponding to the matrix element in Eq. (20) 


equalities 


1 1 1 
fe rae. gm 
E+in—H E-o(p)+in—H E+in—H 
1 


ee 
E-—w(p)+in—H 





(15) 


* I i cae —ji*(k anata 


en ) = acne eS ; 
E+in—H E+in—H E—w(k)+in—H 


1 
+a*(k)————_.,_ (16) 
E-—w(k)+in—H 


where the derivation of (15) [the derivations of (14) 
and (16) are similar ] is the following: 


(E+in— H)e(p)———_ 

E+in—H ' 
= —[H,a(p)}———_ + a(p) 

E+in—H 


1 
=[u(e)o(9) +500) Ea +a(p), 
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energy shell, }w(pi)= > -w(k,;). In this case the ex- 
1 pression (13) for (pipe::-pn|Q|Kike---k,) can ulti- 


LE- B4+-ie- H mately be rearranged in a form that is described as 
follows. 


1 
i aoe tot), (a) Single-vertex terms.—There are (n+m)! of these 
which is the content of Eq. (15). terms, each corresponding to a distinct sequence of 
Because of the energy-conserving delta function in annihilation of the mesons k;, to k,, and creation of the 
(12), we need only concern ourselves with w’s on the mesons p; to pn». A typical term of this type, 


aeaear 
¥0,j(—)-———__——:: :— mcs i(k) 
( 0)J (D4 w(ps)+in— H - oki) —ela) +o) 44-8 2 








1 1 
x Siac llaly "(kao (17) 
w(k3) —w(ps)+in— aH w(k;)+in—H 


can be represented diagrammatically by Fig. 1, and corresponds to the sequence: absorption of ks, emission of ps, 
absorption of ks, ---, emission of py. It should be noted that the s/ructure of expression (17), as well as those terms 
described below, is formally identical with the corresponding expressions for the given order in perturbation theory. 

(b) Multiple-vertex terms.—In addition to terms of type (a) where the vertex operators for single destruction of 
k and for single creation of p are 7*(k) and j(p) respectively, there are terms which contain multiple creation and 
destruction vertices. In analogy to j*(k) and j(p), the vertex operator for multiple destruction of kj, ks, ---, k, 
and creation of pi, Po, -*-, pe is 


[a(p.),: - (CLa(p.),07* (ki) ,a* (ke) ]],0* (ks) |, ‘ -,a*(k,) }] 
=((a(p),: » -,(Lo(pe_1),7 (pe) J,a*( ki) J],- 5 -,a*(k,) ] (18) 


where the order of the bracketing is immaterial as long as the innermost bracket contains the j or 7*. 
A typical term of type (6), 





1 1 
Vo,La(pe),La(pz),3 (ps) ]]—— j (Px) 
( ; w (ps) +w( pz) +w(ps)+in— H (ks) —wo(p,)—w(p)+-i9—F ' 


1 
4 
w(K) —w(p3)+in—H 





Salp,j” (ks) No), (19) 


can be represented by the diagram shown in Fig. 2. There are as many multiple-vertex terms as there are distinct 
ways of placing the p’s and k’s in the vertices and of arranging the vertices in a definite sequence. Two terms, 
however, which differ only by a permutation of the p’s and k’s within the vertices are not distinct. Also we note 
from Eq. (3) that there are no terms with a vertex containing more thar NV k’s and p’s. 

(c) Delta function terms.—A typical term of this type is 


1 
w(ps)+in—H — wo(ks)—o( ps) —o( ps) +in—H 


1 
. a Oe ee 
XLao(ps),j(P) hae 7 | ) ) (20) 





5(pi— k2)5(ps— k;) (voip 


which is represented by the diagram in Fig. 3. There is a term of type (c) corresponding to every distinct way such 
a term can be constructed in which some, but not all, of the k; are contained in the delta functions (i.e., pass by 
the source without deflection). The term in which all of the k; are in delta functions is the first term of (12) and is 
not contained in the matrix element of Q. 

The matrix element (pip2:- - pn|Q| Kiko: --K,,) is the sum of all the terms of types (a), (b), and (c). Therefore, 
if we define (pipe: -- pn|.R| kik2- --k,,) to be the sum of all the terms of types (a) and (6), it is clear that Eq. (12) 
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can be rewritten {n the form 


(PiP2° - *pn| S| Kiko- -+K,,) = (m!n I~ 2, 5(m,n)6(Pr— kx)8(P2— ks): . -6(pr— kn) 


— rib o(p)-E o(k;))[ (Pip: - -pa| R| Kike--- Kn) +20 5(pi—K;) (i- - -papi*| R| Ki - - Kk") 


+4 » 3(P:—k;)5(P-—ki) (pi-- “papi p, | Ri ki- : kk k")+- ve 
+[(m—1)!}? SY 6(pi.—k1)5(po— ke) - - +8 (Pi —Km—1) (PnP mtr’ * Pn! R| kn) ]}, (21) 


‘9.7, 
P(p) P(k) 


where the notation p~ indicates that the meson with this momentum is omitted from the designation of the state. 
Also, we have assumed for simplicity that m <n in writing down the explicit form of the last term in (21). 

In Eq. (21) we have explicitly exhibited the delta-function singularities of the S matrix which arise from processes 
in which some of the mesons do not interact with the source. However, since the Hamiltonian H has an eigenvalue 
zero it is clear from the description of the terms of types (a) and (0) that (pipe: --p,»|R| kik2---k,,) has a delta- 
function singularity when a partial sum over the energies of the initial mesons equals a partial sum over the energies 
of the final mesons. Physically this type of singularity arises from processes in which the transition from the state 
|k,k.---k,,) to the state | pipe--- pn) is not a single transition of order m+n but is the product of two or more 
lower order energy-conserving processes. In order to demonstrate the S matrix in a form in which all its delta- 
function singularities are explicit, we must therefore subtract these singularities from the R matrix. This sub- 
traction proceeds as follows. 

First we look at a typical term of (pip2---p,|R| kik2---k,,), the expression (17) as an example, rewritten in 
the form 














1 1 
(v ) i(p Wen ™m— ) aoa (V- ’ i*(k Wr ) 
eile ial we (hie =n 
1 1 
x (Yr2,j(Ds)¥r1) Cz stk} (17’) 
w(Ks)—o(ps)-+én— E(r2) mete “eed te~ Eke) 


where W-; is an eigenstate of H belonging to the eigenvalue E(7;). With the assumption that the Hamiltonian 
contains no bound states other than the ground state of the source, the sum over each E(r) includes the discrete 
state E(r)=0 and a continuum from yz to infinity. When an E(r) assumes its zero value in the sum, the energy 
factor containing this E(r) is of the form 


1 
-o( ) 
Lo(k;)—Lwo(p;)+in Lw(ki)— Lw(p;) 


where & means the principal value; and it is therefore possible to decompose (17’) into two parts. The first part is 
the result of replacing all such ground-state expectation values of energy factors in (17’) by their principle values, 
and the second part is the remainder of (17’). We observe that each term in the second part is a product of delta 
functions and expressions which are “first parts” of processes of lower order; that is, of processes with less than m 
initial mesons and less than m final mesons. 

If all the terms of types (a) and (d) are decomposed in this same manner, a corresponding decomposition of 
(pipe: --pn| R| kike---k,,) is induced. In particular, if we define (pipe: -- p»| 7'| kike---k,,) to be the sum of the 
“first parts” of all the terms contributing to (pipe: -- p»| R| kike---k,,), the R matrix can be expressed in terms of 
this T matrix by an equation of a rather simple structure. The relation for the case n=m=2 is 





—irbl > w(k;)—Lo(p,) J, : (22) 





2 


6(> o(p)—2 w(k;)) (pipe| R| kike) =o (pi) — 2 w(k;)) (pape| 7 | kike) 


i=l j=l 


—ix DX 6((p1)—o(ki))6((p2)—w(ke))(p1| T| kx)(p2|T|K2), (23) 


P(p) P(k) 


and the equivalent relation for the general case, although somewhat lengthy, is of the same form and can readily 
be constructed. If the general relation corresponding to Eq. (23) is substituted into Eq. (21), an expression for the 
S matrix is obtained in which all the delta function singularities are explicitly exhibited. However, it is possible to 
state the relationship between the S matrix and the T matrix in a more concise manner. Defining #p to be the state 
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of the bare source such that a(q)@)=0, we can write® 


(Pipe >: Pn| S| Kiko: - ky) 
1—irK 


= (nlm 1-9 o*(ndorn --a*(p,)Po Normal omen” —|a*(ki)a*(k)-- -a*(ka)to), (24) 


ais 
where 


ca 1 ‘ 7 
K=> Sy | 241 -daidsi: - -dsja*(qx)- - -a* (qi) (quqe- + -qi| T| $182- - -8;)5( w(gu)—X w(s,))a(si)- + -a(s;). (25) 
j=l tz: p=l y= 


The reader can readily verify that the relations (24) and (25) are equivalent to the expression for 
(pips: :-pn|.S|kik---k,,) which would be obtained by the direct substitution indicated above. 

The transition matrix (p;p2--- pn| 7| kiks---k,,) which we have defined can be thought of physically as repre- 
senting the actual m meson to m meson transition process. It has no delta function singularity when a partial sum 
of the initial energies equals a partial sum of the final energies, since the principle value integral is to be taken about 
such points in the energy space. The fact that for these energies the state | k,k2---k,,) can propagate to the state 
| pipe: -- Pn) by means of two or more processes of order lower than m-+-n is represented by the explicit dependence 
of (pips: --pn|S|Kiks---k,,) upon the products of lower order T matrices. 

It is evident from the definitions of the 7 matrix and the R matrix that they are identical for values of the en- 
ergies in which no partial sum of the initial meson energies equals a partial sum of the final meson energies. Also, 
(pipe: --pn| 7 | kiks---k,,) is obtained from (pipe: -+pn|R|kiks---k,) by taking the principle value of all the 
terms in (pipe: pn|R|kike---kK,) which are singular because of the vanishing of energy denominators when 
partial sums of the w(k;) equal partial sums of the w(p,). Realizing that all the other terms of 
(pipe: -- pn| R| kik.---k,,) are finite at these energies, we can write 


(Pipe ++ Pn| 7 | kike: --k,) = O(pipe- - - pn| R| kike- - - km) (26) 


as an alternative definition of the T matrix. The “®” indicates that the principal value of (pip2- - - pn| R| kike- - -k,,) 
is to be taken wherever an integration of the w(p,) and w(k;) is performed through points for which any sum of the 
initial energies w(k;) equals any sum of the final energies w(p,). The definition of the T matrix given in Eq. (26) 
will become useful in Sec. III where we extend (pips: +: pn| 7'| kiko: --k,,) into the complex plane. 

The preceding description of the structure of the § matrix is independent of the interaction Hamiltonian. How- 
ever, in the remainder of this paper we will make use of the explicit form of H; as exhibited in Eq. (3). 

With the H; shown in Eq. (3), a typical vertex operator which occurs in the terms of the T matrix can be written 
as 


(a(p:),(- - -,€¢(p.),07*(ki),0* (kz) ]},---,a*(k.))] 

| p(ki)-- -p(ks)p(p1)- - -p (Px) 

2r+4o(ki)- + -o(k,)o(ps)-- (ps) ]* 

which follows directly from the commutation rules [a(k),a*(k’) ]=5(k—k’) and the expression for ¢(x), 
dk 


1 i * —k-x 
$3) OI arn +a*(k)e~*'*). 





(27 


N p—(t+e) 
oF Nile 1)-+ fa (445)411( f p(a)6(x)dx) ; 


p= 


Consequently, if we define 


JX dau(u1)-- iu-r+1)( f p(a)o(x)dx) # 


a typical term of (pipe::- pal 7'| kik2---k,,), the term (19) for example, can be rewritten in the form 


p(hi)- + -p(km)p(p1)- + -p( Pn) 
[2m+9(ky)- - -o(Km)o(pr)- - -w(pn) }? 
1 1 1 
Xx (Caz a ye Jy Jat). (19’) 
w(ps)+w(p:)+w(ps)+in—H = w(k2)—w(ps)—w(p1)+in—H w(k2)—w(ps)+in—H 


§ We caution the reader that K in Eq. (25) is not the usual reaction matrix, defined, for example, in reference 5, since only a selective 
removal of energy-conserving intermediate states has been effected. 
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We are led, therefore, to define a G matrix, 
















[2+%(I:) ++ -co(Ikn)oo(p,): «-(Pa)} 
(o(p1)- + -(Pa) |G] o(Is) >» -co(Ien)) = (pps +-PalT|Kiks: +k), (30 
sl ait timivL£ alesis 





which depends only upon the energies of the incident and outgoing mesons in denominators typical of a usual 
perturbation expansion. The structure of the G matrix is seen to be the same as that of the T matrix except that the 
energy dependent vertex operators in the terms of the T matrix are replaced by the appropriate J; operators. 

Consider now the typical term of (w(p;)-- -w(p,)|G|w(k:)---w(K,)) which corresponds to Eq. (17), 


1 1 1 1 
(vt os Jy Jy In). (31) 
o(ps)+in—H = w(k3)—w(ps)+w(ke)+in—H  w(ks)—o(ps)+in—H w(ks)+in—H 





The complex conjugate of (31) is 


1 1 1 1 
(¥.: Jy 2 Jy i ss I), (32) 
w(ks)—in—H w(ks)—o(ps)—in—H w(ks)—(ps)t+w(k2)—in—H = w(4) —in—H 





since the J; defined in Eq. (29) are Hermitian. Except for the replacement of in by —in this term is the same as the 
term in (w(k;)---w(kp)|G|w(pi)---w(p,)) which corresponds to the sequence: absorption of py, ---, emission 
of kz, absorption of ps, and emission of ks. However, since the interaction H; contains only S waves, the time re- 
versal invariance of the theory forces all the matrices, including the G matrix, to be symmetric. Consequently it 
follows that (w(p:)---w(pn)|G|w(k:)---w(Kn)* is obtained from (w(p,)- - -w(p,)|G|w(k;)- --w(Kn)) by replacing 
every in by its negative in all the terms which contribute to the matrix element of G. 

In Appendix B we describe how this property of the G matrix is used to derive integral equations for the G 
matrix elements which are equivalent to the unitarity condition on the S matrix. For illustrative purposes we again 
choose the case n= m=2. In this case, the unitarity relation is 


. . edo 
Im(o(po(p.)|Gla(kido(k))=—= © EE f dard il 


P(p) P(k) r= 27w(qu)- - -w(qr) 











iT a 


| (w(pi)o(p2)|G]w(qr)---w(qr))* 1 (pi) |G w(qu)- - -w(qu))*(@( pe) | G5| w(quy1)- - -w(ar))* 
x +ix DL | 
| 2Ir! I=1 L!(r—1)! 




















—— . ee 
xz —iz > — —— 
P(q) r!2! =1 Vi(r-l’)! 
(w(qx)- « -w(qr)w(p1) | G5| w(ki)w(ke)) 
+(@(p2)|G|o(qu)- - -w(q,))* = : , - 
r!2! 
1 (qu): - -@(qu)o( pr) | G5 | (kx) )((quy1)- - -@(q,) “| ee - -w(qr)w(ki))* 
—ir> fo 150 
j= I(r—D)! 2!r! 
r—1 (w(p1) |G] (qu) - - -w(qu)w(ki))* (pz) | G5| w(quy1)- - -@(qr))* 
tir P)1Glo(a)-* “ola *s — stron Joota---o(4)| G9] a(k)) 
=] 7-6)! 


+complex conjugate, (33) 
where the symbol (w(p;)- - -w(pn)|G65|w(ki)---w(K,)) is used to represent 


(o(p.)- (pa) |G|eo(ks)- -0(ka) 6 «(P)—E w(K). 


The general case of an arbitrary number of incident and emergent mesons has the same general structure. 
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III. DERIVATION OF THE DISPERSION RELATIONS 


As previously noted, the matrix element (w(p:)-+-w(pn)|G|w(k:)---w(K»)) depends upon the initial and final 
meson energies only through energy factors of the form ()(w(k;) —)-w(p,)+in—H)“. If we define 


Ki=w (pi) /w, 
1=u(ki)/s, (34) 


o= 3 o(p)== w(k;), 
i=1 


j=l 


we can write (w(p;)---w(pn)|G|w(k:)---w(k,)) as a function of the y:, v;, and w by replacing all energy 
factors [Dw(k;)—Lw(p))+in—H}? by [(Xri—Lujwtin—AH}".[ We now denote the G matrix by 
(u1- + -n|G(w)|v1--+%m). The next step is to eliminate the explicit appearance of the in in the denominators by 
giving w an infinitesimal, positive imaginary part. Because of the principal value definition of the G matrix we need 
only justify this replacement for nonzero values of the coefficients (}>»:— }-u;). However, this procedure is obvi- 
ously correct if the coefficients are positive while the non-negative property of the spectrum of H insures that there 
is no error made if (}-»;— )cu;) is negative. Consequently, we can extend (yi: -un|G|v1--+ym) into the complex 
plane such that the extended function (41: + -un|G(z)|»1---%m) [occasionally abbreviated to Gum(z) | is obtained 
from (41° + -4n|G(w)|v1-++%m) by writing all energy factors in the form [(}0v:—Sou;)z—H}" and such that the 
equation 

Gam(w) = lim Gam(w+in), (35) 

1-105 


is satisfied. 
We now list the properties of G,»(z) which are relevant to the derivation of the dispersion relations. 


(a) Gnm(Z) is analytic in the upper half-plane. This property follows immediately from the reality of the spec- 
trum of H, 

(b) Gnm(z) has no poles on the real axis. The origin of the z plane is the only point on the real axis for which this 
statement is not obvious. In Appendix C we prove that there is no pole at z=0. 

(c) Gnm(z) has branch lines extending from » to © and from —p to — © along the real axis. This property fol- 
lows immediately from the form of the energy denominators in the terms of G,»(z) and from the assumption that 
H has a continuum spectrum extending from yu to @. 

(d) Gam* (w+in) =Gnm(w—in). This fact has been mentioned in the discussion following Eq. (32). 

(€) Gam(w+in) =Gim(—w—in). Under the replacement of w+in by its negative, every energy factor of the form 
[(Sovi— You j) (o@+in) — HA} is replaced by [ (Suj;—¥v,) (w+in) — H+. However, such a replacement interchanges 
the roles of the initial and final states so that the validity of property (e) is guaranteed_by,the symmetry of the 
G matrix. 

(f) An immediate consequence of (d) and (e) is that the real (imaginary) part of Grm(w+in) is an even (odd) 
function of w. 

(g) For sufficiently large |2|, Gam(Z)~Cnm2->™ where Crm is a finite constant and Anm is the non-negative in- 
teger which satisfies the inequality (2\nm—1)N<n+m< (2Anm+1)N. The use of “N” here is the same as in Eq. 
(3). One verifies this property from a simple examination of the structure of the terms in Gnm(z). 


The properties (a), (b), and (g), together with Cauchy’s theorem, indicate that 


Gun — Wo 2haw—t 
g er ~=0, (36) 


2—-W 





where C is the contour shown in Fig. 4. If we now use property (g) to neglect the integral over the infinite arc, we 
obtain the expression 








Gonm(@) = 5 (A nm;0)G nm (wo) + dw’, (37) 


fe w’—w 


(<9—cay)!-Pom ee 
eS 


wi 
whose real part can be written as 


Re(ui- + -#n|G(w)| 1° + ¥m)=5(Anmj0) Re(ur: - “on|G(wo) | v1- + * Ym) 
W— Ww)! ?Anm - o’ +w) (w’ wo)?! — (ey — w) (w’ +9)? 
enna nearee emaert 


12 





. J tuna) > -P0, (38) 


T . w*—w 


by employing the properties of Gam(z) listed in (d) and (f). 
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a Pail, 





Fic. 4. Contour C for the application of Cauchy’s theorem to the transition amplitudes Gum. 


The Eqs. (38) constitute an infinite set of dispersion relations for the transition matrix G. The relations which 
correspond to processes in which the total number of mesons involved, n+, is less than or equal to N, have as 
parameters the real parts of the corresponding G matrices at the arbitrarily chosen energies wo. However, all the 
other dispersion relations contain no arbitrary parameters. In fact, the relations which correspond to process 
where n+ m is greater than WN (i.e., Xnm > 1) are of the form 





ReGam (w) et ef ae (wo’ — wo)?em—1 = (w’—w) (co! +c09) emt 


ImGam(w’), (39) 
7 . w”?— 

and for Anm=> 2 the right side of this expression is not manifestly independent of wo. Therefore, if we choose par- 
ticular values of wo for each dispersion relation, and from this choice obtain a solution of the coupled integral 
equations consisting of (38) and the generalization of (33), this solution can be considered of physical interest only 
if it is independent of every wo chosen in the dispersion relations for n+-m>3N. 

Suppose now that we pick the arbitrary parameters which appear in the dispersion relations for n++-m <N to be 
all evaluated at zero or at infinite energy. In either of these cases it is easy to see from the energy dependence of the 
G matrices that these parameters depend only upon m+ and not separately upon m and m nor upon the y, and »;. 
Consequently the set of equations arising from either of these choices for the wo (n-+m <N) have only N—1 inde- 
pendent parameters, one corresponding to each value of n+-m in the range 2<n-+m<N. The fact that the number 
of independent parameters cannot depend upon our choice of the wo, insures us that this is a general property of 
the dispersion relations (38). This result is not surprising. It undoubtedly is a reflection of the existence of N 
arbitrary constants \; in the Hamiltonian and of the well-known result that for N=1 the interaction (3) has no 
dynamical consequences. 








IV. QUALITATIVE DISCUSSION OF SOLUTIONS 


We now turn our attention to the problem of solving the coupled integral Eqs. (33) and (38). We consider first 
the possibility of choosing the coupling constants A; to be of an appropriate order in a small parameter ¢ and then 
of solving the equations by iteration. Neglecting questions of convergence, such a procedure is easily found. In 
particular, if we choose each ); to be of order e‘, we obtain immediately from the form of the equations that to order 
&, ReGi:(w) = ReGi;(wo) and that all other matrix elements of G are zero. To order &, ReGu:(w) = ReGi: (wo), 
ReG12(w) = ReG2;(w) = ReGi2(wo), and all the other matrix elements are zero. If this approximation to ReG:(w) 
is inserted into the generalization of the unitarity expression (33) for ImGi:(w), we obtain ImG;;(w) to order ¢. 
Substitution of this quantity back into the integrand of the scattering dispersion relation then yields ReGi:(w) to 
order ¢‘, etc. This procedure can be continued indefinitely to obtain all the matrix elements of G up to any order in 
e, and, in particular, is not hindered by the nonexistence of arbitrary constants in the dispersion relations for the 
higher order processes. The reason for this latter statement is that for n+-m> 3 the unitarity condition (33) relates 
such processes in leading nonvanishing order to a product of lower order matrix elements already determined in 
the sequence. Since the two cases n+-m=2 and n+m=3 are exceptions to this rule, the corresponding matrix 
elements of G are forced to be zero by the iterative procedure if the dispersion relations for these matrix elements 
contain no arbitrary constants. It follows, therefore, that for N=1 all the G matrix elements are zero, and for 
N=2 only the scattering amplitude is nonvanishing. We should remark also that this method is only possible 
because the unitarity condition (33) is valid for all energies from » to ©. Since this energy range contains sub- 
regions which are nonphysical for processes other than scattering, it was necessary to derive (33) from the explicit 
structure of the G matrix. To simply assert the unitarity of the S matrix would not have been sufficient unless the 
implied relations could somehow be extended to energies below the production thresholds. 

By virtue of the dispersion relations, the real part of each matrix element at one energy is related to an integral 
of its imaginary part over all energies from » to ©. Consequently, for this iterative procedure to yield a solution, 
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it is necessary that the expansions of the matrix elements in powers of ¢ converge uniformly over this full energy 
domain. It is reasonable that this type of convergence occurs if the solution does not exhibit a resonant behavior. 
Put another way, we conjecture that the iterative procedure picks out the solution (if there is one and only one) 
which does not lead to resonance processes.. 

It must be admitted that our Eqs. (33)“and (38), almost certainly do not possess a unique solution. This has 
been shown rigorously for the simplest cases of linear* or quadratic’ coupling of the meson field to its source. 
Indeed we shall here demonstrate the nonuniqueness in a more physical manner by exhibiting an extended class of 
Hamiltonians," obviously different in their physical consequences, which nevertheless satisfy the same sequence of 
dispersion relations which we have derived from the Hamiltonian in Eq. (3). We may consider, for example, the 
Hamiltonian =H )+5,, where 


, WA 0 WV, 
Pos > a*(K)a(k(k) + (Waheat)( )( ), (40) 
k 0 


WB Ve 


N Aa" HN (V4 A 
erm (eaNa(* ov \C )| f p(ado(adds] ) (41) 
w= AB* gpp* B 


The free field Hamiltonian, 3o, differs from the one in Eq. (2) in that it describes a source capable, in the absence 
of interaction, of existing in two states, the ground state of energy wa in which V4*¥,4=1 and ¥s,*¥,=0, and an 
excited state of energy wz in which Vz*¥,=1 and V4*¥,4=0. However, if ws—wa>u, the excited state is unstable 
against meson emission when the interaction H; is included, and, in this case the total Hamiltonian has the same 
spectrum as the one in Eq. (1). Similarly, by further complicating the structure of the source, we can generate an 
infinite class of Hamiltonians of this form, all having the same spectrum as the Hamiltonian in Eq. (1). From the 
spectral identity and from the obvious structural similarity, it follows that all these Hamiltonians are described 
by the same set of dispersion relations (39) and by the same equations of unitarity (33). However, physically it is 
clear that the solutions for each of these Hamiltonians must be different, since the transition amplitudes will 

‘ exhibit resonances at energies near the excited states of the unperturbed source. This situation at least suggests 
that the iterative solution, if it exists, does describe the original theory represented by the Hamiltonian (1). We 
should remark also that this is the only Hamiltonian of the infinite class which contains essentially (see Sec. IIT) 
the same number of coupling constants as there are arbitrary constants in the dispersion relations. The extended 
class of Hamiltonians will be studied further in a subsequent publication. 


APPENDIX A 


In this appendix we prove the orthogonality relation (11).!’ We shall derive the relation explicitly for the V+, 
but it will be clear from the proof that a completely equivalent derivation holds for the ¥‘—. For conciseness we 
use abbreviations exemplified by the following: 


Vv (k,.) =¥ (kj- . Kn), . 
a(k,) =a(K,)a(ks)---a(Km), 


olka) =¥ a(k), 


with a similar convention for the primed variables below. 
Neglecting the normalization constants V(k) and N(k’), we have from (10) that 


(YO (Kin) WO (Kn’)) = (Yo, a (Kn) YO (Kn’)) + (@(Kim) — (Kn) — in) (Wo, [a (Km) AY (k,’)), 
and using (10) to expand ¥‘*+(k,,’) in the second term of (A.2), there results after slight rearrangement 


(Wo,[a(k,),H7]v (k,’))= (Wo,[La(Km),H7],a*(Kn’) Wo) 


+(a(kn’)Vo,[a(km),H1 Wo)+ (Wo,La(Km),H 1 ](@(k,’)+in— H)"(H1,a*(k,') Wo). (A.3) 


® Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 

#0 A. Klein, Phys. Rev. 104, 1136 (1956). 

11 The model which we consider here is similar to the one which was used for a similar purpose by F. J. Dyson, Phys. Rev. 106, 157 
(1957). 

2 This proof is a generalization of the one given by Wick (reference 6, Appendix C) for single-meson states and the P-wave interaction . 
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Now, applying the relation 
a(k,’)Vo= — (w(k,’) +H)“ La(k,’),A 7 Vo, 
to the second term in (A.3) and substituting the result into (A.2), we obtain 
(YM (Km) YO (Kn’)) = (0,8 (Km) ¥ (Kn’))+ (@( Km) — (Kn) — in) (Yo, [a (Km) A J,a* (Kn’) Vo) 
— (Wo,[H1,a*(k,’) }(@(Kn’) +H)“ La (Km), Hr Wo) + (Vo, a (Km) 1 }(@( kn’) +in— 1) 1, a* (ken’) Wo) J. (A.5) 


If (10) is used to expand YW“? (&,,’) in the first term of (A.5) and if the result is re-expressed with the use of (A.4) 
and substituted back into (A.5), we have 


(YM (Kn), 2 (Kn’)) = (Yo,[a(Km),a* Kn’) Wo)+ (Yo, H1,a* (k’n) ](@( Kn’) +H) (@ (Km) +H) “La (Km) 1 Vo) 
+ (Wo, a(Km)(o(kn’)+in— H)*H1,a* (kn) Wo) + ((Km) — o( kn’) — in)" [ o,[La (kn) Hr ],a* (kn) Wo) 
— (Wo,[H7,a* (kn’) }(@( kn’) +H) La (Km) A %0)+ Wo, a (Km), 7 )(@( kn’) +in— A) H7,a*( kn’) Wo) ].  (A.6) 
Equation (15) can now be used to transform the third term in (A.6). The result is 
(UY (Km), YO (Kn’))= (Yo,La(kn),a*(Kn’) Wo) + (Yo,[H7,a*(Kn’) }(o( kn’) +H) (kn) +H) “(a (km) Hr Wo) 
+(@(Km) — @(Kx’) — in)“ L(Yo,[ [a (Km) A ],a* (Kn’) Wo) — (Yo, a (km) [H7,a* (kn) Wo) 
— (Wo,[H7,a* (kn’) (@( kn’) +H)“ La(Km),H1 Wo) ]. (A.7) 
Collecting the first two terms in the square bracket and employing the equality (A.4), we obtain 
(YH (Kn), YP (Kn’)) = (Wo, [a (Km), a* (Kn’) Wo) + (( Kn’) — (Km) — i) )Vo,[H1,[a (Km), a* (Kn’) 1 ]¥o) 
+(o,[H7,a*(k,’) LL a(Kn),H1]%o), (A.8) 


where 





1 1 1 1 
4. ane ere eee -(- —$$_—__- — —_—) =(), (A.9) 
(o(k,’)+H)(o(km)+H) — 0(kn)—@(Kn’)—in\o(km) +H — o(k,’)+H 


and therefore 
(YH (kn), YO (Kn’)) = (Wo,[a(Km),a*(Kn’) 0) + (@( Kn’) — o( Kn) — in)" (W0, A 1,[a(Km),a*(Kn’) ] Wo). (A.10) 
In order to show that (A.10) is equivalent to (11), we note that 
[a(Km),a*(Kn') ]=3(m,n) 2 8 (Kn — Km’) +0 8(ky— ky’)a*(Kn_7’)a(Kn_2), (A.11) 


5 (Km — Km’) =6(k,— ky’)5(ko— ke’) - - -6 (Kn — kn’), 
a*(k,_1') =a* (ki41')a*(ki42’)- --a*(k,’), 
a(Kn—2) =a(ki41)a(Ki42)- : -a(Km), 


and where >> indicates a sum over all such possible terms. 
Denoting 


n 


d w(ki’) and > w(k) 


i=I41 i=1+1 
by o(k,_:) and w(k,,_:), respectively, we obtain from substituting (A.11) into (A.10) that 
(YH (Km), YP (Kn’)) = (Yo, ¥0)5 (m,n)! &(Km— Km’) 
) 


P(k’ 
+L 8(ki— ky’) Yo,La* (kn) a (Km) + (@(Kn1') — @(Km_1) — in) “7, a* (Keni!) a(Km—1) ]]¥o0),  (A.13) 
and since by (A.4) the operator in the square bracket can be put into the form, 
1 1 [ 1 1 | 
at 2 peer! 
(o(kx1)+H)(o(km)+H)  0(Kn!)—0(kn)—inho(kn1)+H  o(kn)+H 
X(a(Kn_:),H1]=0, 








(H1,a*(k,_,’) J 
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it follows that 
(V+ (km), YO (Kn’)) = EX 6(m,n)b(Km— Kn’). (A.14) 
P(k’) 


The replacement of the normalization constants and the elimination of the abbreviations gives directly Eq. (11). 


APPENDIX B 


We now indicate how to derive the expression for the imaginary part of the matrix element of G, choosing for 
illustrative purposes, the example of two mesons in both the initial and final state. In the domain of physical 
energies this relation is equivalent to the unitarity condition on the S matrix. The treatment of this case is sufficient 
to indicate how the corresponding relation for an arbitrary matrix element can be obtained. 

From the discussion following Eq. (32) in Sec. II, we can write 


Im(w(p1)(p2) | G|w(Ki)o(ke)) 








1 1 1 
= (21) =| (vor — : J\-—------ Jy 1s) 
w(ki)+w(ke)—w(pi)+in—H w(ky)+o(k2.)+in—H w(ki)+in—H 


1 1 1 
- (wo : hi ——s,_____ 1.) | (B.1) 
o(ks)-+-ulhe)—w(n) —e— H 'o(k)-+0(ks)—é H w(k,)—in H 





where the symbol >> indicates a summation over all the terms which contribute to (w(p:)w(pe) |G| w(ki)w(ke)). 
According to the principal-value definition of the G matrix, it is assumed that w(k2)~w(p:)~w(ki) ~w(p2) ~w(ke) 
and of course that w(p,)+w(p2) =w(ky)+w(ke). 

If we now add zero, in the form 


1 1 1 
Ea-n] (wor ———_—— —J\— J \—— a) 
w (k:) +o k,)- w(pi)—in— _H eek -ie~ -H w ( <r 





Ld 1 
+(¥ Be ~eenumare 4: - gt ere ee Jive) | (B.2) 
w(k;) +(e) — uhi~itg- H_  w(k,)+w(ke)—in— H w (k,)+in—H 
to the right side of (B.1), there results 


Im(w(pi)w(p2) |G) w(ki)w(ke)) 


1 1 
== | (Cae k,)+o( ky) —w(pi)— H)J Se -J 5 eas 1») 
w(ki)+-0(ks)+-i9— -H tte -H 





1 1 
+ (Yor — aes (ki) +w(k2)— H)J;— 11) 
(kk;) (ks Sonn win) ~ie— ll w(k;)+in—H 





1 1 
+ (Yo Seb eat, Jy -Ji(a(ks)— 1%) | (B.3) 
co(ks) +e k.)—w(pi)—in—H_ 9 w(k;)+w(k2)—in—H 


Considering the first term on the right of (B.3), we note that because of the delta function the only terms in the 
sum >> which contribute are the ones for which the vertex operator J; at the extreme left corresponds to single 
emission of 2 or to single emission of p;. If we denote by }-»2 the sum over all the terms for which the emission of 
pz occurs last, this contribution to the first matrix element on the right of (B.3) can be written as 


a y z dqi: : -dq(Vo,J YO (qui: + a,))8(00(ks)-+c0(ks) —o(p.) w(qi)) 


p2 r=l =! 


1 
J 
w(k;)+w(ks)+in—H oti 





x(vou + Qr),J1 nm). (B.4) 
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(Vo, Ji © (qr: - -qr))6(@(k1) +w( ke) —o(p)-2 o(q:)) =O (q--- a) Jiio)*8(o(ps)—E w(qi)) (B.5) 





2w(p2) \ # (qi: - -qr| Rj p2)* 
( ) -i(e(P2)-E (a) (B.6) 
p(p2) 


r! 
p(qi)- + -p (gr) 


[7 !2"w(qu)- - -w(qr) }* 
where (B.6) follows from (B.5) by comparing the structure of the R matrix defined in Sec. II to the result of em- 
ploying the relations (14), (15), and (16) to (¥(q:- - -q,),J1Wo) after ¥~ (qi- - -q,) is expanded with the use of 
Eg. (10). Equation (B.7) is obtained from (B.6) simply by utilizing the definition of the T and G matrix. 

In a completely analogous manner, it follows that 





(o(p:)|G|o(q:)-- -0(4,))*8(0(p)-¥ w(a)) (B.7) 





Tr 1 1 
6 k k.)— = i (ve r) J 1 1») 
~ (w(k1) +-w(k2) — (pi) 2 #(4i)) (qi: --q,),J as amodien my aia 1 





[2% (pi)oo(K1)o(Ke) }* ee r 
= (qi: ++ q,Pi| R| kiks)6(w(ki)+w(ke)—w(pr)—¥ w(q,)), (B.8) 
(r!)4p(h1)p(h2)p (pr) iat 
where in this case there is a distinction between the R and T matrix because there exists more than one meson in 
both the initial and final state. In particular, we have from the appropriate generalization of Eq. (23) that 


6(w(k,)+w(K2)—w(pi)—D w(qs)) (qu: - + q-pi! R| kik) = (qu: - -q-pi! T| Kik2)d(w(ki) +o(k2)—w(pi)—¥ w(q,)) 
i=1 i=l 


r—1 1 
-ir)> TL (que = - quPs| T| x) (quy1- + -Gr| T| ke) 


P(q) P(k) = 1!(r—I)! 


X5(w(k:)—«(pr)-¥ w(q))8(w(k:)— w(q)).  (B.9) 


i=l i= [+1 


We can therefore rewrite (B.8) in terms of the G matrices as follows: 





1 1 
8 (.o(k;)-+0(ks) —o(p:)— x @y)(¥« ar -40),J Jn) 
, eaditaiead : ia athirut k.)+in— ad wk +—— H : 


= p(qi)° 
[2’r lw (qu) ie: 


r—1 


-> 2b (co(qx)- - -@(qu)o(pi) |G! w( ki) )(@(quys1)- - -w(q,) |G w(K2)) 


P(q) P(k) =1 1!(r—[)! 





of (qx) + -@(qr)( pr) |G] w(kx)o(Ke) 6 (ki) +0(K2) —«(p) — X oa) 


l r 
XB(e(ki)—o(n)-E w(a))HGo(k)— F o(a))}- (8.10) 
i=l t=l+1 
The first term on the right of (B.3) can now be obtained by substituting Eqs. (B.7) and (B.10) into (B.4) and 
summing the result over both permutations of p; and p»2. This latter step gives the contribution from both sums 
dp: and >> pe. The result of this manipulation is that 





1 1 
“a Wo,J 15(w( kx) +-(k2) — (pi) — H)J = 1%) 
rX/( ie ene wee Ba a ae 


eee r))? { (w(p2) |G|w(qu)- - -w(q,))* 
ME (dag ada 282M | (old Goad“) 


P(p) P(k) r=1 27w(qu)- - -w(q,) r! 














ence ee 
2!r! i=l I! 


(@(qu+1)- - -w(q,) a“) | 
x -|}) (B.11) 
(r—1)! 


(“= --@(q,)w(p1)|Gb|w(Ki)w(K2)) > (w( qu) - - -@(qu)w(pi) |G6| o(ki)) 


P(q) 





where the symbol Gé is defined following Eq. (33) in Sec. II. 
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We can now do the same thing for the other two terms in (B.3) and finish the derivation by adding these results 
to (B.11). However, in order to obtain an expression for the imaginary part of (w(p:)w(pz) |G|w(K:)w(ke)) which 
is manifestly real, we formally average the result of this derivation with the result obtained by an identical pro- 
cedure except that the expression (B.2) is altered by replacing each in by its negative. If we perform this averaging, 
we obtain Eq. (33). 


APPENDIX C 


In this appendix we prove that the function Grm(z) has no pole at z=0. Eliminating the subscripts m and m, we 
define G,(z) as that part of G(z) which arises from single vertex terms [i.e., terms of type (a) in Sec. II]. The 
major part of this appendix consists of the proof that G:(z) has no pole at the origin while the final paragraph indi- 
cates how the proof can be extended to all the G(z). We should also note the following changes in notation from 
those used in the text: the energy ratios v1, v2, ---, ¥m and 4, u2, ***, un are denoted here by f(1), f(2), ---, f(m) 
and —f(m+1), —f(m-+2), ---, —f(m+n) =— f(u) respectively. 

We now prove the following theorem: The function 


(—f(m+1), —f(m+2), ---—f(m+n)|G(z)| f(1), f(2), ---f(m)) 
:  ILOr(u—1) Wale (u—1)r(u—2))- » JaLr(2)r(1) Vil (1)0] 
PO) Bley) BUT Btwn (OFA) AS(2)+ ++ + f(u—1))— EL (u—1)T)- Lf) +f(2))s— EL (2) 7) 
XUf(1)2—ELr(1) JJ, (C.1) 





has no pole at z=0. The symbol P(/) indicates a sum over all permutations of f(1) to f(u) and Ji[r(j)r(j—1) ] 
=(r(j)|J:|r(j—1)), where |7(7)) is an eigenstate of H with eigenvalue E[7(j) ]. 

Poles at z=0 could only arise from terms in the sum over the E[7 ]’s in which some (or all) of the E[7]’s take on 
the value zero. In the terms where r of the E[7 ]’s are zero, z~’ is a common factor. Therefore, terms of this type 
could conceivably lead to poles of order r, r—1,r—2, - - - or 1. To show that none of these possibilities actually occur, 
it is sufficient to prove that the coefficient of z~’ and the first r—1 derivatives of this coefficient all vanish at z=0. 
That is, defining C,(z) to be the coefficient of z~” in the terms of (C.1) in which ¢ of the E[/7 }’s are zero, we must 


show that 
d' 
lim — C,(2)=0 for O0</]<r—1. (C.2) 
20 dz 


We now define C,(S,41,5,,° + * S251; 2) (where S,41=u— > i-i'S;), as that part of C,(z) which arises from terms 
in which the S;th, (S:+S2)th, ---, and (S:+S.+--+-+5S,)th E[7]’s from the right in (C.1) are zero, and remark 
that it is sufficient to prove 

a! 
lim— Y C,(S41,5,,°++,52,5132) for O</<r—-1, (C.3) 
20 dz P(S) 


for all possible choices of the S; to S,4:. 
From (C.1), we have that 


CASy ig 5 ; 2) 
ies ake Is[Or(u—1)]- + -Jir(2,+1)0] 


P(f) ee, ee [(f(1)+---+f(u—1)2— Er (u—1)]]--- CfA) +--- +f(2,+1))s— E[r(2,4+1)]] 





1 J[Or(3,—1) +» -TiLr(Z,1)0] 
Tt FFE) LU+ + /@,—))s— ALr@,—)]-- CGO) + +/+) Era] 
Aad 1 ie Ji[07(Z2—1)]- + -SiLr(X1+1)0] 
Cite +f) © CYA) ++ f2—1)2— AL r(S— C++ f+ 1)s— AL Sit 
1 J,[0r(2,—1)]- - -Jir(1)0] 


x XxX , 
CA()+--- +f] CA) ++ ++ +f(21—-1))s— EL 21-1) - - -Of()s— EL (1) 














(C.4) 
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where >>:=)_i-1'S, and the prime on the energy sum indicates that E[r(21)], E[r(22)], ---, E[r(Z,)] are all 
zero and therefore not summed. For each S; there is in (C.4) a corresponding product of S;J; matrix elements and 
S;—1 energy denominators. Also, in the chain rule expansion of the /th derivative of (C.4) each term can be labeled 
by indicating which factors are differentiated. Therefore, we let 


CLS r4.1(Sr4-14,Sr4.1°, os "Srp 1??t1) Sp(S,1,5,7, ay sr"), oe »51(s14,51?, - F *,51") J, 


denote the contribution to 
lim (d'/d2')C-(Sry1,S1,° -+ 9153), 


which comes from the term in the chain rule expansion of this derivative, where for each S;, the factors differenti- 
ated are the s), s;*, ---, and s;”/ from the right (in (C.4)) of the product of energy factors corresponding to Sj. 
It is clear that a number of the s;*’s can be equal for different k’s if the same factor is differentiated more than once. 
Also, since we are interested in derivatives only up to order r—1, it follows that 


r+1 


re pi=l<r-1. (C.5) 
=0 


In order to prove (C.3), we need only show that 


7 CLS r41(Sp41',- * *$p4.197+1) S,(s,!, + *5,7?"),- ° “Si (s',- ° +51?!) ]=0, (C.6) 


P(S) 


for all p; which satisfy (C.5) and all possible choices of the S; and s,'. First, however, we remark that in the ex- 
pansion of (C.6), the sum over the energies and the product of J matrix elements are a common factor to the whole 
expression. Therefore, calling this factor J, we define D,, 


DLS r4a(Seqt',° ° *Sp41?),S,(s,1,° ° *S,Pr),° ° - Si(sy,- ° -§1?1) | 


= (gj) =. CS o41(Se41',° . *Spz1?t*1) S,(5,/,- c “S,Pr),° * *Si(si,- . $171) |, (C.7) 


P(S) 


so that the proof of the theorem is completed once it is demonstrated that D, is zero. 
Noting that 
d! 


lim —(az— E)1= —HE-“¢', 
20 dz! 


we obtain from the structure of (C.4) that 
DUS r41(Sr4t',° -* Sry 1?) S,(s,1,- ° -S,Pr),. eo y1(Sy oe - $172) | 


=A Zz > {Cf (245441) + ay -+f(1)]- : Of (2e+5-4)+ ak “f(1)] 


P(f) P(S) 


1 
x- 
L(2,)+---+f(1)] 


1 1 
nee : ee ei Parent: FAR, Ce 
(2 )+---+f(1)] [f(2i)+---+f(1)] acne rier wie . ; 


Xf (21+s,?")+ tee +f(1)]- . Cf(Zats))+ cacti +f(1)J 








where A is an unimportant constant factor. In each term of the double sum indicated in (C.8) (except those terms 
which correspond to permutations of the S’s in which S; is replaced by S;), the product of p; numerator factors 
corresponding to S; have a denominator factor to their immediate right. This denominator can be written as 
[f(R)’+---+f(1)’], where, in the permutation of the f’s which characterize the term, f; is replaced by 
f;'(g=1 tou). With this notation we define the meaning of contain by saying that in such a term of (C.8), S; contains 
frsi’, frya’, ++ and fr+s;,’; and if the term is one in which S; is replaced by S;, then S; contains f,’, fo’---, and fs;’. 
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We now define the function D,”, 
DCS r41(Spq1',° ° "Spy ¥rt1) Sls; . *$,Pr),- oe y51(51',- . +571) | 


=r Zr aLSrass Lf(Soes)| 1 -o0S1; | f(Si)| J 


P(f) P(S) 


Ki Of (Sets Pr y+ +f) )- + Of e+say) +--+ f(1)] 


1 
X Dats )t +f IS Sats ++ +4(1 
(7@)4+- yo 5,?") fMIL 5,') f(1)] 


1 


x- — Ke xX— 
cfs Z,- ra -+f(1)] Lf(z -- -+/(1)] 


f(s") +--+ f(DICf(s4)+---+f/()]}, (C9) 


where 2[.S;; | f(S,)|_] is an arbitrary function of the f’s contained in S;. ‘ 

By induction we shall now prove the following lemma: The function D,’ defined in (C.9) is zero independently 
of the functional form of the functions o[.S;; | f(S;) |] as long as there is at least one more f sum factor in the de- 
nominator than there is in the numerator (i.e., with the restriction (C.5)). Since D, is the special case of D,” when 
all the v’s are unity, the proof of the lemma constitutes a proof of the theorem [see remark’following Eq. (C.7) ]. 

If / is the number of f sum factors in the numerator, we first assume that the lemma is true for / <</>— 1 and show 
that this implies its validity for /=/ . Finally we complete the proof by proving the lemma for /=0. For the case 
1=1)40, the numerator contains an f sum factor which is of the form [ f(2,_1+5;')+---+//(1)] in the term of 
(C.9) written out explicitly in the square bracket. Therefore, if we write 


Cf (Seats) +: +f) J=Y Seats) t+:--+fSieat))JtYein)+:-- +f), (C.10) 


the function D,* can be thought of as the sum of two functions, one arising from each of the two terms in (C.10). 
Since all the f’s in the first term of (C.10) are contained in S;, it is possible to incorporate this term into the defini- 
tion of v[.S;; | f(S;)| ] with the result that the function arising from this is a D,’ with ]=/)—1 and is zero by the 
inductive hypothesis. The remainder of D,” can be thought of as the sum of r+1 functions such that the first of 
these is the sum of all the terms in which 5S; lies to the far right in the expansion of (C.9), and each of the r other 
functions are distinguished by specifying which S; lies to the immediate right of S;. The first of these r+-1 functions 
is zero since when 5S; lies to the far right there is no second term in the decomposition (C.10). For each of the re- 
maining r functions a numerator factor cancels against an identical denominator factor and the result is a D 
function with one less / and one less r. ny: each of these r functions are also zero by the inductive 
hypothesis. 
To complete the proof we must show that D, *=0 for the case of /=0. Hence, we must show that 


LS 415 f(u), f(u-1),- > f+) PLS; fE),- fat): - L515 f2y),- > f() J] 


fy in Che )+--- (DIE a+-- +f] [feyt--- +f] esl 





=0. (C.11) 


Denoting the expression in the square bracket of (C.11) by {S,41,5,,---,Si}, we rewrite (C.11) in the form 


p a C{Sp41,5,° = Si +{S,Srp1,° he Sit+ at) +{S,,° ih aS re1S1} +{5;,° ‘ S15 r4¢1} ]=0, (C.12) 


P’(S) P(t) 


where P’(S) indicates the sum over all permutations of 5; to S,. 
We have 


a {SrSr41,° Si } 
P(f) 


= oLS,; f(u),- ‘ Sf (Sat Sryi tl) lS e153 f(Zart+S41),° . * f(Z1+1)]- ; “Si; f(2),- - ‘f(1)] 
Pi) Cf(2uatSuyt:-+f/(DIL(S—)+:- -+f(1)]: **Cf(2i)+---+f(1)] 





(C.13) 
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and using the fact that }>;~1“/;=0 on the denominator factor at the left, there results 
2 {S,,Sr41,° _ yi} 
P(s) 
_ > oLS,; f(u),- . F(Z rartFS roi +1) OLS 415 f(Z rt S41),° . ‘f(Zr14+1))- 3 “LS; f(21),° f f(1)] (C 14) 
PO [fw t+ fQu-1) +> t+ fSuatSrat DIE u)t +) edt +f] 


Now, since we are free to permute the /’s within the summation sign without affecting the result, we perform the 
following rearrangement which transforms the numerator of (C.14) into the same form as the one in (C.11): 





f(u) > f(u—Si41) =f(2,), f(Zr14+S p41) > f(u), 
f(u-1) > f(u—S,41-1) =f(2,—-1), f(Z—-1+S,41—-1) > f(u—1), (C.15) 
f(Znrt Sri +1) ey f(Z +1), f(Z~14+1) =” f(u-—Si4itl)=f(2,+1), 


with all the other /’s remaining unchanged. Equation (C.14) can now be written as 


1% {S,,Sr41,° : * Si} 





P(f) 
_ 85 ES FO), SUD, + SMS ICI, + fSmrt MT --AS5 IEDs DD ay 
a E) + $fFatNIa)+- + /O} edt +f] 


All the other terms of (C.12) can be rewritten in a similar manner. Each time S,,; is shifted one more place to 
the right, we express one more term in the denominator (from the left) as a sum of f’s beginning with f(u) and then 
affect the permutation of the /’s which makes the numerator identical to the one written out explicitly in (C.11). 
The result of these manipulations is that 


DY [(SepSr,° °° Sapte +ES,,° °° Sa Sepa} ] 




















“i EF ASr5 fy Sf Sed LS 5 (Ey Eat] L515 (Ed, $0] 
1 
“let +I e+ 4+/DIey+---+/0)) 
1 
Ef) $+ Ff at NILE) + +f] Lf) +--+] 
1 
Ch) ++ $f Sat TS) + +fO ADIL) +-- +P Lf) +--+ 90] 

ewan offen gyms ist 

CAE )++ + +f(2at1))---Cf(S)+- +f 41) IL f(S)+---+/(1)) 

+(-—1)" (C.17) 








[e+e +f at))--[fe)+--- +f) 


It is not difficult to verify that the expression in the square bracket of (C.17) is zero. 

The extension of the proof to include multiple commutations expressions can be accomplished without difficulty. 
First we define G,,:...(2) to indicate the contribution to G(z) arising from terms in which there are r single com- 
mutator vertices, s double commutator vertices, ¢ triple commutator vertices, etc. Now if we attempt to apply the 
above proof to G,.:...(2), it is immediately observed that the structure of the product of S;—1 matrix elements 
which correspond to S; is in general different for every permutation of S, to S,,; which changes the position of S;. 
However, if the J operators are rearranged appropriately each time 5S; to S,41 is permuted, this structure is not 
changed. If we now redefine >> p,s) to mean the sum over this double rearrangement, the proof that G,.:...(z) has 
no pole at the origin follows by complete analogy to the one presented for G;(z). 
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High-Voltage Photovoltaic Effect* 


L. PENSAK 


RCA Laboratories, Princeton, New Jersey 
(Received November 25, 1957) 


ACUUM evaporated films of cadmium telluride 
have been prepared that show unusually high 
photovoltages across their ends. The effect is inde- 
pendent of the electrode material and the voltage is 
preecnieneine the length of the film. A value of one 
hundred volts/cm has been obtained in sunlight. Since 
the photovoltage of a single junction is limited by the 
band gap of the material (1.45 ev), it is concluded that 
the films consist of large numbers of junctions (or other 
photovoltaic elements) whose individual voltages add 
to produce the observed values. Photovoltages greater 
than band gap have been reported for films of PbS,'? 
but with a maximum of 3 volts and only after some 
post-evaporation processing. No such processing is 
required for the CdTe films. 

The presence of the effect depends on the angle, 6, of 
deposition of the vapor onto the substrate as shown in 
Fig. 1. Lines of constant 6 are found to be equipotentials 
for photovoltage. No photovoltage exists in material 
deposited with @=0. The photovoltage increases rapidly 
with @ up to about 10 degrees and then very slowly up 
to 60 degrees, above which no measurements were 
taken. A second requirement for the effect is that the 
substrate be held at a temperature between 100 and 
250°C during deposition. The pressure during evapora- 
tion, ~10~° mm, is maintained by an oil diffusion pump. 


GLASS SUBSTRATE 


PAs T= 150°C 
+ 


ELECTRODES 





EVAPORATOR 
= 600°C 


Fic. 1. Schematic diagram of evaporation arrangement for 
producing the high-voltage photovoltaic effect in films of CdTe. 
Polarity of the film is as indicated. 
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The rate of film formation is about 1000 A per minute. 
The films become photovoltaic when the thickness is 
sufficient to absorb some light, and the voltage increases 
to a maximum at approximately one micron. The 
effect occurs with Pyrex glass, fused quartz, and other 
substrate materials. The only requirement is that the 
substrate be more insulating than the films which, in 
the dark, have a resistance of the order of 10" ohms per 
square at room temperature. 

The electrical properties of the films and their re- 
sponse to light and temperature are reported in a 
following letter. Optical transmission measurements 
show that the fundamental absorption edge is 8300 
A, the expected value for CdTe. X-ray studies by 
J. G. White of this Laboratory are consistent with the 
view that the films consist of crystallites whose size is 
comparable with the film thickness (~1 y). The crystal- 
lite (111) planes have a preferred orientation parallel to 
the substrate, regardless of the angle of deposition. 

Although the effect has been found in every film 
made, the magnitude has not been reproducible within 
a factor of 10. An explicit model for the mechanism of 
the effect has not yet been established. An effect of 
comparable magnitude has been found in single-crystal 
zinc sulfide by another group in this laboratory. Further 
studies of the effect in both materials are under way. 

*This work was supported by the Evans Signal Corps 
Laboratories. 

1 Starkiewicz, Sosnowski, and Simpson, Nature 158, 26 (1946). 


2 Berlaga, Rusmach, and Strakhov, Zhur. Tekh. Fiz. 25, 1878 
(1955). 


Properties of Photovoltaic Films of CdTe{ 


B. GOLDSTEIN 
RCA Laboratories, Princeton, New Jersey 
(Received November 25, 1957) 


HIS letter describes some of the basic properties 

of a representative photovoltaic film of CdTe.! 

The film was deposited onto a Pyrex substrate: it was 

one-half cm long, one cm wide, and about one micron 

thick. The open-circuit voltages were measured with a 
bucking circuit and null detector. 

Both the open-circuit photovoltage and the short- 
circuit photocurrent of the film cut off sharply at 
8300 A. The photovoltage is strongly temperature- 
dependent as shown in Fig. 1. Figure 2 shows the light 
intensity dependence of the open-circuit photovoitage 
at four temperatures for a light source and filter com- 
bination which transmits light of wavelengths less than 
6500 A. Analysis of these data has shown that the 
photovoltage has many of the important characteristics 
exhibited by that of a well-behaved p-n junction. The 
photovoltage saturates with light intensity at low 
temperatures, while at higher temperatures it follows 
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Fic. 1. Open-circuit photovoltage vs temperature at three 
relative light intensities. L=1 corresponds to a photon flux of the 
order of 10'7/cm? sec. 


the mathematical expression describing the behavior of 
the open-circuit photovoltage developed at a p-n 
junction?*; 

AV =In(KL+1). " (1) 


Here J is e/kT, V is the open-circuit voltage, L is the 
light intensity, and K is equal to the ratio of the short- 
circuit current and /,, tothe thermally-generated reverse 
saturation current, Jo. In addition, the short-circuit 
current of the CdTe film (~5X10~-" amp at high light 
levels) varies linearly with light intensity and is rela- 
tively independent of temperature from —169°C to 
150°C. 

Assuming that the film is composed of a number of 
junctions (or other photovoltaic elements) arrayed in 
such a way that their individual voltages add, one can 
estimate the number of such elements, m, in two ways. 
In the first, Eq. (1) is rewritten for the case of similar 
junctions in series, (A/n)V =In(KL+1), and 7 is calcu- 
lated by fitting this equation to the data in Fig. 2. In 
the second, one compares the slope of the temperature 
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Fic. 2. Open-circuit photovoltage vs relative light intensity 
at four temperatures. 


TO THE EDITOR 


TaBLeE I. Summary of the important photovoltaic parameters 
at different temperatures assuming the film to be composed of an 
array of p-m junctions. The film resistance, photovoltage, and 
short-circuit current are given for light intensity L=1. 











Temperature Resistance Voltage Short-circuit 
(°C) ny Nsiope (ohms) (volts) current (amp) 
27 114 150 1.9 X10 7.0 3.7 X10- 
—28 425 417 7.1 X10 28.5 4.0 x10-" 
—62 700 695 15 X10" 57.0 3.8 X10710 
—169 3680 1900 104 X10 3.1 X10-% 


315.0 





dependence of the photovoltage of a single junction 
(measured on a single crystal of CdTe) to that of the 
film as given in Fig. 1. These estimates are listed in 
Table I under the headings m, and Msiope, respectively. 
Agreement between the two is seen to be good. Table I 
shows that m increases as the temperature decreases. 
This suggests a series of single photovoltaic junctions 
with a distribution of barrier heights. At low tempera- 
tures most of the junctions are contributing, while at 
higher temperatures a much smaller number are 
effective. Note that at low temperatures the linear 
density of junctions approaches 10* per cm, the linear 
density of crystallites.’ 

While the short-circuit current and open-circuit 
voltage of the film behave as though they originate at 
p-n junctions, the film resistance is completely ohmic at 
all light intensities and temperatures. This means that 
if junctions cause the photovoltaic effects, then the 
film must contain either a series resistance much greater 
than the junction resistance or a shunt resistance much 
less than the junction resistance.? Our data do not 
distinguish between these two cases. A typical set of 
current-voltage curves is shown in Fig. 3. From these 
curves it was determined that the resistance as a func- 
tion of light intensity is R(L) = (1/L) In(KL+1), except 
at voltage saturation where it is linear. The same 
behavior is observed in films deposited at normal 
incidence which exhibit no net photovoltage. This 
indicates that the resistance is due to some property of 
the film itself and not merely to the presence of a photo- 
voltage. Films having resistivities appreciably lower 
than those given in Fig. 3 (~10’ ohms/square) do not 
show a photovoltage. It is interesting to note that for 
all light intensities and temperatures, the film resistance 
is equal to the ratio of the open-circuit voltage to the 
short-circuit current. 

Measurements similar to those described before were 
made on a film deposited onto a sapphire substrate and 
the same general behavior was found. 

The magnitude of the observed photovoltages sug- 
gests that the effect stems from a system containing 
10? to 10‘ photovoltaic elements per cm. While the 
experimental results discussed here suggest an equiva- 
lent circuit based on a series arrangement of p-n junc- 
tions, it should be emphasized that this is but one 
possible interpretation, at this time the most promising. 

The location of the photovoltaic elements is at 
present unknown. They may, for example, be associated 
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APPLIED VOLTAGE (VOLTS) 

Fic. 3. Current through film vs applied voltage. Relative light 
intensities and corresponding film resistances are as shown. 
Intercepts on the ordinate and the abscissa are the short-circuit 
current and the open-circuit voltage, respectively. 


with the space charge layers at grain boundaries. 
Whatever their location, however, the crystallographic 
ordering process which produces the additive arrange- 
ment of these elements is a major factor yet to be 


explained. 

+t This work Evans Signal Corps 
Laboratories. 

'L. Pensak, Phys. Rev. 109, 601 (1958), preceding letter. 

2M. B. Prince, J. Appl. Phys. 26, 534 (1955). 

3 J. J. Loferski, J. Appl. Phys. 27, 777 (1956) 
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New Phenomenon in Narrow Germanium 
p-n Junctions 
LEO ESAKI 


Tokyo Tsushin Kogyo, Limited, Shinagawa, Tokyo, Japan 
Tokyo Tsushin Kogyo, Limited, Shinaga Tokyo, Japan 


(Received October 11, 1957) 


N the course of studying the internal field emission 

in very narrow germanium p-n junctions, we have 
found an anomalous current-voltage characteristic in 
the forward direction, as illustrated in Fig. 1. In this 
p-n junction, which was fabricated by alloying tech- 
niques, the acceptor concentration in the p-type side 
and the donor concentration in the n-type side are, 
respectively, 1.6X10" cm™ and approximately 10” 
cm~*, The maximum of the curve was observed at 
0.035+0.005 volt in every specimen. It was ascertained 
that the specimens were reproducibly produced and 
showed a general behavior relatively independent of 
temperature. In the range over 0.3 volt in the forward 
direction, the current-voltage curve could be fitted 
almost quantitatively by the well-known relation: 
I=I,[exp(qV/kT)—1]. This junction diode is more 
conductive in the reverse direction than in the forward 
direction. In this respect it agrees with the rectification 
direction predicted by Wilson, Frenkel, and Joffe, and 
Nordheim 25 years ago.' 

The energy diagram of Fig. 2 is proposed for the case 
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Fic. 1. Semilog plots of the measured current-voltage 
characteristic at 200°K, 300°K, and 350°K. 


in which no voltage is applied to the junction, though the 
band scheme may be, at best, a poor approximation for 
such a narrow junction. (The remarkably large values 
observed in the capacity measurement indicated that 
the junction width is approximately 150 angstroms, 
which results in a built-in field as large as 5X10° 
volts/cm.)? In the reverse direction and even in the 
forward direction for low voltage, the current might be 
carried only by internal field emission and the possibility 
of an avalanche might be completely excluded because 
the breakdown occurs at much less than the threshold 
voltage for electron-hole pair production.? Owing to the 
large density of electrons and holes, their distribution 
should become degenerate ; the Fermi level in the p-type 
side will be 0.06 ev below the top of the valence band, 
E,, and that in the n-type side will lie above the bottom 
of the conduction band, E,. At zero bias, the field 
emission current J, from the valence band to the 
empty state of the conduction band and the current 
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Fic. 2. Energy diagram of the p-m junction at 300°K 
and no bias voltage. 
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Fic. 3. Comparison of the current-voltage curves calculated with 
the measured points at 200°K, 300°K, and 350°K. 


I... from the conduction band to the empty state of 
the valence band should be detail-balanced. Expressions 
for I.4, and J,.,. might be formulated as follows: 


Ey 
Tew =A if fel E)pe(E)Zew{1— fe(E)}o.(E)dE, 
E 


me 


Ex 
Tyac=A f fel E)po(E)Zr4e{1—fe(E) }pe(E)dE, 
Ee 


where Z,.,, and Z,.,, are the probabilities of penetrating 
the gap (these could be assumed to be approximately 
equal) ; f.(£) and f,(£) are the Fermi-Dirac distribution 
functions, namely, the probabilities that a quantum 
state is occupied in the conduction and valence bands, 
respectively; p.(£) and p,(E) are the energy level 
densities in the conduction and valence bands, re- 
spectively. 

When the junction is slightly biased positively and 
negatively, the observed current J will be given by 


Ev 
T=Tes—Texc=A f { fe(E) — fo(E)}Zpe(E)p»(E)dE. 
E 


we 


From this equation, if Z may be considered to be almost 
constant in the small voltage range involved, we could 
calculate fairly well the current-voltage curve at a 
certain temperature, indicating the dynatron-type char- 
acteristic in the forward direction, as shown in Fig. 3. 

Further experimental results and discussion will be 
published at a later time. The author wishes to thank 
Miss Y. Kurose for assistance in the experiment and 
the calculations. 

1A. H. Wilson, Proc. Roy. Soc. (London) A136, 487 (1932); 
J. Frenkel and A. Joffe, Physik. Z. Sowjetunion 1, 60 (1932); 
L. Nordheim, Z. Physik 75, 434 (1932). 

2 McAfee, Ryder, Shockley, and Sparks, Phys. Rev. 83, 650 
(1951); C. Zener, Proc. Roy. Soc. (London) 145, 523 (1934). 


#S. L. Miller, Phys. Rev. 99, 1234 (1955); A. G. Chynoweth 
and K. G. McKay, Phys. Rev. 106, 418 (1957). 
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Ferromagnetism of a Zirconium- 
Zinc Compound 


B. T. MAtTHIAs AND R. M. Bozortu 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 2, 1957) 


COMPOUND of two superconducting elements, 

zirconium and zinc, with the approximate com- 
position 1 Zr:2 Zn, has been found to become ferro- 
magnetic below 35°K. The saturation moment is about 
0.13 Bohr magneton per molecule (Fig. 1). 

There are only a few ferromagnetic elements. They 
are Fe, Co, Ni, and some of the rare earth metals with 
partly empty 4f shells. No ferromagnetic intermetallic 
compounds are known that do not contain any of the 
afore-mentioned elements or Cr and Mn. The last two 
also occur in antiferromagnetic modifications. This has 
led to the tacit assumption that no ferromagnetism 
could occur in an intermetallic compound unless it con- 
tained at least one strongly paramagnetic element. 

When one considers the fact that both zirconium and 
zinc are not magnetic (in addition to being super- 
conductors), the ferromagnetism of this compound is 
therefore a rather remarkable phenomenon. It indicates 
that ferromagnetic and perhaps also antiferromagnetic 
compounds may be formed by the combination of many 
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Fic. 1. Saturation moment vs temperature of a zirconium-zinc 
compound with the approximate composition of 1:2. 
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more metals than had been supposed until now. It will 
be interesting to see whether this material is super- 
conducting.’ E. A. Wood has identified our material 
with that of Pietrokowsky,? who determined that its 
structure was the cubic MgCuz structure. 

1V. L. Ginzburg, Zhur. eksptl. i teort. Fiz. 31, 202 (1956) 


[translation : Soviet Phys. JETP 4, 153 (1957)]. 
? P. Pietrokowsky, J. Metals 6, 219 (1954). 


Vacancy Diffusion in Binary 
Ordered Alloys 


E. W. Evcock anp C. W. McComBie 


Marischal College, Aberdeen, Scotland 
(Received November 1, 1957) 


LIFKIN and Tomizuka! have suggested that va- 
cancy diffusion in certain well-ordered binary alloys 
should lead to equal self-diffusion coefficients for the 
two components of the alloy. It was assumed, as it will 
be in all that follows, that (1) the lattice of the alloy 
may be subdivided into two sublattices such that 
nearest neighbor sites of a site on one sublattice all lie 
on the other sublattice, the state of perfect order of the 
AB alloy being such that each sublattice is occupied by 
atoms of one kind, and (2) the only mechanism for 
atom interchange is by vacancy jumps from a site to 
a nearest neighbor site. The argument is simply that, 
in the course of 2m vacancy jumps through the well- 
ordered AB lattice, m A atoms and m B atoms are each 
displaced an equal distance: it is inferred that the self- 
diffusion coefficients of the two components of the alloy 
are equal. 

This suggestion has been criticized by Lidiard? who 
points out that such vacancy tracks do not satisfy the 
equilibrium requirements for the alloy. There are, how- 
ever, as has been remarked by Huntington,’ certain 
cyclic vacancy tracks which could produce diffusion 
without creating disorder. Although such highly corre- 
lated processes might seem at first sight very im- 
probable, we shall show that, at sufficiently low 
temperatures, they provide the dominant mechanism 
for diffusion. 

Consider a vacancy supposed initially to be at an 
a site in an otherwise perfectly ordered body-centered 
cubic AB crystal. A jump of the vacancy into one of 
the nearest neighbor 6 sites disorders a B atom with 
consequent increase in configuration energy and, for 
temperatures low compared to the critical temperature, 
will almost always be followed by a jump of the vacancy 
back into its original position. Two successive jumps of 
the vacancy away from the original position, involving 
the disordering of two atoms and consequently a greater 
increase in configurational energy, will occur much less 
frequently and such jumps also will tend to be immedi- 
ately retraced: the vacancy is strongly bound to its 
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initial position. It follows that a configuration in which 
a vacancy has a perfectly ordered local environment is, 
at sufficiently low temperatures, very stable. Further, 
none of these processes involving jumps away from the 
initial position followed by retracing of these jumps 
give rise to net diffusion. 

Eventually the vacancy will, in some series of jumps, 
either return to its initial stable position by a process 
not depending on retracing of jumps, or escape to a 
different stable position. Either process results in net 
displacements of the atoms of the alloy. In fact, the 
escape to a new stable position is the most probable 
process. The vacancy will be in a position to escape 
from an initial stable position if it makes three suc- 
cessive jumps around a square of four nearest neighbor 
sites in a (111) plane: the vacancy is then just as likely 
to make a further forward jump around the square as 
a backward jump. If the vacancy makes the forward 
jump, however, it will then be bound to a new stable 
position at the site on the square diagonally opposite 
the initial site. In going from the initial to the final 
stable configuration, the vacancy makes six jumps 
around the sides of the square. The net result so far as 
diffusion is concerned is that if the initial vacancy site 
was an a(b) site, two B(A) atoms will have inter- 
changed places, so that each has been displaced a 
distance equal to the diagonal of the square considered, 
and one A(B) will have moved the same distance. No 
net disordering occurs. 

In order to execute any other nontrivial series of 
jumps starting and ending in a stable state, the vacancy 
must pass through a configuration of higher energy than 
any occurring in the six-jump process described. More- 
over, the increase in the number of equivalent processes 
will not compensate for this increase in configurational 
energy at sufficiently low temperatures. At sufficiently 
low temperatures, then, we may regard diffusion as 
taking place solely by the six-jump process described. 
It should be noted here, however, that although other 
cyclic processes make no appreciable contribution to 
diffusion, they constitute mechanisms by which semi- 
permanent local regions of disorder may be created and 
destroyed and hence play a part in maintaining the 
equilibrium disorder. Since it may be shown that 
Bardeen-Herring type correlations between successive 
jumps of A and B atoms are approximately the same, 
the mean square displacement of B(A) atoms due to an 
a(b) vacancy making a series of six-jump processes wil! 
be approximately twice that of A(B) atoms. At suffi- 
ciently low temperatures, then, we expect the value of 
the ratio of self-diffusion, G, of A to B atoms to lie 
between 2 and 3, the precise value being given by 


G=Dp/Da= (2ngWwat news) / (2nswo+ Nata), 


where , and m are equilibrium concentrations and wa 
and w, are frequencies for the six-jump process for the 
two kinds of vacancy. 
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It is probable that diffusion will be too small to be 
measured at temperatures where processes other than 
the simple six-jump process may be ignored. The more 
complicated processes which will come into play at 
slightly higher temperatures would not, however, be 
expected to change the ratio G very greatly. We may 
therefore reasonably expect that, at low temperatures, 
the two diffusion constants will lie within a factor of 
two or three of one another and this expectation is 
borne out by the experimental results.‘ 

1 L. Slifkin and C. T. Tomizuka, Phys. Rev. 97, 836 (1955). 

2 A. B. Lidiard, Phys. Rev. 106, 823 (1957). 

3H. B. Huntington (private communication to Dr. Slifkin). 


‘Kuper, Lazarus, Manning, and Tomizuka, Phys. Rev. 104, 
1536 (1956). 





Effective Nuclear Spin Interactions 
in Ferromagnets 


H. Suni 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received November 25, 1957) 


HIS note is to draw attention to a type of nuclear 

spin-spin interaction which may be at the root of 

the difficulty of observing nuclear resonance of the 

metal nuclei in ferromagnetic and antiferromagnetic 
insulators. 

The interaction takes place as follows: Each nuclear 
spin sees the electronic spin on its own ion, through the 
effective hyperfine coupling AI-S. The electronic spins 
of all the ions are coupled by exchange interaction. An 
interaction of the nuclei therefore arises via the low- 
lying excited states (spin waves) of the electronic system 
as intermediate states.‘~* That is to say, a nuclear spin 
excites a spin wave through the hyperfine coupling, and 
another nuclear spin causes it to be reabsorbed through 
its hyperfine coupling. For a cubic ferromagnet, sum- 
mation of this process over all the possible virtual 
spin-wave states leads to a nuclear interaction of the 
form 


A 2S a Hint } Vij 
H.0= ————_ 4 — exp| - ( ) -~ ret 
SrguBHex ii Vi; a. 
(1) 





ex 


where r;; is the distance between sites i and j, a the 
lattice spacing, A the hyperfine coupling constant, S the 
ionic spin, H,x an effective exchange field, Hing the 
effective dc field (i.e., the applied steady field minus 
the demagnetizing field). J,+ stands for J;*7i];”, where 
I, I are the nuclear spin components in a plane 
normal to the quantization direction, which is taken to 
be the direction of Hint. Demagnetization effects (other 
than in Hint) were neglected, the energy of a spin wave 
quantum of wave number & being taken in the form 
hoo, = gup(H inet H.xa°k*). If demagnetization effects are 
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included, interactions of the form J+J ;+ and J;-J;~ will 
also occur, leading to satellite lines. The self-energy 
term i=j, which has been omitted from (1), gives a 
small shift in the nuclear resonance frequency, and, 
if J>4, also a small quadrupole effect. 

The interaction (1) will lead to a nearly Gaussian 
line profile,’ with root-mean-square width given by 
Van Vleck’s formula.® Since the range of the interaction 
is rather long (about 30 lattice spacings for H.x~10° oe 
and Hine~10 oe), the sum in Van Vleck’s formula® may 
be replaced by an integral, with the result 


I(I+1)]}/ Hex \t 7A A 
care 1(22)'(4)(4). 
24m IN Hind \ a7 \ guslex 


For example, in the Mn** ion, with S=}, A=10-*cm"!, 
I=, and H.x/H int= 1000, the line width will be about 
0.14 Mc/sec. 

Formula (2) is very similar [aside from the factor 
(H.x/Hint)*] to the result of Moriya’ applicable in the 
paramagnetic regime. Thus, the hope that ferromagnetic 
ordering of electron spins might make observation of 
nuclear resonance easier than it is in the disordered 
state does not appear to be justified. 

The same process also occurs in antiferromagnetic 
materials such as MnF» and affects the resonance of 
the nuclei of both the magnetic and nonmagnetic ions. 
The result is much the same as (2) with the anisotropy 
field replacing Hint. This, and related topics, will be 
discussed in a forthcoming paper. 

The author wishes to thank Dr. V. Jaccarino, Dr. A. 
M. Clogston, and Dr. P. W. Anderson for very helpful 
discussions. 





1 Other cases of interaction of nuclei via electrons have been 
described in the literature, e.g., in references 2, 3, and 4. 

2M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 

3N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 
(1955). 

4N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1953). 

5 The exchange-like part of (1) cannot drastically narrow 
the line. ; 

®Y.H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

7 T. Moriya, Progr. Theoret. Phys. Japan 16, 23 (1956). 





Possible Method for Determining the 
Intrinsic Parity of the K Meson*+ 


G. Costa AnD B. T. FELD 
Physics Department and Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, 
Cambridge, Massachusetts 
(Received October 30, 1957) 


S a consequence of the nonconservation of parity 
in the weak interactions, including decays not 
involving the emission of neutrinos, there is no possi- 
bility of determining the intrinsic parity of a K meson 
or hyperon by observations on its decay.! However, 
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there is no evidence of parity nonconservation in the 
strong interactions leading to the production of hyperons 
(Y=A or 2) and K mesons. Accordingly, it is of 
interest to consider possible means of utilizing some 
special features of the production processes for the 
determination of the parities of the strange particles. 

It is to be noted that, since the “strangeness” selec- 
tion rule requires the associated production of a hyperon 
and a K meson, such processes can only yield the 
intrinsic parity of the (Y-K) system produced. How- 
ever, for simplicity, we shall in the following define the 
intrinsic parity of the hyperons to be identical with 
that of the nucleons. Thus, when we refer to a scalar 
K meson, it is to be understood to mean that the Y-K 
system has the same parity as the nucleons.” 

A number of theoretical arguments have been ad- 
vanced,* which tend to favor one parity or another for 
the K meson. However, in the absence of a complete 
theory of the strange particles and their interactions, 
such arguments cannot be taken as more than sug- 
gestions. An experiment proposed by Dalitz,‘ on the 
selection rules in the capture of K mesons by He’, is 
one possibility for determining the X-Y parity. It is the 
purpose of this note to suggest another experimental 
approach to this problem. 

We consider the associated production of a hyperon 
and a K meson by the collision of two identical nucleons, 


N+N—>N+Y+K, (1) 
at bombarding energies sufficiently close to threshold to 
assure appreciable production of K mesons in s and 
p states only. Under these conditions, the resulting 
N-Y system is most likely to be in a relative S state. 
For those states in which there are strongly attractive 
forces between the hyperon and the nucleon, such as 
the forces leading to hyperfragment formation, the 
relative momentum between the resulting Y and V 
will be small compared to their total momentum (i.e., 
they will tend to come off together) and reaction (1) will 
resemble a two-body reaction. Such an effect has been 
observed, for example, in the case of radiative m~ cap- 
ture by deuterium,® in which the resulting di-neutron, 
although unbound, exhibits a strong tendency to be 
emitted as a unit. 

Table I summarizes the properties of reaction (1) 
near threshold, assuming such a “bound” final V-Y 
state, for the various possibilities concerning the 
angular momentum of this state and the K-meson 
parity. In preparing Table I, we have assumed a 
spin-0 K and spin-} Y. 

Another feature of the cross sections described by the 
last column of Table I is their energy dependence: The 
terms (amplitude squared) corresponding to/x=0 vary, 
near threshold, as the K-meson momentum; the /x=1 
terms vary as the cube of the K-meson momentum. 

There are indications, based on an analysis of hyper- 
fragments‘ and on theoretical considerations,® that the 
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Y-nucleon force is strongest in the 'So state, possibly 
sufficiently strong to lead to a bound 2-nucleon system. 
If such is the case, we may expect, for a certain fraction 
of reaction (1), a true two-body reaction, in which the 
K meson has a fixed center-of-mass energy, irrespective 
of its angle of production. For such reactions, especially, 
the predictions of Table I provide a means of distin- 
guishing, through the energy dependence and angular 
distribution of the reactions, between a scalar and 


TABLE I. Angular distribution of K mesons produced 
in N+N-(N+Y)+K. 





Final 
(NY) 
state lx 


Y-K 
parity 


Initial (VN) 


state Angular distribution 





+ 1So O 4So0(ao0) 

1 *Pi(a1) 

0 Forbidden 

{ (9/4) | a2’ —a1’ |2+ | a2’ —ao’ |} sin” 


+{(9/2)| a2’ +a1’|2+-| 242’ +a0’ |*} cos? 


1 3Po,1,2(a0,1,2') 


*Po(bo) | bo|2 
Forbidden 
3Pi(bi’) 


1So(bo’ 


| bi’ |? 
(1/3) | bo’ —(5/2)4%be’ [2 


+{|bo’ + (5/2)4b2’ |? — | bo’ |2} cos’ 


1Do(be") 


pseudoscalar K meson. Thus, for a scalar K, the angular 
distribution should be separable into an isotropic and 
a sin’@ term, the former increasing as the momentum of 
the K, and the latter as its cube. For a pseudoscalar K, 
the sin’@ term should be missing.’ By taking advantage 
of these features, careful observations on these reactions 
may permit a determination of the K-meson parity. 

The presence of one of the authors (G. C.) at the 
Massachusetts Institute of Technology was made 
possible through the receipt of a Fulbright Travel 
Grant from the U. S. Department of State. 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

{t Some of these considerations were communicated at the 
Padua-Venice Conference on Mesons and Recently Discovered 
Particles, September 23-29, 1957 (unpublished). 

1B. T. Feld, Phys. Rev. 107, 797 (1957). 

2 This argument does not hold for the cascade hyperon, 2, since 
it is produced together with two K mesons. Furthermore, it is 
not excluded that the hyperons A and = may have opposite 
intrinsic parity. If this were the case, observations would yield 
opposite parities for the systems A—K and 2—K. 

3 For example: M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

4R. H. Dalitz, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956) ; Reports on Progress in Physics (The Phys- 
ical Society, London, 1957), Vol. 20. 

5 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 

6D. B. Lichtenberg and M. H. Ross, Phys. Rev. 103, 1131 
(1956) ; 107, 1714 (1957); N. Dallaporta and F. Ferrari, Nuovo 
cimento 5, 111, 749 (1957); also communications at the Padua- 
Venice Conference on Mesons and Recently Discovered Particles, 
September 23-28, 1957 (unpublished). 

‘In both cases, a term proportional to the K-meson momentum 
cubed can arise from interference between s- and d-wave pro- 
duction. Such terms have a (3 cos’#—1) angular dependence, 
however, and should be distinguishable from a pure sin*# term, 
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Cosmic-Ray Changes from 1954 to 1957* 


H. V. NEHER AND HuGH ANDERSON 
Norman Bridge Laboratory of Physics, California Institute of 
Technology, Pasadena, California 
(Received November 18, 1957) 


NE of the chief characteristics of cosmic rays that 

is often given is that they remain essentially 
constant from one time to another. It is the purpose of 
this Letter to point out that one of the important 
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Fic. 1. The ionization at high altitudes near the north geomag- 
netic pole in 1957 was less than half its value in 1954, the area 
under the ionization-depth curve was down 34%, and the numbers 
of primary particles was down by a factor of four. 


characteristics of cosmic rays is that they do change 
very much with time. 

By cosmic rays we mean, not the radiation we receive 
under the blanket of atmosphere, but the primary 
particles before they have been influenced either by the 
earth’s atmosphere or by its magnetic field. To say that 
there are only small changes in cosmic rays because no 
large variations are measured near sea level is like saying 
that the seasonal change of temperature in Canada is 
only a few degrees because that is all that is measured 
in a fifty-foot deep mine. 

That large changes (exclusive of solar flare effects) do 
occur in cosmic rays has been pointed out previously.':? 
By comparing the data obtained with balloons in the 
Arctic in 1954 and in 1937, it was possible to say that 
the numbers of primary particles near the north geo- 
magnetic pole had increased from the solar maximum 
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of 1937 to the solar minimum of 1954 by a factor of 2.5. 
It was shown that most of this change was in protons 
whose energies were below 10° ev. 

The balloon flights with ionization chambers in 
northwest Greenland in 1957 were made when solar 
activity was near a maximum. Figure 1 illustrates the 
large change that has taken place here in the primaries 
as the sun has gone from very low to quite high activity. 
The flight of August 9, 1957, is typical of the six made at 
Thule during the period August 9 to 20. It is of interest 
that during the present solar maximum the ionization 
due to cosmic rays at Thule is nearly 30% lower than 
in 1937 when the sun was also at a maximum of activity. 
This is consistent with the higher level of solar activity 
during this cycle compared with that 20 years ago. 

In comparing this flight with those made in San 
Antonio, Texas,’ in 1936, it is, of course, necessary to 
be sure that the instruments now used give the same 
answers as those used at that time. We have gone to 
some pains to make certain that such a tie-in can be 
made.' It is believed that a direct comparison is 
possible, with an error of less than 1%. 

In comparing curves C and D of Fig. 1 we may regard 
the bulk of the primaries as close to the same at these 
times since the absorption in the lower part of the 
atmosphere is nearly identical. Curve C at the low 
pressures shows the presence of more low-energy par- 
ticles than D, causing it to rise above D and to shift its 
maximum to lower pressures. We estimate that these 
additional particles (assumed to be primarily protons) 
have a mean energy of 3 Bev. To account for the 
additional area of C compared with D, we then need 
0.02 particle cm~? sec! sterad~! at the top of the 
atmosphere. 

Using previous results*® at San Antonio, Texas, we 
find that there were at Thule in August, 1957 a total 
of 0.056 particle cm~? sec~! sterad~!. This figure is to be 
compared with 0.24 found for Thule? in August, 1954. 
We infer that cosmic-ray particles in space near the 
orbit of the earth also changed by a factor of 4 between 
the solar minimum of 1954 and August, 1957 when the 
sun was near a maximum of activity. 

We wish to express our appreciation to the Office of 
Naval Research offices for making arrangements for 
these flights and to the Strategic Air Command for 
providing facilities and assistance at Thule. We want 
also to thank the Office of Naval Research, the Atomic 
Energy Commission and the National Academy of 
Sciences through the International Geophysical Year 
program for financial support. 

* Assisted by the joint program of the Office of Naval Research, 
the U. S. Atomic Energy Commission, and the International 
Geophysical Year program of the National Academy of Sciences. 

1H. V. Neher, Phys. Rev. 107, 588 (1957). 

2H. V. Neher, Phys. Rev. 103, 228 (1956). 

3 Millikan, Neher, and Haynes, Phys. Rev. 50, 992 (1936). 

‘ Alan R. Johnston, thesis, California Institute of Technology, 


1956 (to be published). 
5H. V. Neher, Phys. Rev. 83, 649 (195). 
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Conservation of the Number 
of Nucleons* 
FREDERICK REINES, CLYDE L. Cowan, Jr.,f 
AND HERALD W. Kruse 


Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 


(Received November 4, 1957) 


HE conservation of the number of nucleons in the 
sense that they do not decay spontaneously nor 
are destroyed or created singly in nuclear collisions is 
generally assumed. The validity of this conservation 
law was tested experimentally in 1954 with the con- 
clusion! that a bound nucleon has a mean lifetime > 10”? 
years. We report here an improvement on this number 
which is made possible by the use of a delayed-coinci- 
dence technique in conjunction with a giant liquid 
scintillation detector array placed about 200 ft under- 
ground at Los Alamos. 

The experimental arrangement is sketched in Fig. 1 
and shows the target material between the large-slab 
liquid scintillation detectors.? This array is shielded 
against local radioactivity by blocks made of boron and 
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paraffin. The electronics are adjusted to select a delayed 
coincidence which had a first pulse of energy 25 Mev 
occurring in the top and/or bottom tank. If the pulse 
was followed in 20 microseconds by a second one which 
registered between 1.5 and 6 Mev in each tank with 
the sum restricted to 3 E<10 Mev, a delayed coin- 
cidence was registered, a two-beam oscilloscope sweep 
was triggered, and a film recording of the event was 
made. Rates were recorded in the first and second 
pulse gates so as to allow the calculation of accidental 
coincidences. The system was energy-calibrated by 
using cosmic ray » mesons which traversed the scin- 
tillator. 

The experiment consisted in measuring as a function 
of target material the delayed coincidence rate deter- 
mined from an analysis of the film records. The use of 
film recording enabled the rejection of electrical noise 
and an arbitrary selection of the time interval (10 usec) 
between the events we chose to consider. The delayed 
coincidence was supposed to arise from a pair of pulses, 
the first of which came from the decay of a charged 
nucleon, the second from the capture of a neutron 
emitted by the residual nucleus. An uncharged nucleon 
might conceivably also give rise to charged products or 
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Fic. 1. Schematic diagram of experimental] arrangement showing the target in position between two large liquid scintillation detectors, 
all enclosed in a boron paraffin shield. The signals are fed through the associated electronics to a two-beam recording oscilloscope, the 
sweep of which is triggered when an acceptable delayed coincidence event occurs. 
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TABLE I. Summary of experimental data, containing information on “target” nuclei, run lengths, and count rates. 








Run Calculated 














Number of atoms length Rate acc. bkgd. 
Target H D oO Cd cl (hr) Counts (hr-) (hr) 
1 4.0X 10°" 3.6X 10?7 3.8X 1027 1.5X 106 3.1 1076 112.2 313 2.79+0.16 0.23 
2 1.1X 1078 - 5.5X 10°? tee tee 72.0 173 2.40+0.18 0.24 








detectable gamma rays but we do not consider this 
possibility further here. Two experiments, one with an 
H,O target and one with a target containing Cd to 
capture and detect the neutron by means of its capture 
gamma rays, were performed to enable a measurement 
to be made of the postulated neutron-associated delayed 
coincidences. The targets chosen were 165 kg of H.O 
and 168 kg of a mixture of H»O, D.O, and CdCl. 
Table I shows the pertinent data from these two 
experiments. The neutron detection efficiency for the 
system with Cd is about 0.3 and charged particles 
emanating from the target should be seen with an 
efficiency approaching 100% since edge effects are small. 
Without Cd the neutron efficiency is effectively zero. 
From the table it is seen that the net neutron- 
associated rate=0.39+0.24 hr— (<0.63 hr~). Although 
a partial cosmic-ray anticoincidence blanket in the form 
of liquid scintillation detectors was placed above the 
detectors it was not possible to rule out nucleon modes 
of decay which would not trigger the anticoincidence. 
The observed rate is not inconsistent with that expected 
from cosmic rays at the detector location. It seems 
quite conservative to assume that at most one-half of 
the events are due to nucleon decay. We interpret the 
data by assuming that less than half the neutron- 
associated rate (i.e., <0.32 hr~!) is due to the reaction 


D-—n-+ decay products, 


where the choice of decay products is limited by the 
laws of conservation of electrical charge and mass- 
energy-momentum. The nucleon lifetime based on this 
reaction is in excess of 4X10” yr. 

In view of the enormously great lifetimes under dis- 
cussion, pions are assumed to be excluded as decay 
products by virtue of their strong interaction with 
nucleons, an assumption which precludes consideration 
in these estimates of the other nuclei comprising the 
target. This follows because the assumption makes im- 
probable an interaction between the residual nucleus 
and the decay products and the consequent emission of 
a neutron which could give rise to a delayed coincidence. 
An estimate of the nuclear excitation produced by the 
sudden, noninteracting removal of a nucleon based on 
considerations of nuclear compressibility indicates that 
only a fraction of a Mev is available. This conclusion 
also rules against the possibility of neutron emission due 
to nucleon decay of the other nuclei which make up 
the target. 


We wish to thank Dr. Kenneth Ford for an estimate 
of the available nuclear excitation and J. E. Gill for 
his assistance in analyzing the film record. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+t Now at the Department of Physics, George Washington 
University, Washington, D. C. 

1 Reines, Cowan, and Goldhaber, Phys. Rev. 96, 1157 (1954). 

2 These detectors designed for the free-neutrino studies are 
pictured in an article by F. Reines and C. L. Cowan, Phys. Today 
10, No. 8, 12 (1957). 





Relations between the Hyperon Polari- 
zations in Associated Production* 


R. Gattot 
Radiation Laboratory, University of California, 
Berkeley, California 
(Received December 2, 1957) 


IX view of the recent discovery of a large up-down 
asymmetry in A°-+p+-2,! we report in this note on 
some results on the polarizations of the produced 
hyperons, which will be useful in the interpretation of 
the experiments. We first show that in the decay 
>°-A°+-¥ from a polarized 2° the A° is longitudinally 
polarized in the 2° rest frame, and the value of its 
polarization is the same, except for having opposite 
sign, as the component of the 2° polarization along the 
A® line of flight. It is assumed that both A° and 2° have 
spin 3, but the result is independent of their relative 
parity. Denoting by wu the unit vector along the direc- 
tion of emission of the A° in the =° rest frame, and by 
(oe): and (a), the polarizations of the 2° and of the A°, 
one finds, after summing over the photon polarizations, 


(e),= — ((e)s-u)u. (1) 


The angular distribution of the pion emitted in the 
subsequent A° decay is given by 


W(v)=1+ea((e),-v)=1—aPs3(n-u)(u-v), (2) 


where v is the unit vector along the direction of emission 
of the w~ from A° decay in the A° rest frame, a is the 
asymmetry parameter for A°->p+7-, and we have 
written (#)s=Psn, where, in a two-body production 
process, such as m+—2°+K°, n is a unit vector 
normal to the production plane. If @ is known,’ from 
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Eq. (2) one can determine Py at a given angle. One sees 
from Eq. (1) that the polarization for the larger sample 
including A°’s emitted in all directions from the polar- 
ized 2° is 


[(o)s n= — 3(0)z, 


and for such a sample Eq. (2) reduces to 
[W(v)w=1—4aPs(n-v). 


Therefore the only asymmetry expected for the larger 
sample is an up-down asymmetry with respect to the 
production plane (defined by the incoming ~ and the 
outgoing K°), and its measurement will permit a 
determination of Ps. In a smaller sample, for which the 
A° direction is observed, the asymmetry will not in 
general be up-down, but relative to the vector u.’ 

To derive Eq. (1) we observe that in the decay 
>°—A°+-7, from the three available vectors—e, Pauli 
spin operator, e, polarization vector of the y, and u, the 
last two satisfying (e-u)=0 imposed by gauge in- 
variance—we can form only one pseudoscalar, (@-e), 
and only one scalar, (#-e Xu), which contain e linearly. 
Therefore the transition matrix T is, apart from con- 
stants, (#-e), if 2° and A°® have opposite (relative) 
parity (£1 transition), and (#-eXu) if they have same 
parity (M1 transition). The polarization of the emitted 
A° is given by 


(o),= Trl T(1+(@):-@) Te |/TrL T(1+(e)s-e)T*], 


which reduces to Tr[7(e)s:o07'o]/Tr[7T7'] in the 
present case, giving (#),=—(o)s+2((@)z-e)e in the 
case of opposite parity and (#),= —(e):+2((e)s-eX u) 
X (eX u) in the case of equal parity of 2° relative to A°. 
It is evident from these last expressions that, after 
averaging over the y polarization, one has (@), the same 
for both cases of relative parity, and one immediately 
derives Eq. (1). 

We now discuss the restrictions imposed by charge 
independence on the hyperon polarizations in the re- 
actions (a): m+p-2-+Kt; (b): m+p>2°+R°; 
(c): rt++p—-2++K+; and examine what information 
on the production matrix can be obtained from meas- 
urement of the intensities and of the polarizations. We 
express the angular distribution and the 2 polarization 
in each of such reactions in the forms J=} Trl MM] 
and (e)s=Psn=/—! Tr/ MM'e], in which M is the 
transition matrix for the particular reaction. If the 
relative parity of K with respect to ZN is —1 the 
matrices M are of the form E+F(e-n); if such relative 
parity is +1 they are of the form G(o-m)+H(e-m’), 
where m and m’ are unit vectors in the direction of the 
ingoing and of the outgoing momentum, respectively, 
and E, F, G, H are, for each reaction, functions of the 
energy and of cos#=m-m’. We introduce, for each reac- 
tion, the quantities f+, defined by {+= (1/v2)(E+F), 
or by f*= (1/v2) (Ge+"+H), according to the two cases 
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of relative parity. One verifies that | f+|? and | f-|? 
are the probabilities for production at a given angle 
of = with spin up or down, respectively: | f*|? 
=} Tr/MMtA(+n) ]=3/(1+P:), where A(+n) are 
the projection operators }(1-+te-n). The quantities f+ 
are not properly quantum-mechanical amplitudes, since 
an average on the proton-spin orientation is involved in 
their definition. However, they can be expressed in 
terms of corresponding quantities for definite isotopic 
spin, f;* for 7=$, and f,* for 7=}, in exactly the same 
way as the amplitudes themselves are expressed in 
terms of the amplitudes for definite isotopic spin. 
Namely: | fo*|?= | fs*|?+4Re(fs*"fi*)+4| fi*|*, | fo*|? 
- 2| fa* | 24 Re(fs**fi*)+2! fi*| 2 and | f-*| 2=9| f,* | 2 
where, according to the two cases of parity, f;*= (1/v2) 
X (E;4F ;) or f *= (1/v2) (Gje*"+H;), in which j= 1, 3 
and in which £;, F;, G;, and H; refer to definite isotopic 
spin. Calling | f2+|?=a,*, 2! fs+|?=ae%, | f+|2=a5+, 
these equations imply, as is well-known, the existence 
of a triangle with sides \/x;*, \/x2+, »/xs*+ and of a 
triangle with sides «/x;-, \/ x27, \/x;~.4 Such conditions 
are all the conditions imposed on the process by charge 
independence. The triangle condition for the intensities 
I follows as a consequence. Provided the two triangle 
conditions are satisfied, the above equations can be 
solved, giving the six real quantities | f;*|*, | fi*|?, 
Re(fs**f1*), and Re(f/s-*/f,-) in terms of the six observed 
| fa*|*, | fe*|?, | f-*|*. Since the total transition matrix 
at a given angle is defined in terms of four complex 
numbers (F3, F3, £;, F, or Gs, H3, G;, H;), one relative 
phase in the transition matrix still remains undeter- 
mined from a measurement of the intensities and of 
the > polarizations at that angle. Such an undeter- 
mined phase (it can be taken as that between /;* and 
fsx, or that between f;* and f,-) is a relative phase 
between an amplitude for spin up and an amplitude 
for spin down—it is measurable, in principle, by more 
complicated experiments such as a measurement of the 
> polarizations when the initial protons are polarized. 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

Tt On leave of absence from Istituto di Fisica dell’Universita di 
Roma, Italy. 
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3In particular these As produced through intermediate =° 
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doublets. 

4 Necessary and sufficient condition for the existence of a tri- 
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—2(x1%2+%1%3+%2x3) <0, which is equivalent to any of the three 
conditions |4/%,—V/%1| </%1S0/%r++/%s, rst being a permuta- 
tion of 123, 
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URING experiments performed in 1954 we ob- 

served neutrons from a linear deuterium pinch, 

similar to observations described later in the excellent 
report of Kurchatov.! 

The simple theory of the dynamic pinch is now rather 
widely understood?~* so that only a brief summary of 
some of the ideas will be given. If a longitudinal electric 
field is suddenly applied to a cylinder of ionized low- 
density gas, a longitudinal current flows in a thin layer 
at the surface of the plasma and the column collapses 
radially under the magnetic pressure. A shock wave 
preceding the current sheath goes through the axis and 
reverses the direction of the current sheath, causing the 
column to expand. The plasma may expand and con- 
tract several times before instabilities destroy the 
ordered motion, and the dynamic “bouncing” can be 
observed by the voltage changes across the circuit. Each 
bounce can be recognized by the characteristic change 
in inductance, and consequently the hydrodynamic be- 
havior can be compared quite accurately with theory. 
This theory’ is in sufficient agreement with the hydro- 
dynamics observed so that the first bounce time can be 
predicted to within a few percent from known values of 
condenser capacity, voltage, inductance, tube diameter, 
and initial gas density. With this basis for believing the 
theory, the ion kinetic energy just before first bounce 
can be predicted accurately, and in the case of these 
experiments was quite high, 215 ev, and so—perhaps 
naively—a thermonuclear yield was thought possible. 

The circuit used is simply a large capacitor bank, 
12 uf, charged to 30 to 50 kv in series with a spark gap 
switch and a linear, cylindrical pinch discharge tube. 
A large number of discharge tubes were tried in order 
to optimize neutron yield. For the results quoted here 
the pinch tube was quartz 7.5 cm in diameter by 45, or, 
in some cases, 90 cm long. 

Neutrons were identified as soon as deuterium gas 
was used in the discharge—10’ to 10* neutrons per pulse. 
The first measurement that created an optimism that 
the neutrons might be from a thermonuclear origin was 
the timing of production. This showed that the neutrons 
were generated at the second or third bounce time when 
the external voltage across the tube was small—7 to 10 
kv compared to the original 40 to 50 kv—and also at 
a time when the additional irreversible heating of re- 
flecting shocks—bouncing—could be expected to give 
the maximum temperature. 

The following experiments, performed in a few 
months, no doubt could and should be done more ac- 
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curately, but the enthusiasm for even a qualitative 
understanding outweighed consideration of long run- 
ning-time for better statistics. 

(1) The neutrons were observed at the time of the 
second or third bounce in a pulse 0.2 to 0.3 usec long. 

(2) The yield was observed to be uniform along the 
length of the tube with a fractional length resolution of 
10% and a magnitude resolution of plus or minus 20%. 
The yield fell to one-half value plus or minus 20% 
opposite either electrode. 

(3) By means of our absorption measurement the 
neutron yield was observed to originate from the region 
of the central axis of the tube with a full width at half 
maximum of 1.5 cm compared to a tube diameter of 
7.5 cm. The observed width seemed to be due to fluctua- 
tions in the position of the pinch from shot to shot and 
therefore indicated that the reacting column was less 
than 1 cm in diameter. 

(4) The neutron yield—although erratic from shot 
to shot—was strongly quenched by the addition of a 
small percentage of the order of 3% of argon but is 
reduced only stoichiometrically by addition of He. 

(5) The yield was observed to originate simul- 
taneously along the length of the tube within a time 
difference of 5% of the transit time of a 50-kev deuteron 
from one electrode to the other, thereby excluding the 
possible mechanism of a sheath drop at one electrode ac- 
celerating a few deuterons through the plasma and 
causing reactions within the plasma column. 

(6) The neutron yield became a maximum with initial 
deuterium pressure at 200 microns Hg and fell by an 
order of magnitude at 50 and 500 microns, respectively. 

(7) The neutron yield increased rapidly with ca- 
pacitor voltage from 15 to 30 kv but then leveled off 
and became a maximum by 40 kv. The yield was ac- 
tually reduced at 50 kv. 

(8) An initial axial magnetic field of 100 gauss re- 
duced the neutron yield by a factor of 10. 

These experiments were strongly suggestive of a 
thermonuclear origin with the possible exception of 
numbers (6), (7), and (8), but these could be explained 
away on the basis of possible interference with the 
process of initial ionization and sheath formation. The 
yield, however, of 10’ to 10* neutrons per pulse was 
inconsistently large compared to a calculated thermo- 
nuclear yield from the dynamic heating, and so a 
nuclear emulsion experiment was performed in order to 
observe any inconsistency in the center-of-mass velocity 
distribution of the reacting deuterons. 

One characteristic of a thermonuclear reaction is that 
the reacting center-of-mass of any two deuterons should 
be statistically stationary in the laboratory frame of 
reference. This is in contrast to the case of an accelerated 
beam striking a target, in which case the reacting center- 
of-mass has a directed momentum equal to the incident 
particle momentum in the beam. The resulting velocity 
of the reacting system results in a nonisotropic velocity 
distribution (in the laboratory frame), and so conse- 
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quently the reaction products will show a nonisotropic 
energy distribution. 

(9) The range and consequently energy of proton 
recoils due to neutrons from the linear pinch were 
observed in nuclear emulsion plates exposed at either 
end of the pinch tube. The calculated neutron energies 
were then interpreted in terms of the energy required 
of an incident deuteron colliding with a deuteron at 
rest to give the observed neutron energy in the direction 
of observation. The resulting histogram clearly showed 
a shift corresponding to 50-kev deuterons striking deu- 
terons at rest in the direction corresponding to the 
acceleration of a deuteron in the applied electric field. 
This shift was toward higher energy at the negative 
end of the pinch tube, and correspondingly there was an 
equal and opposite shift toward lower energy at the 
positive end of the pinch tube. These distributions 
interchanged appropriately when the polarity of the 
supply voltage was changed. The full width at half 
maximum was about equal to the shift, but the repro- 
ducibility with change in supply voltage polarity left 
no doubt that a thermonuclear origin was clearly ex- 
cluded and that we were dealing with some kind of 
accelerating mechanism that in some cases gave deu- 
terons up to 200 kev. 

The denial of the optimistic conclusion of a thermo- 
nuclear yield despite so many favorable results was 
indeed a sobering experience. A theory for the accelera- 
tion of the deuterons due to the rapid growth of the 
m=( or sausage instability” has been developed that 
qualitatively accounts for the observed behavior. After 
a bounce or two this instability has grown far enough so 
that its later nonlinear growth is very rapid indeed. The 
voltage across such an instability due to its correspond- 
ing large and rapid change in inductance becomes of 
the order of 50 kv when the radius becomes small, like 
oth the pinch radius. Deuterons accelerated across this 
potential will give approximately the observed yield 
and, in addition, in agreement with experiment, one 
would expect a small amount of trapped axial magnetic 
field to stabilize this instability at the small radius re- 
quired for the high voltages. In a recent different experi- 
ment on a dynamic deuterium pinch partially stabilized 
by an external axial magnetic field, we have observed a 
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small neutron yield (of the order of 10°) strongly correlated 
to the growth of the m=1 or corkscrew instability. We 
can recognize the growth of this corkscrew mode quite 
uniquely by observing the large, sudden, and rapid 
change (decrease) in the external axial magnetic field 
component due to the effect of wrapping the pinch into 
a helix with its resulting “solenoidal” field. The pitch 
of this solenoid is always just such as to decrease the 
external field and so can be recognized as a major change 
in the symmetry of the pinch. A reacting center-of-mass 
velocity distribution measurement has not been made 
because of the small yield; however, it seems highly 
unlikely that an axially shifted distribution can origi- 
nate from a deformation in which the electric fields are 
clearly circular rather than axial. In the event of a 
symmetric distribution, a thermonuclear origin still 
cannot be claimed because the likelihood of a small 
accelerated component seems justifiably high, consider- 
ing the sobering experience in the case of a straight 
dynamic pinch. It is therefore tentatively suggested 
that a thermonuclear yield cannot be proven by simply 
a large number of corroborating neutron measurements 
but instead must in addition be in agreement with a 
basic understanding and with measurements of the 
plasma physics. 

It is with deep appreciation that we recognize the 
stimulation and help of many others in these experi- 
ments and interpretations, among whom are particu- 
larly Edward Teller, Chester Van Atta, and Herbert 
York. 


* This work has been supported by the U. S. Atomic Energy 
Commission. 
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